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PREFACE TO THE FOURTH EDITION 


Few changes in arrangement have been made in the fourth 
edition. The fundamentals of shear have been advanced to the 
second chapter while stress beyond the elastic limit, now given 
in the third chapter, includes yield point and failure in shear as 
well as in tension and compression. 

Most of the problems are new, and many more problems are 
based upon experimental tables. The curves and photographs 
which accompany these data help to bridge the gap between 
theory and its applications, especially when laboratory and class 
work are not concurrent. 

Since some teachers prefer to present deflection of beams by 
the classical method of successive integrations with arbitrary 
constants, while others prefer area moments or a combination of 
the two methods, these methods are given in separate chapters 
in such a way that choice may conveniently be made. A short 
chapter is allotted to successive integration between limits — a 
superior method for a beam with several concentrated loads. 

Considerable addition has been made to the discussion of 
indeterminate beams. The material is arranged to present the 
usual short course or a rather complete course in preparation 
for the study of rigid frames. (A note to the teacher at the begin- 
ning of Chapter XI explains the use of the text for these pur- 
poses.) The theorem of three moments includes beams which 
carry uniformly distributed loads or uniformly increasing loads 
over parts of the span, and beams for which the supports are 
not in one plane. Table XXI gives expressions by which the 
theorem of three moments or the theorem of two moments may 
be written for a number of types of loading. 

The tables and curves for the secant formula and Euler’s 
formula of the previous editions have been recalculated from the 
better values of the modulus of elasticity and yield point of 
structural steel adopted by the Column Committee of the 
American Society of Civil Engineers. The chapter on working 
formulas for columns has been extended to include the parabolic 
formulas recommended by this committee and equations for 
columns of aluminum alloys. 
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As further preparation for the study of rigid frames, the chapter 
on resilience of beams has been enlarged by adding the method 
of elastic energy with applications to indeterminate beams 
and closed circular rings. 

The theory of curved beams has been simplified by the deriva- 
tion of a general equation for the resisting moment, which greatly 
reduces the labor of computation. 

The more advanced portions of the text are illustrated by the 
solution of many numerical examples, which will make it easier 
for the engineer to study these subjects without a teacher. 

The book is designed for use with the 1934 edition of the 
American Institute of Steel Construction Handbook or the 1934 
edition of the Carnegie Pocket Companion. 

The author is indebted to Profs. Rolland W. Chase, Frederick 
J. Converse, Philip G. Laurson, Elmer K. Timby, George E. 
Tomlinson, and his colleagues: P. W. Ott, S. B. Folk, R. W. 
Powell, E. C. Clark, and Leroy Tucker for suggestions, correc- 
tions, and criticisms. Professor Folk assisted in the correction 
of the manuscript and proof, and Mr. H. H. Brittingham, of the 
Department of Engineering Drawing, prepared the illustrations. 

J. E. B. 

Columbus, Ohio, 

January^ 1935 , 



PREFACE TO THE FIRST EDITION 

This book is intended to give the student a grasp of the physical 
and mathematical ideas underlying the Mechanics of Materials, 
together with enough of the experimental facts and simple appli- 
cations to sustain his interest, fix his theory, and prepare him for 
the technical subjects as given in works on Machine Design, 
Reinforced Concrete, or Stresses in Structures. 

It is assumed that the reader has completed the Integral Cal- 
culus, and has taken a course in Theoretical Mechanics w’hich 
includes statics and the moment of inertia of plane areas. Chap- 
ters XVI and XVH* give a brief discussion of center of gravity 
and moment of inertia. Students who have not mastered these 
subjects should study these chapters before taking up Chapter 
V (preferably before beginning Chapter I). 

The problems, which are given with nearly every article, form 
an essential part of the development of the subject. They were 
prepared with the twofold object of fixing the theory and enabling 
the student to discover for himself important facts and applica- 
tions. The first problems of each set usually require the use of 
but one new principle — the one given in the text which immedi- 
ately precedes; the later problems aim to combine this principle 
with others previously studied and with the fundamental opera- 
tions of Mathematics and Mechanics. The constants given in 
the data or derived from the results of the problems fall within 
the range of the figures obtained from actual tests of materials. 
Many of the problems are taken directly from such measure- 
ments. Some of them are from tests made by the author or his 
colleagues at the Ohio State University; others are from bulletins 
of the University of Illinois Engineering Experiment Station, 
from ^^Test of Metals at the Watertown Arsenal, and from the 
Transactions of the American Society of Civil Engineers. 

This book is designed for use with Cambria Steel, to which 
references are made by title instead of by page, so that they are 
adapted to any edition of the handbook. 

* Chapter XX of the Fourth Edition. 
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PREFACE TO THE FIRST EDITION 


viii 

The author acknowledges his indebtedness for suggestions and 
criticisms to Professors C. T. Morris, E. F. Coddington, Robert 
Meiklejohn, K. D. Swartzel, and many others of tlie Faculty of 
the College of Engineering; and to Professor Horace Judd of the 
Department of Mechanical Engineering for the material for 
several of the half-tones. He also expresses his obligations to the 
books which have helped to mold his ideas of the subject, — 
Johnson’s “Materials of Construction,” Ewing’s “Strength of 
Materials,” and especially the textbooks which he has used with 
his classes, — Merriman’s “Mechanics of Materials,” Heller’s 
“Stresses in Structures,” and Goodman’s “Mechanics Applied to 
Engineering.” 

The symbols used in the mathematical expressions are much 
the same as in Heller’s “Stresses in Structures.” 

J. E. B. 

Columbus, Ohio, 

November 6 , 1911 . 
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NOTATION 


The symbols which are frequently used in this book are: 
a = radius of circle; distance of concentrated load from left end of span. 
A = area; area of cross section. 

A' — some special area; part of the area of a cross section. 
h ~ breadth; breadth of rectangular section; base of triangle; distance 
of concentrated load from right end of span. 

B — some special value of &, usually a maximum. 

c = distance from neutral axis to extreme outer fiber; distance of center 
of a circular curve beam from center of curvature; distance in figure. 
C — distance from center of curvature of trapezoidal curved beam to 
intersection of sides. 

Ci^ C2, Cz = integration constants. 

d = depth; depth of rectangular section; diameter; distance between 
parallel axes. 

D = some special depth; diameter of boiler. 
e = eccentricity of a load on a column; distance in figure. 

E = modulus of elasticity. 

Ec = modulus of elasticity in compression; modulus of elasticity of 
concrete. 

Es == modulus of elasticity in shear; tension modulus of elasticity of steel 
reinforcement. 

Et = modulus of elasticity in tension. 

Ez^ = modulus of volume elasticity. 

Ew — working modulus of elasticity. 
h == height; distance from vertex to base of triangle. 
hp = horsepower. 

H = product of inertia; distance of larger base of trapezoidal curved beam 
from intersection of nonparallel sides. 

He = product of inertia with respect to axes ’which intersect at center of 
gravity. 

H' = product of inertia for inclined axes. 

/ = moment of inertia. 

Ic — moment of inertia with respect to axis through center of gravity. 

Irn ~ maximum moment of inertia of beam of variable section. 

Ix = moment of inertia with respect to X axis. 

ly = moment of inertia with respect to Y axis. 

j == ratio of moment arm to total depth of a reinforced concrete beam. 
/ = polar moment of inertia. 

h “a constant coefficient; radius of gyration (in Chapter XX); a ratio 
less than unity. 

I — length; length of beam between supports; length of column between 
points of inflection. 

xiii 
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NOTATION 


L = lengtli; total length of column. 

m mass of particle; slope of tangent at support; a ratio. 

M ~ moment; mass. 

Mo = moment at origin of coordinates. 

Ma^ M&, Me = moment over three consecutive supports. 

Mi, M2, Mz, etc. == moment over first, second, third, etc., supports. 

Mp == moment caused by a dummy load P. 

Mg = moment caused by actual loads. 

Mt = moment caused by a dummy couple. 
n = ratio; number of turns in a helical spring. 

N = normal force at surface; number of revolutions per minute. 
p = pitch of rivets; slope of tangent; ratio of steel area to concrete area. 
P == concentrated load or force. 
g — coefficient in Rankine’s formula. 

Q = concentrated load or force. 

T = distance from origin; radius of gyration (in column formulas) ; radius. 

R = reaction at support; resultant force; radius; radius of coil. 

Pi == reaction at left support; radius of inside surface of curved beam or 
hook. 

P2 = reaction at second support; radius of outside surface of curved beam 
or hook. 

Po =« radius of neutral surface of curved beam or hook. 

P »= radius of curved beam to center of gravity of section. 

s = unit stress. 

6 ‘ 8 , Sc == unit tensile, shearing, and compressive stress. 

Sw = ultimate unit stress. 

Sw = allowable unit stress. 

s' « unit stress resulting from combined shear and tension or compression. 
= unit stress in extreme fibers. 

51 = unit stress at concave surface of curved beam. 

52 ~ unit stress at convex surface of curved beam. 

Ss = unit shearing stress at surface of shaft. 

t = thickness. 

T == torque; tension. 

U = work. 

Up = modulus of resilience. 

V = distance from neutral axis. 

V = distance from neutral axis to center of gravity of A\ 

V « total vertical shear. 

Vab - total shear near support A in span joining A to P. 
w == distributed load per unit of length. 

W = total load uniformly distributed. 
x,y,z = coordinates of center of gravity. 
y = defiectioix in a beam or column. 
ya = defieotion at A caused by unit load at A, 

yba = deflection at A caused by unit load at B. 

yp == deflection under load P caused by this load. 
yniox = maximum deflection of a beam or column. 

Z *= section modulus. 



NOTATION 


XV 


a, 13, 9, (f) ~ angles in figure. 

6; 5s = unit deformation; unit shearing deformation. 
IJL ~ Poisson’s ratio; coefficient of friction, 

p = density; radius of curvature. 

6i, 02 — slope at 1 and 2 from left to right. 

021 = slope at 2 from right to left. 
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CHAPTER I 
STRESSES 

1. Strength of Materials. — ^That branch of meeharucs which 
treats of the changes in form, and dimensions of elastic soHds and 
the forces which cause these changes is called the mechanics of 
materials. When the physical constants and the results of 
experimental tests upon the materials of construction are included 
with the theoretical discussion of the ideal elastic solid, the entire 
subject is called the strength of materials or the resistance of 
materials. 

2. Tension. — Figure 1 shows a rubber band which is suspended 
from a horizontal bar and carries a 
hook at the lower end. When a small 
weight is hung on the hook, the rub- 
ber band is stretched; its length is 
increased by an amount a, while its 
cross section is reduced. When a 
second weight is added, there is an 
additional elongation b. If the 
weights are equal, the elongation a 
caused by the first weight is equal 
to the elongation b caused by the 
second weight. When the weights 
are removed, the rubber band returns 
to its original length and cross sec- 
tion. 

If steel, iron, wood, concrete, stone, j-jq. l.— Rubber bands in tension, 
or other solid material is used in- 
stead of rubber, the results are similar. There is this 
apparent difference: while the rubber may be stretched to twice 
or three times its original length and still return to its original size 
and shape after the load is removed, one of the other materials 

1 




2 


STRENGTH OF MATERIALS 


[Art. 3 


may be stretched only a very small amount (usually less than 
0.002 of its length), without receiving a permanent change in its 
dimensions. Again, the force required to produce a relatively 
small increase in the length of a rod of wood or steel, for instance, 
is many times greater than that necessary to double the length 
of a soft rubber band of equal cross section. These differences 
between the behavior of soft rubber and other solid materials are 
differences of degree and not of kind. Essentially they are alike. 

The rubber bands shown in Fig. 1 are subjected to the action 
of two forces: the force of the weights pulling downward, and the 
reaction of the support pulling upward. The bands are in ten- 
sion. A body is said to be in tension when it is 
JS subjected to two sets of forces whose resultants 

are in the same straight line, opposite in direction, 
\f and directed away from each other. 

3. Compression. — When a body is subjected 
^ to two sets of forces whose resultants are in the 

y/1 V / j same straight line, opposite in direction, and di~ 

/ rected toward each other, it is said to be in 

y compression. In Fig. 2, the block B is in compres- 

Fig. 2.-~Compres- sion Under the action of the 50 pounds pushing 
down and the reaction of the support pushing 
up. The effect of compression upon a body is to shorten it in the 
line of the forces and increase its dimensions in the plane per- 
pendicular to this line. 

Tension and compression may be represented as in Fig. 3, in 
which the arrows represent the forces, and the small rectangles 
represent the bodies, or portions of a 

body, upon which the forces act. The "^TENSiON^ "cSfsSnT 
rectangles are often omitted; a pair of ^ ^ ^ 

arrows with their heads together indicates 

compression, and a pair with their heads in the opposite sense 
indicates tension. 

4. Stress: Total Stress. — The force exerted by one body on 
another at their surface of contact is called the stress between the 


bodies or the total stress between the bodies. In Fig. 2, the total 
stress between the 50-pound weight and the block B upon which 
it rests is 50 pounds. This stress is compressive. The weight 
pushes down upon the block with a force of 50 pounds and the 
block pushes up against the weight with an equal force. Action 
and reaction are equal. 
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Figure 4 represents a bar subjected to a horizontal pull of 
P pounds. If the bar is supposed to be cut by an imaginary 
plane at C, the portion A to the left of this plane section is in equi- 
librium under the action of the external pull Pi toward the left 
and an equal opposite pull P3 at the section C. This force P3 across 
the section is the pull exerted by the right portion B upon the left 
portion A. This pull is the internal stress at the section. In like 
manner, the right portion B is in equilibrium under the external 
pull P2 at the right end of the bar and the internal stress P4, equal 
and opposite to P3, exerted by the left portion A upon the right 
portion B across the section, as shown separately in Fig. 4, II. 

Stress at any section is the force with which the material at the 
section resists deformation or rupture. 




Fig. 4. — Stress at section. 


Fig. 5. — Area under 
stress. 


6. Unit Stress; Intensity of Stress. — The unit compressive or 
tensile stress at any section of a body is calculated by dividing the 
total external force by the area of the cross section at right angles 
to the force. If a vertical force P is applied to the cylinder C 
of Fig. 5 by means of the plate B and the reaction of the support 
D, the unit stress at any section is given by the equation 

s — Formula I* 

A 

in which s is the unit stress, P is the external force equal to the 
total internal stress, and A is the area of cross section perpendicular 
to the direction of the stress. Unit stress frequently is called 
iniensity of stress. In American engineering practice, unit stresses 

* Important formulas, whicii sbould. be understood, and memorized, are 
designated by Roman numerals in this book. 
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generally are given in pounds per square inch or kips per square 
inch. (One kip or kilo pound is 1,000 pounds.) Frequently 
compressive stresses in large masonry structures are expressed in 
tons per square foot. It is the common practice to give bearing 
pressure of masonry on soils in this way. British engineers 
employ long tons per square inch as well as pounds per square 
inch to express the intensity of stress in steel and similar mate- 
rials. Continental* engineers, of course, use kilograms per 
square centimeter. Physicists prefer dynes per square centimeter 



Fig. 6. — Representation of stress. 


or dynes per square millimeter. 
Stress in pounds per square 
inch may be written Ib./in.^ 

In elementary mechanics the 
tensile or compressive stress 
exerted by a bar is assumed to 
lie in the axis of the member. 
In reality each longiludiiial ele- 
ment exerts its portion of the 
stress. The force assumed to 
act along the axis is the result- 
ant of the forces exerted by all 
the elements. The unit stress 


obtained by dividing the total applied force by the area of the 
cross section is the average unit stress in the member. 

Figure 6, I, shows a bar under tensile stress which is uniform in 
all parts of the section. The arrows which represent the stress of 
different elements are all of equal length. Figure 6, II, shows a 
bar under uniform compressive stress. Figure 6, III, shows 
compressive stress which increases uniformly from left to right. 

When the stress is uniform, the resultant stress passes through 
the center of gravity of each cross section which corresponds 
to the center of gravity of a short piece of uniform length cut from 
the bar. When the stress is not uniform, the location of the 
resultant may be found by calculating the sum of the moments 
with respect to some parallel plane of the force on each element 
of area and dividing this moment by the sum of the forces. In 
other words, the resultant passes through the center of gravity 
of a solid whose base is the section of the bar and whose altitude 
at any point is proportional to the unit stress at that point. 

* They sometimes use atmospheres. One atmosphere equals 14.7 pounds 
per square inch, or 1.033 kilograms per square centimeter. 
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Problems 

{Find dimensions of steel shapes in steel handbook,) 

1. Tbie cylinder of Fig. 5 is 2 in. in diameter and 5 in. long. Find the unit 
stress when a vertical load of 14,000 lb. is applied by means of the plate B. 

Ans. 4,456 Ib./in.^ 

2. A piece 6 in. long is cut from a 5-in. by 3-in. by J^-in. angle section by 
planes perpendicular to its length. The piece stands vertical and a load 
of 30,000 lb. is applied at the top by means of a 5-in. by 3-in. by 1-in. 
steel plate. Find the unit stress in the angle. Ans. s = 8,000 Ib./in.^ 

3. Two edges of the plate in Problem 2 lie in the planes of back of the legs 
of the angle section. The load is applied to the plate by means of a steel 
ball. Where must this ball be placed in order that the unit stress in the 
angle may be uniform? 

Ans. 1.75 in. from one 3-in. edge, and 0.75 in. from one 5-in. edge. 
4* A. rectangular wood block, 2 in. by 3 in., is 10 in. long. Find the unit 
stress when a load of 7,200 lb. is applied parallel to the length. 

5. A. block in the form of a frustum of a pyramid is 2 in. square at the top, 

3 in, square at the bottom, and 8 in. high. Find the unit stress 2 in. 
from the bottom and 4 in. from the bottom when a load of 7,200 lb. is 
placed on the top. Ans. 952.1 Ib./in.^; 1152 Ib./in.^ 

6. In a short block 2 in. square the unit stress increases uniformly from 

100 lb. per sq. in. in the left face to 700 lb. per sq. in. in the right face. 
Knd the total load. Ans. P = 1,600 lb, 

7. In Problem 6, find the location of the resultant force. Hepresent the 
stress in the front face by a trapezoid 100 units high on the left and 700 
units high on the right. Find the center of gravity of the trapezoidal 
wedge which represents the stress by combining the moment and area of 
two triangles, or the moment and area of a triangle and a rectangle, 

Ans. 1.25 in. from the left face; 1 in. from the front face. 

8. A short block of triangular section has two faces each 13 in. wide, and one 

face 10 in. wide. The block is subjected to compression parallel to its 
length which causes the unit stress to increase uniformly from 100 lb. per 
sq, in. at the intersection of the 13-in. faces to 700 lb. per sq. in. in the 
10-in. face. Find the total load by integration. Show that this load 
equals the area of the section multiplied by the unit stress at the center of 
gravity of the cross section. Ans. P = 30,000 lb. 

9. By integration of moments find the line of action of the resultant force of 

Problem 8. Ans. 8.8 in. from intersection of 13-in. faces. 

6. Working Stress; Allowable Unit Stress. — ^Working stresses 
are the unit stresses to which the materials of a machine or 
structure are subjected. The allowable unit stress for a given 
material is the maximum unit stress which, in the judgment of 
some competent and oflficial authority, should be applied to this 
material. For instance, the specifications of the American 
Institute of Steel Construction and the building laws of New 
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York City give 18,000 pounds per square inch as the unit tensile 
stress for structural steel. For the compressive stress in rela- 
tively short blocks of select-grade white oak in situations which 
are always dry, the American Society for Testing Materials 
specifies 1,000 pounds per square inch parallel to the grain. The 
Joint Committee of Concrete and Reinforced Concrete* gives 
25 per cent of the compressive strength at 28 days as the allow- 
able compressive stress of concrete. 

Table I gives a few allowable stresses in tension and com- 
pression. The values for concrete which have been used in some 
cities are recommended where tests are not made. The other 
allowable stresses are from various official sources. 


Table I. — Allowable Unit Stress 
(This table should he memorized.) 


Material 

Tension, 
pounds per 
square inch 

Compression, 
pounds per 
square inch 

Structural steel 

18,000 

18,000 

Cast steel ■ 

16,000 

16,000 

Wrought iron 

12,000 

12,000 

Cast iron 

3,000 

15,000 

Portland-cement concrete 1:2:4 


450 

Portland-cement concrete 1:3:6 


300 



With 

Across 



grain 

grain 

Common grade timber in dry location: 




Douglas fir, coast region 

i 

880 

325 

Southern yellow pine 


880 

1 325 

White or red oak 


800 

500 

1 


A steel bar one foot long and one square inch in cross section 
weighs 3.4 pounds. For methods of calculating areas and weights 
of roiled sections see Carnegie Pocket Companion/^ t 1934, 
page 133. 

* This committee is made up of representatives from the American Society 
of Civil Engineers, the American Society for Testing Materials, the American 
Railway Engineering Association, the American Concrete Institute, and the 
Portland Cement Association. 

t Same book as the * Illinois Pocket Companion.^’ 
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Problems 

(Use the data of Table I unless otherwise specified,) 

1. Find the total allowable load, in compression parallel to the grain, which 
may be applied to a 4-in. by 6-in. short block of southern yellow pine. 

Atis. 21,120 lb. 

2. What must be the dimensions of a cubical block of white oak which 
supports a load of 50,000 lb? (Two solutions.) 

3. An eyebar of structural steel, 1 in. thick, exerts a pull of 60,000 lb. 
What is its minimum wddth? 

4. A piece of 6-in, wrought-iron water pipe is 2 ft. long and in. outside 
diameter. Wiiat is the allowable load on the pipe standing on end? 

Ans, 66,970 lb. 

6. A yellow-pine beam 8 in. wide rests on the end of the pipe of Problem 4. 
A steel plate, 10 in. square, transmits the load from the beam to the pipe. 
Find the allowable load. Ans. 26,000 lb. 

6. Solve Problem 5 if the beam is made of white oak. 

7. In Problem 5, the steel plate is 8 in. wide. What must be its length 
in order that the pipe may carry its full alio viable load? 

8 . A 1-in. sl^eel bolt supports a load by means of a nut. What is the 

allowable load? (Use handbook.) Ans. 9,918 lb, 

9. In Problem 8, what is the bearing stress on the nut when the bolt carries 

its allowable load? Ans. 6,772 Ib./in.^ for square nut. 

10. The bolt of Problem 8 runs vertically through an oak beam. Find the 

diameter of the washer required. Ans. 5J^ in. 

11. A short oak block, 12 in. square, stands on a square steel plate, which is 
supported by a pier of 1:3:6 concrete. What must be the dimensions 
of the plate and the size of the pier in order that the timber and concrete 
may reach their allowable stress at the same load ? 

Ans. 384 sq. in,^ Use plate 20 in. square. 

12. The pier of Problem 11 is a frustum of a pyramid, 20 in. square at the 

top and 5 ft. high. The concrete weighs 144 lb. per cu. ft. The soil 
which supports the pier has a bearing strength of 2.4 tons per sq. ft. 
What should be the dimensions of the base if the weight of the pier is 
neglected? Am. Area = 24 sq. ft.; 4 ft. 11 in. square, nearly. 

13. If the pier of Problem 12 were made 5 ft. square at the base, w-ould the 
additional square foot of area be sufficient to support the weight of the 
concrete? Would a base 62 in. square be large enough? 

14. Assuming^ that the bearing strength of the soil is accurately known, what 

is the minimum area of the base? Ans. 61 in. square. 

16. What is the allowable load in tension on a steel rod which is 5 ft. 6 in. 
long and weighs 70 lb.? 

7. Deformation; Unit Deformation. — ^The changes in dimen- 
sions which occur when forces are applied to a body are called 
deformations. In Fig. 1, the increase in length a, which takes 
place when the first load is applied, is the deformation caused by 
that load; the increase h is the deformation caused by the second 
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load; and a + b is the deformation caused by the two loads. 
The deformation produced by a tensile force or pull is an elonga- 
tion, The deformation produced by a compressive force or push 
is a compression. Compression is negative elongation. A defor- 
mation which remains after the force is removed is called a set. 

Unit deformation in a body is the deformation per unit length. 
In a bar of uniform cross section, the unit deformation is calcu- 
lated by dividing the total deformation of a given portion of 
the bar by the original length of the portion. In Fig. 1, the 
length a divided by the original length of the band is the unit 
deformation caused by the first load. Unit deformation is 
frequently called relative deformation. 

In algebraic equations many authors represent unit deforma- 
tion by the letter 8 (delta). 

Deformation is frequently called strain. The word strain was 
formerly used as a synonym for stress and is still sometimes 
heard in that sense. The general practice of technical literature, 
however, is now to use strain to mean deformation. When 
employed in this book, it will always have that meaning. Total 
deformation in a length I sometimes is represented by e. Unit 
deformation is then 


5 == I* Formula II 

Problems 

1. When a steel bar is subjected to a tensile stress, a portion, originally 
8 in. long, is stretched 0.0052 in. Find the unit elongation. 

An8. 0.00065. 

2. An oak post under compression is shortened 0.1476 in. in a length of 15 ft. 

Find the unit deformation. Ann. 0.00082- 

3. A %-in. steel rod, 20 in. long, is subjected to a pull of 15,176 lb. A 
portion of the rod, originally 8 in. long, is stretched 0.0054 in. when the 
force is applied. Find the unit stress and the unit deformation. 

4. The coefficient of expansion of steel is 0.000012 for 1°C. Find the 

unit deformation and the total deformation in a steel rod 15 ft. long when 
the temperature changes from 50°C. to 20° C. Solve when the tempera- 
ture changes from 14°F. to 14°C. Ans, 0.000288; 0.05184 in. 

8. Elastic Limit. — When a force is applied to a solid body and 
then removed, the body returns to its original size and shape, 
provided the unit stress developed by the force has not exceeded 
a certain limit. If the stress has gone beyond this limit, the body 
does not return entirely to its original dimensions but retains 
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some permanent deformation or set. The unit stress at this limit 
is called the elastic limit of the material. A soft-steel rod may be 
stretched 0.0054 inch in a gage length of 8 inches by a pull of 

20.000 pounds per square inch. When this load is removed, the 
rod shortens to its original length. A pull of 30,000 pounds per 
square inch may stretch this rod 0.0081 inch, and the rod may 
return to its original length when the load is removed. A load of 

32.000 pounds per square inch may stretch the rod 0.0200 inch. 
When this load is removed, the rod may have an elongation of 
0.0110 inch. The rod shortens about 0.0090 inch, while the 
remaining elongation of 0.0110 inch persists as a permanent set. 
Evidently, the elastic limit is between 30,000 pounds per square 
inch and 32,000 pounds per square inch. 

It is difficult to determine the elastic limit with exactness. A 
test piece may appear to have no residual deformation when 
measured with the usual apparatus and still show some set when 
more delicate instruments are employed. Time is a factor. If 
a load is applied for a considerable period, it causes somewhat 
greater deformation and considerably greater set than it would 
cause if the time of application were shorter. Some materials, 
such as steel, after having been subjected to comparatively large 
unit stress, frequently show a set of more or less temporary 
character. When the load is first removed, there is a residual 
deformation, which may partly or wholly vanish after some little 
interval. 

9. Modulus of Elasticity. — ^For all stresses below the elastic 
Limit, the ratio of the unit stress to the unit deformation is nearly 
constant. The quotient obtained by dividing any given change 
of unit stress by the accompanying change in unit deformation is 
called the modulus of elasticity or Ycnmg’s modulus. Modulus of 
elasticity is represented in physical equations by the letter E. 
In algebraic language, the definition of the modulus of elasticity is 

E Formula III 

0 

in which E is the modulus of elasticity, s represents a change in 
the unit stress, and 3 is the change in unit deformation wffiich 
accompanies this change of unit stress. 

Problems 

1. A 2-iii. by 1.5-iii. bar is tested in tension. When tbe load changed from 
3,000 lb. to 48,000 lb., the dial reading for a gage length of S in. changed 
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from 0.00080 in. ‘to 0.00492 in. Find the change in unit stress, the 
change in unit deformation, and the modulus of elasticity. 

Ans. E = 29,130,000 lb. /in . 2 

2. A steel rod, 0.600 in. in diameter, is stretched 0.00536 in. in a gage 
length of 8 in. when the load changed from 1,415 lb. to 7,075 lb. Using 
the area to three significant figures, find the modulus of elasticity. 

Ans. E == 29,850,000 Ib./in.s 

3. A timber piece 2 in. square is shortened 0.014 in. in a length of 20 in. 
Find the force required, if the modulus of elasticity is 2,000,000 lb. per 
sq. in. Solve without writing. How does the unit stress compare with 
the allowable compressive stress for southern pine? 

4. A spruce stick, 1.745 in. by 1.756 in., tested at the Bureau of Standards, 
was 25.25 in. in length. Deformations were measured on a 20-in. gage 
length. Some readings were 


Total Load, 

Average of Two Gages, 

Pounds 

Inches 

1,224 

0.00223 

1,836 

0.00424 

4,284 

0.01365 

4,896 

0.01620 

Calculate the area to two decimal places. Find E from first and third 
readings and also from second and fourth readings. 


Ans. 1,751,000; 1,672,000. 


6. A 10-in. 30-lb. standard channel, 10 ft. long, is subjected to a compres- 
sive load of 88,000 lb. parallel to its length. How much is the channel 
shortened it E ^ 29,300,000? Ans. 0.0410 in. 

6 . A wrought-iron column, tested at Watertown Arsenal, was 11.31 sq. in. 
in cross section. When the load was changed from 5,000 lb. to 100,000 
lb., the column was shortened 0.0610 in. in a length of 200 in. Find 
E for this wrought iron. 

7 . In a tension test of cast iron at the Watertown Arsenal, an increase of 
unit stress from 1,000 lb. per sq. in. to 6,000 lb. per sq. in. produced an 
increase in length of 0.0034 in. in a gage length of 10 in. Find E for 
this cast iron. 

Table II gives values of the modulus of elasticity of a few 
common materials. This table should be memorized. 

Table II. — Modulus of Elasticity 

Modulus, Pounds per 
Material Square Inch 

Structural steel 29 , 000 , 000 

Hard steel 30 , 000 , 000 

Wrought iron 27 , 000 , 000 

Cast iron 15 , 000 , 000 

Timber (parallel to the grain) 1 , 000 , 000 to 2 , 800 , 000 

Portland-cement concrete 2 , 000 , 000 to 4 , 000 , 000 
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8. A bar of cast iron, 3 in. by 1 in., is shortened 0.0056 in. in a length of 8 

in. Find the load applied. Am, 31,500 lb. 

9. A structural steel bar is 5 ft. long and weighs 68 lb. How much will a 

pull of 60,000 lb. elongate it? Aws. 0.03103 in. 

10. A 12-in. 35-lb. standard I-beam, 6 ft. long, is subjected to a load which 
shortens it Me Find the load. 

11. The temperature coefficient of steel is 0.0000067 per degree Fahrenheit. 
What is the unit tensile stress developed in a structural steel rod when 
the temperature falls from 90°F. to 20°F., if the rod is not allowed to 
shorten ? 

10. Physical Meaning of E. — Formula III of Art. 9 may be 
written 



When s is made equal to unity, 6 becomes equal to With the 

common engineering units, the reciprocal of JS is numerically 
equal to the unit deformation produced by a unit load of 1 pound 
per square inch. 

The modulus of elasticity of steel in tension is about 30,000,000 
pounds per square inch. This means that a pull of 1 pound on 
a bar 1 inch square will stretch every inch of this bar one 
thirty-millionth of an inch. A pull of 1,000 pounds applied to a 
bar 1 inch square will stretch every inch of its length one 
thirty-thousandth of an inch. If the elastic limit is not exceeded, 
a pull of 30,000 pounds per square inch of cross section will 
stretch each inch of the bar one-thousandth of an inch. 

Examples 

(Solve without writing,) 

1. A rod of macMne steel, for which E is 30,000,000, is 1 in. square and 40 in. 
long. What is the unit deformation caused by a pull of 15,000 lb. ? How 
much is 30 in. of the rod stretched? 

Ans, One two-thousandth of an inch; 0.015 in. 

2. If wood having a modulus of 1,200,000 lb. per sq. in. is subjected to a 
load of 1,200 lb. per sq. in., what is the compression per inch of length? 
What is the total compression in a length of 10 ft. 5 in.? Ans. 34 ha. 

3. A 3-in. by 4-in. wooden block is subjected to a compressive load of 
9,600 lb. If the modulus of elasticity is 1,600,000 lb. per sq. in., what is 
the deformation in a length of 5 ft.? 

4. What is the unit tensile deformation in hard steel when the unit tensile 
stress is 18,000 lb. per sq. in.? 
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Also, Formula III of Art. 9 may be written 
‘ s = Eb, 

which defines E as the coefiieient to be multiplied into the unit 
deformation to obtain the unit stress. A deformation of 0.001 
inch per inch of length is generally not far from the elastic limit. 
Since many micrometers measure in thousandths of an inch, this 
length has a definite meaning to all persons who do exact mechani- 
cal work or make precise measurements. It is desirable, there- 
fore, to fix the attention on the unit stress which accompanies a 
unit deformation of one one-thousandth of the original length 
or, expressed in a slightly different way, on the unit stress which 
accompanies a relative deformation of one-tenth of 1 per cent. 


Examples 

{Solve without writing.) 

6. What is the unit stress in structural steel when the unit deformation ia 
0.001 in.? 

6. What is the unit stress in cast iron when the unit deformation is 
0.0008 in.? 

7. A structural-steel rod is stretched 0.004 in. in a length of 8 in. What is 
the unit stress? What is the total pull if the rod is 2 in. square? 

8 . A hard-steel rod, 1 in. in diameter, is stretched 0.004 in. in a length of 
12 in. Find the total force. 

9. A bar of hard steel, which is 4 ft. long and weighs 27.2 lb., is shortened 
0.032 in. What is the total compressive load? 

10. A 6-in. by 10-in. timber post, 10 ft. long, is shortened 0.0600 in. If 
the modulus of elasticity is 1,400,000 lb. per sq. in., what is the load? 

If 5 is made equal to unity in Formula III (Art. 9), s becomes 
equal to E. From this relation the modulus of elasticity is 
sometimes defined as the unit stress which would double th(^ 
length of a rod of uniform cross section, if such doubling were 
possible without breaking the rod or exceeding the elastic limit. 

11. Work and Resilience. — ^When force acts on a body and the 
body or the point of the body at which the force is applied moves 
in the direction of the force, the force is said to do work. The 
distance which the point of application of the force moves is 
called the displacement. The component of the displacement in 
the direction of the force is the effective displacement. If the 
magnitude of the force is represented by P and the effective 
displacement is represented by x, work — P y. x. If the force 
is in pounds and the displacement is in feet, the work is expressed 
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in foot-pounds. If the force is not constant, the work is the 
product of the average force multiplied by the displacement. 
When an elastic body is deformed, the force varies directly 
as the displacement (provided the elastic limit is not exceeded) 
and the average force is half the sum of the initial and final 
forces. 


Exampie I 

A helical spring is stretched 1 in. by a load of 12 lb. What force will 
stretch the spring 3 in.? What is the average force for the elongation of 
3 in. ? What is the work done in stretching the spring 3 in. ? 

The force required to stretch the spring 3 in. is P = 12 X 3 = 36 lb. 

0 ju 30 

The average force for first interval of 3 in. is — ^ — = 18 lb. 

The average force is the force at the middle of the interval, which is an 
elongation of 1.5 in. Average force equal 1.5 X 12 = 18 lb. Work of 
displacement = 18 X 3 = 54 in .-lb. = 4.5 ft. -lb, 

Example 11 

After the spring of Example I has been stretched 3 in., an additional force 
is applied, which produces an additional elongation of 4 in. What is the 
additional force? What is the average force while the spring is stretched 
the last 4 in.? What is the work done in stretching the spring the last 4 in.? 
Ans. Additional force = 48 lb. ; average force == 60 lb.; work = 20ft.-lb. 

Problems 

1. Find the -work done in stretching the spring of Examples I and II from 
zero elongation to 7 in. elongation. Compare with the sum of the answers 
of the examples. 

2. Find the work done in stretching the foregoing spring from 0 in. to 4 in. 
and then from 4 in. to 7 in. Check. 

3. A load of 36,000 lb. is applied gradually to a steel rod which has no initial 
load. The elongation is 0.03 in. Find the work in foot-pounds. 

A?is. 45 ft.-lb. 

4. An additional load of 24,000 lb. is applied to the rod of Problem 3. If the 

stress does not exceed the elastic limit, find the additional "work in foot- 
pounds. Ans, SO ft. -lb, 

B, Find the total work on the rod of Problem 3 when a load of 60,000 lb. is 
gradually applied. Check. 

6. The rod of Problem 3 is 2 in, square and the modulus of elasticity is 
30,000,000 lb, per sq. in. What is the length? What is the elastic 
energy per cubic inch when the total load is 60,000 lb.? 

Ans. 3.75 in.-lb./in.^ 

12. Modulus of Resilience. — The work expended in deforming 
unit volume of any solid to the elastic limit is called the modulus 
of resilience of the material. It is the elastic potential energy 
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of unit volume when stressed to the elastic limit. The modulus 
of resilience is a measure of the amount of elastic energy which 
may be stored in unit volume of a given material and recovered 
as mechanical work without loss. 

If a unit cube of a solid is subjected to unit stress s, the defer- 

mation is and the total work is 

Hj 

U Formula IV 

in which V is the work done in deforming tne volume or the 
stored potential energy. 

Formula IV gives the elastic energy at any stress helow the 
elastic limit. For the particular value of s at the elastic limit, the 
expression represents the modulus of resilience. 

When s and E are given in pounds per square inch, Formula IV 
gives energy in inch-pounds per cubic inch. 

If all parts of a solid body are subjected to the same unit stress 
s, the total elastic energy is obtained by multiplying the total 
volume of the body by the energy per unit volume. 

The increase in energy per unit volume when the unit stress 
changes from si to §2 is expressed by the equation 

C/2 - C/x = (1) 

in which is the total energy when the unit stress is S 2 and 

is the total energy when the unit stress is si. The difference 

Jtb 

as given by Equation (1) represents the work done in changing 
the stress of unit volume from Si to S 2 . 

Equation (1) may be derived directly from the definition of 
work without reference to Formula IV. The average force is 

the change in unit deformation is 

Si + Si S 2 - Si _ s| - sf 
___ X — ^ 2^- 

When the stress is uniform throughout the body, the total 
change of elastic energy when the unit stress changes from 
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^ volume. (3) 

Problems 

1. Find the modulus of resilience for steel having a modulus of elasticity of 
30,000,000 lb. per sq, in. and an elastic Kmit of 60,000 lb. per sq. in. 

Ans, 60 in.-lb./in.^ 

2. How high will the elastic energy of a block of steel having the constants of 
Problem 1 lift its own weight? 

3. What is the modulus of resilience of timber for which the modulus of 
elasticity is 1,200,000 lb. per sq. in. and the elastic limit is 3,600 lb. per 
sq. in. ? How high will the elastic energy lift its own weight if the density 
of this timber is 36 lb. per cu. ft.? 

4. Timber having an elastic limit of 4,800 lb. per sq. in. has a modulus of 
resilience of 1.6 in.-lb. per cu. in. Find E. 

6- A piece of timber, 2 in. square and 5 ft. long, is shortened 0.096 in. in a 
length of 4 ft. when the load is changed from 4,8001b. to 12,8001b- Find 
the total work in the gage length. Ans. U = 844.8 in.-lb. 

6. From the answer of Problem 5, calculate the work per cubic inch. Check 
by Eq. (1). 

7. In Problem 4 of Art. 9, find the work done by the external load on the 
20-in. gage length when the load changed from 1,224 lb. to 4,896 lb. 
Divide the result by the volume to get the work per unit volume. Check 
by Eq. (1). 

The energy of resilience has been calculated by multiplying 
the average force by the deformation. With the stress constant 
throughout the body at any given load, and directly proportional 
to the unit deformation, the average stress is one-half the sum 
of the initial and final stresses. Under these conditions, the deri- 
vation of the energy equations is accomplished by elementary 
algebra. On the other hand, when the stress varies with the 


Y" 

— 1 




- 


1 



Fig. 7. — Stress at element. 


position in the body, an integration with respect to space is 
necessary in order to determine the total energy change. 

For the purpose of securing some practice in the integration 
of an elastic-energy problem which may be checked conveniently, 
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it is advisable to solve by calculus the elenaentary problem of 
uniform cross section under uniform tension or compression. 
Figure 7, I, shows a bar (or portion of a bar) of constant cross 
section A and initial length 1. Figure 7, II, shows the same 
bar elongated a distance a; by a pull P applied along the axis of 
the bar to make the stress constant at all parts of the cross section. 

„ X Ex „ A E X 

«-r' ‘‘-T’ ^--T- 


When the deformation changes by a small increment dx, the 
increment of work is 

dU Pdx = ^ X dx. (4) 


Integrating : 


U 


A E 



(5) 


When X changes from Xi to x^, the limits in Equation (5) are 
xi and Xi] 


1/2 - 


Ui 


_ A E xl — x\ 
~ I ^ 2 


( 6 ) 


Since 


s 


— 


X 


^ and x^ 

Jbj 


IV 

E^ 


From the corresponding values of x\ and xf, Equation (6) 
becomes 

Ui - Ui = ~ X - 2 "^’' ^ volume. (7) 


13. Poisson’s Ratio. — A body subjected to tensile stress is 
elongated, and the magnitude of the elongation, provided the 
elastic limit is not exceeded, is proportional to the unit stress. 
At the same time the dimensions at right angles to the direction 
of the tensile stress become smaller. A body under compressive 
load is shortened in the direction of the load, while its, transverse 
dimensions are increased. The ratio of the unit deformation at 
right angles to the direction of the load to the unit deformation 
in the direction of the load is called Poisson’s ratio. Since this 
ratio is approximately 0.25 for some common materials, and 
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since very exact measurements are required for its determination, 

Poisson assumed that the value is always In reality, Poisson’s 

ratio varies from below 0.15 for concrete to over 0.40 for hard 
rubber. For steel and steel alloys with high elastic limit, Pois- 
son’s ratio is about 0.26. If a bar of steel is elongated 0.001 of its 
original length by a tensile force, its transverse dimensions are 
reduced by about 0.00026 of their original value. For low-carbon 
steel, Poisson’s ratio is less than 0.25 at ordinary temperatures. 

Poisson’s ratio is represented in this book by the Greek letter 
M^(mu).* 

Problems 

1. A steel rod 2 in. in diameter is stretched 0.0160 in. in a gage length of 
20 in. Its diameter is reduced 0.00043 in. Find Poisson’s ratio. 

Ans. 0.27. 

2. If Poisson’s ratio is 0.26 and the modulus of elasticity of structural steel 

is 29,000,000 lb. per sq. in., how much is the width of a 6-in. by 1-in. steel 
bar decreased by a pull of 121,800 lb.? Ans, 0.00109 in. 

3. Poisson’s ratio for copper is about M and the modulus of elasticity is 
16,000,000. How much is the width of a plate, originally 8 in. wide and 
0.162 inch thick, decreased by a pull of 12,960 lb.? 

4. A rod of 0.49 per cent carbon steel tested by J. McLean Jasper f was 

0.749 in. in diameter. When the load changed from 1,135 lb. to 6,7841b., 
the unit longitudinal deformation changed 0.000421 and the unit trans- 
verse dimension changed 0.000099. Find E and Poisson’s ratio from this 
test. Ans. p. ~ 0.235. 

6. A cylindrical core of concrete, tested by Dean A. N. Johnson, } was about 
9 in. long, 4.5 in. in diameter, and twelve months old. Wlien the load 
changed from 100 lb. per sq. in. to 900 lb. per sq.in., the unit longitudinal 
deformation changed from —0.000026 to —0.000286 and the unit trans- 
verse deformation changed from 0.000005 to 0.000040. Find E and 
Poisson’s ratio. Ans. E = 3,077,000; ja = 0.134. 

6. A steel plate is subjected to a tensile stress of 12,000 lb. per sq. in. parallel 
to the X axis and a tensile stress of 8,400 lb. per sq. in. parallel to the 

* There is no unanimity as to the symbol of Poisson’s ratio. The fraction 

— is the most common. A single letter for Poisson’s ratio is better than a 
m 

fraction. The equations are simpler and the numerical calculations are 
less laborious, especially since m is not an integer. The Greek letters p, or, 
X, and p are used. The letter a* was employed in the earlier editions of this 
book. The change is made to m because that letter seems to have the 

preference of writers who are deserting the common fraction 

t Trans. A.&.TM., 1924, voL 24, Part II, p. 1015. 
t Ihid., p. 1030. 



18 


STRENGTH OF MATERIALS 


[Art. 14 


Y axis. If = 30,000,000 and Poisson's ratio is what is the unit 
deformation parallel to each axis? 

Unit 

Deformation 

CX 0.00033 

Ans. )y 0.00018 

I^Z -0.00017 

7. Solve Problem 6 if the unit stress parallel to the Y axis is compressive. 

iX 0.00047 

Ans, \y -0.00038 

(Z -0.00003 

14. Volume Change and Modulus cf Elasticity. — When a solid 
is subjected to a load in one direction, there is a slight change in 
volume. The relative change in area of cross section at right 
angles to the load is smaller than the unit deformation in the 
direction of the load. Consequently, when the load is com- 
pressive, the volume is reduced ; and when the load is tensile, the 
volume is increased. 


Problems 

1 . A steel bar, 2 in. square and 10 in. long, is subjected to a compressive 
load of 96,000 lb. in the direction of its length. If =* 30,000,000 and 
Poisson's ratio is 0.27, what are the length, area of cross section, and volume 
when the load is on? 

Ans, 9.992 in.; 4.001728 sq. in.; 39.98527 cu. in, 

2. Find the work done by the load of Problem 1. Find the work per unit 

volume two ways. Ans. 32 ft.-lb.; 0.8 ft.-lb./in.®. 

3 . A round rod, 2 in. in diameter and 20 in. long, has its diameter reduced 
0.0005 in. and its volume increased 0.0228 cu. in. by a load of 78,540 lb. 
Find E and Poisson's ratio. 

If a unit cube is elongated an amount 5 by an external pull, its 
length becomes 1 + S and its transverse dimensions become 
1 — /tS in which n is Poisson’s ratio. 

Area of cross section = (1 — = 1 — 2 /a5 + (^5)=^. (1) 

Since /xd is small, being never greater than 0.001, its square, which 
is relatively much smaller, may be neglected; hence the approxi- 
mate cross section is 


A = 1 - 2m5. (2) 

Multiplication of area by length gives 

Volume = (1 - 2^5) (1 + 5) = 1 -|- (1 - 2^)6 - 2^8% (3) 
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of which the last term 2{x5^ may be neglected. 

Approximate 'volume = 1 + (1 - 2 m) (4) 

After the original volume of one cubic unit has been subtracted 
from the approximate volmme under tension, the remainder gives 

Increment of volume = (1 — 2 m)^. (5) 

These formulas apply only to temporary deformations below the 
elastic limit. The permanent deformations which occur when the 
elastic limit is exceeded produce practically no change of volume. 


Problems 


4. If the external force is coniipressive, show that 


and 


Approxiniat-e volume = 1 — (1 — 2ja) 6, 


Increment of volume = — (1 — 2^) 5. 


5 , A block of hard steel, originally 2 in. square and 10 in, long, is subjected 

to a load of 144,000 lb. parallel to its length. HE ^ 30,000,000 and Pois- 
son’s ratio is 0.27, what is the increment of cross section and the total 
increment of volume? Ans. 0.002592 sq. in.j —0.02208 cu. in, 

6. Find the area and volume of the block of Problem 5 to eight decimal places 
by direct multiplication without the use of foregoing equations. Find the 
increments of area and volume and compare with answers of Problem 5. 

A solid submerged in a liquid is under pressure from all direc- 
tions, The quotient obtained when the unit pressure is divided 
by the relative reduction of volume is called the modulus of 
volume elasticity. If, for instance, 1 cubic inch of a solid is 
reduced to 0.9995 cuhie inch by a pressure of 10,000 pounds per 
square inch in all directions, the modulus of volume elasticity is 

Ev = ^ = 20,000,000 pounds per square inch. 

0.0005 


Problem 

7 . A block of steel has its volume changed from 40,320 cu. in. to 40.200 eu. 
in. by a liquid pressure of 60,000 lb. per sq. in. Find the modulus of 
volume elasticity. Ans, Ev ~ 20,160,000. 

The modulus of volume elasticity may be computed from the 
modulus of linear elasticity (Young’s modulus) and Poisson’s 
ratio. If a cube of unit dimensions is subjected to unit pressure s 

in the direction of any axis, it is shortened ^ in the direction 
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lls 

of the pressure and elongated ^ along each of the two axes at 

right angles to the direction of the pressure. When there is a 
compressive stress s in every direction, the compression along any 

axis is made up of the direct compression which is due to the 

pressure in that direction, and two elongations, each of magnitude 

llS 

which are due to pressures along the two axes at right angles 

with the first. (It is assumed that the body is isotropic, having 
the same properties in every direction, so that E and are the 
same for all axes.) 

In any direction, 

Total compression — ^ ~ ~ 2^). (6) 

The length of each edge of the cube becomes 1 — ^(1 — 2jjl). 
Volume = (l - |(1 - 2^))' = 1 - ~{1 - 2m) + 

^^'(1 - 2m)=‘ + ■ • • • (7) 

Since ^ is very small, the terms containing the higher powers 
may be dropped and Equation (7) becomes 

Final volume = 1 — ^ (1 — 2 m). (8) 

Since the original volume was unity, the decrease in volume is 
3 s 

^(1 — 2m) which is also the unit change of volume or the unit 

volume deformation. The modulus of volume elasticity is 
obtained by dividing the unit stress s by the unit volume 
deformation. 


E„ = 

^(1 - 2 m ) 


E 

3(1 - 2m)' 


(9) 


Problems 

8 . If Poisson’s ratio is K, show that the modulus of volume elasticity is 
two-thirds the modulus of linear elasticity. 
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9, What would be the modulus of volume elasticity if Poisson's ratio were 

10. If E = 15,500,000 and Ev — 10,200,000, what is Poisson's ratio? 

Ans. 0.255. 

(Article 15 may he omitted.) 

16. Biaxial Stresses. — Problems 6 and 7 of Art. 13 are examples of biaxial 
stresses. The loads are applied parallel to the X and Y axes, and the 
deformation along any axis depends upon the stress along each axis. The 
calculation of the deformations when the stresses are given is a simple 
matter. On the other hand, it is sometimes desirable to compute the 
stresses from the unit deformations. 

When the loads are applied parallel to the X and Y axes, 


5x — 


( 1 ) 

( 2 ) 


in which 5® and hy are the unit deformations along the X and F axes, 

respectively. 

When the unit deformations are known and the unit stresses are to be 

calculated, elimination of Sy between Equations (1) and (2) gives 

Sx(l — ~ E(6r A- AtSy). (3) 

s* = Y T T ^- (4) 

By symmetry, 

= E%±A- ® 

When — Sy, Equations (3) and (4) become 

S, (6) 

1 — JU 

Problems 

1 . A steel plate is subjected to tension along the X and the Y axes. The 
unit deformation along each of these is 0.00037. HE ~ 30,000,000 and 
Poisson's ratio is 0.26, what is the unit stress along the X and F axes, 
and the unit deformation along the Z axis? 

Am, sx = ^ 15,000 Ib./in.^* h = -“0.00026. 

2 . The unit elongation in a steel plate along the X axis is 0.00054 and along 
the F axis is 0.00036 while Poisson's ratio is 0.25. Solve. 

Am. Sx = 20,160 lb. /in.®; Sy = 15,840 lb. /in.®; Sz — —0.00030. 

3 . Solve Problem 2 if the deformation along the F axis is negative. 

Am. Sx = 14,400 Ib./in.®; = -7,200 Ib./in.®; 5. = -0.00W6. 

4. A rectangular steel plate is held in two directions by walls which yield 
slightly. The temperature coefficient is 0.000012 per degree centigrade* 
When the temperature is raised lOO^C., a 2-in. gage length in the direction 
of the X axis expands 0.00060 in. and a 2-in. gage length in the direction 
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o£ the Y axis expands 0.00096 in. Find the unit stress along each axis 
a E = 30,000,000 and Poisson’s ratio = M- 

The expansion per inch without restraint would be 0.0012 in. along each 
axis. Since the actual unit elongation along the X axis is 0.00030 in., the 
deformation caused by the restraint is 5a; = 0.00120 — 0.00030 = 0.00090. 


5^, - 0.00120 -- 0.00048 = 0.00072. 

- »-'>«>«> + »■<*»>« X 3 X 10- - 34,660 Ib./i.,- 


16 


30,240 lb. /in. 


{Article 16 may he omitted.) 

16. Triaxial Stresses. — The theory of volume elasticity in Art. 14 involves 
triaxial stresses. Triaxial stresses occur in the walls of a tank subjected to 
internal liquid pressure. An axial tensile stress parallel to the length resists 
the opposite pressures on the heads, which tend to rupture the tank around 
any circumference. A circumferential tensile stress resists the opposite 
pressures on any two halves of the side walls, which tend to split the tank 
longitudinally. Near the inner surface a radial compressive stress resists 
the normal pressure of the liquid on the inner surface and the radial com- 
ponents of the circumferential stress in the material outside the element 
under consideration. The approximate calculations of thin-walled tanks and 
boiler tubes are simple (see Arts. 55 and 56) but the calculations of relatively 
thick-walled tanks involve the principles of triaxial loading. Similar problems 
occur in the calculation of the stresses in boiler tubes and in cylinders of 
internal-combustion engines, in which large relative deformations are caused 
by the temperature difference between the inner and outer surfaces. 

In the theory of volume elasticity, the stresses are given and the deforma- 
tions are easily calculated. In order to find the stresses from the unit 
deformation, the equations must be transformed to express unit stress 
explicitly in terms of the unit deformations. 



( 1 ) 

“ Hh Sy fJ'Sx). 

( 2 ) 


( 3 ) 


From Equations (1) and (2), eliminating s*; 

5® — 5^ = ^^(1 "f* iT)Sx — (1 + (4) 

From Equations (2) and (3), eliminating 

By 4- — + (1 — (5) 

Multiplying Equation (4) by ju and adding to Equation (6) eliminates s®. 

+ (1 — = ~(1 — ;x — 2jJ.^)Syj 


( 6 ) 
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„ _ 4- (1 — /J.)By 4 - fMds 

Sy — ii 

1 — jU • ZfJL- 

By symmetry, 

- * r- M - 2^5 — ’ 

„ — 4* 4- (1 — H>)Bz 

s, _ ^ 

Problems 

1. Material for which. E — 30,000j000 and Poisson’s ratio = 0.24 is stressed 

in three directions. The deformation in 8 in. is 0.008192 in. along the 
X axis and 0.002240 in. along the Y axis. The deformation along the 
Z axis is —0.001672 in. in a gage length of 2 in. Find the unit stress 
in each direction. Ans. == —15,000 lb. /in. ^ 

2. If s* is known to be zero, find the values of Sx and Sy in terms of 5* and By 
and compare with Eq. (4) of Art. 15. 

3 . If Sz is known to be zero and the unit deformations along the X and Y 
axes are the same, find and compare with Eq. (6) of Art. 15. 

Miscellaneous Problems 

1. A longleaf yellow-pine post, tested at Watertown Arsenal Tests of 
Metals,” 1897, p. 415), was 9.79 in, by 9,81 in. The gage length was 
50 in. When the total load changed from 19,210 lb. to 211,290 lb., the 
compression in the gage length increased from 0.0035 in. to 0.0460 in. 
Calculate the area to two decimal places. Find E and the total work 
in the gage length. Divide the total work by the volume to get the work 
per cubic inch. Check by Eq. (3) of Art. 12. 

Ans. E - 2,353,000; U - 1.019 in .-lb. /in. ^ 

2 . A second post of longleaf yellow pine Tests of Metals,” 1897, p. 417) 

was 9.76 in. by 9.79 in. When the load changed from the initial value of 
1,911 lb. to 191,100 lb., the measured compression in the gage length of 
50 in. changed from 0 in. to 0.0568 in. Find E and the work per unit 
volume. Check. Ans. E = 1,743,000. 

3. The post of Problem 1 was 119.78 in. long and weighed 330 lb. The 

post of Problem 2 was 118.45 in. long and weighed 284 lb. Find the 
weight of each per cubic foot. Ans. 49.5 Ib./ft.^; 43.3 Ib./ft.® 

4. A stick of Douglas fir, tested in tension Tests of Metals,” 1896, p, 405), 

was 24 ft. in. long, 8.12 in. wide and 3.02 in. thick. The stick 
weighed 163 lb. When the load changed from 2.450 lb. to 51,450 lb., 
a gage length of 200 in. elongated 0.1493 in. Find the area to the first 
decimal place and the weight per cubic foot. Find E and the total work 
in the gage length. Find work per cubic inch and check by Eq. (3) 
of Art. 12. Ans. E ^ 2,679,000; TJ per cu. in. = 0.8212 in.-lb. 

5 . A compression piece 60 in. long cut from the tension piece of Problem 4 
was shortened 0.0294 in. in a gage length of 50 in. when the load changed 
from 2,450 lb. to 49,000 lb., and was shortened 0.0455 in. when the load 
changed from 2,450 lb. to 73,500 lb. Find E and the work per unit 
volume for the two large intervals. Check by Eq. (3) of Art. 12. 

Ans. E = 3,231,000 and 3,187,000; U = 0.6174 and ? (“Test of Metals,” 
1896, p. 412.) 


( 7 ) 

( 8 ) 
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6. In Problem 5, when the load changed from 2,450 lb. to 49,000 Ib., a 

transverse gage length of 7 in. was elongated 0.0022 in., and when the 
load changed from 2,450 lb. to 73,500 lb., the elongation was 0.0034 in. 
Find Poisson’s ratio. Am. n ~ 0.534. 

(Ansioer seems too large, but wood is not isotropic.) 

7. A stick of Douglas fir (“Tests of Metals,” 1896, p. 407), tested in tension, 
was stretched 0.2614 in. in a gage length of 200 in. when the unit stress 
changed from 100 lb. per sq. in. to 2,400 lb. per sq. in., while a transverse 
gage length of 12 in. shortened 0.0063 in. Find E and Poisson’s ratio. 

Ans. E = 1,760,000; u. = 0.40. 

8. A compression piece, cut from the stick of Problem 7, shortened 0.0471 
in. in a gage length of 50 in. when the load changed from 100 lb. per sq. 
in. to 2,000 lb. per sq. in. Find E. A transverse gage length of 12 in. 
elongated 0.0064 in. for the same change in load. Find Poisson’s ratio. 

Ans. E = 2,170,000; m = 0.566. 

9. A white-oak post (“Tests of Metals,” 1896, p. 425) was 106.1 in. long, 

had a cross section of 9.95 in. by 11.98 in., and weighed 416.5 lb. A 
50-in. gage length was shortened 0.0260 in. when the load changed from 
11,920 lb. to 119,200 lb. Find E. Ans. 1,731,000. 

10. A short block 11.97 in. by 8.10 in. cut from the post of Problem 9 was 

loaded transversely, perpendicular to the growth rings. When the load 
changed from 1,939 lb. to 38,784 lb., the compression in a 6-in. gage 
length was 0.0118 in. Find the modulus of elasticity of this oak across 
the grain. Ans. E = 193,000 Ib./m.- 

11 . A paving brick, tested in compression lengthwise (“Testa of Metals,” 
1896, p. 359), was 8.14 in. by 2.46 in. by 4.18 in. When the load changed 
from 1,028 lb. to 102,800 lb., the compression in a gage length of 5 in. was 
0.0071 in. and the elongation in a transverse gage length of 3.5 in. was 
0.0008 in. Find E and Poisson’s ratio. 

Ans. E = 6,970,000; g = 0.161. 

12. A steel rod, 0.798 in. in diameter, elongates 0.01040 in. in a gage length 
of 20 in. when its temperature is raised from 60°F. to 140°F. Tested in 
tension, the rod is stretched 0.0064 in. in a gage length of 8 in. when the 
pull changed from 200 lb. to 12,000 lb. , Find E and the coefficient of 
linear expansion. The ends of the rod are fastened to a rigid frame and 
the temperature is lowered from 120°F. to 60°F. What is the increase 
in the total tension and in the unit tensile stress if the resistance of the 
frame entirely prevents the rod from contracting? Solve also if a 
20-in. gage length shortens 0.0028 in. with the fall of temperature. 

Ans. E = 29,500,000; temperature coefficient = 0.0000065 per degree 

Fahrenheit; 11,505 lb. /in.*; 5,762 lb.; 7,375 lb. /in.*; 3,687 lb. 

13. A steel bar in the form of a frustum of a pyramid is 1 in. square at one 
end, 2 in. square at the other end, and 10 in. long. A load of 30,000 lb. 
is applied in compression. If E is 30,000,000 lb,, per sq. in., and if it is 
assumed that the stress in any transverse section is uniform throughout 
the section, calculate the decrease in length by means of integral calculus. 
Compare with a uniform bar 1.5 in. square. 

Ans. Total compression is 0.005 in. 
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14. By integration find the total internal work of the bar of Problem 13. 

75 in.-lb. 

15. The total external work of the bar of Problem 13 is the product of the 
total compression multiplied by the average load. Solve for the external 
work by means of the answer of Problem 13 and compare with the 
internal work. 

16. A bar 1 in. thick and 20 in. long is 1 in. wide at one end and increases 
uniformly to a width of 3 in. at the other end. If a load of 30,000 lb. in 
compression is applied to the bar, find the unit stress at a distance x 
from the small end. If E is 30,000,000 lb. per sq. in., find the unit 
deformation, and find the total deformation in the entire length, 

Ans. 0.010986 in. 

17 . By integration solve Problem 16 for the total internal work and then 
check Problem 16 by means of the external work. 

18. A plate of uniform thickness t has a breadth h at one end of a given 
length I and a breadth c at the other end. Find the expression for the 

PI c 

elongation of this length I due to a pull P. Ans. log -• 

19. An oak block, 6 in. square and 30 in. long, is bolted between two steel 

plates, each 6 in. wide, K thick, and 30 in. long. A force applied 
lengthwise the combined block shortens it 0.008 in. in a length of 20 in. 
If E for the steel is 29,000,000 lb. per sq. in. and E for the oak is 1,600,000 
lb. per sq. in., what is the total force? Ans. 92,640 lb. 

20. In Problem 19, what is the unit stress in the steel when the unit stress 
in the oak is at its allowable value in compression? 

21. A vertical pier, 26 in. square, is made of concrete in which four 4-in. 

by 3-in. by structural-steel angles are imbedded. The modulus 

of elasticity of the steel is fifteen times the modulus of the concrete. 
When the pier carries a load of 360,360 lb., how much of this load is 
carried by the concrete and how much is carried by the steel? What 
is the unit stress in each? 

22. A hollow steel cylinder, 1 in. inside diameter and 2 in. outside diameter, 
is supported in a vertical position by three small lugs which do not 
appreciably change the cross section. A 1-in. wrought-iron bolt passes 
through this cylinder. A nut near the bottom of the bolt is turned up 
against the lower end of the cylinder until the tensile stress in the bolt 
reaches 10,000 lb. per sq. in. If E is 30,000,000 lb. per sq. in. for the 
steel and 27,000,000 lb. per sq. in. for the wrought iron, what is the unit 
stress in each? A load of 6,000 lb. is then hung on the lower end of the 
bolt and supported by a second nut which does not touch the nut in 
contact with the cylinder. If the deformation of the upper nut and of 
the part of the bolt which passes through it be neglected, and if the 
deformation of the head of the bolt also be neglected, what is the total 
tension and what is the unit tensile stress in the bolt if the supporting 
lugs are at the top of the hollow cylinder? 

Ans. Total, 9,239 lb. tension in bolt. 

23 . Solve Problem 22 if the supporting lugs are at the bottom of the cylinder. 
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17. Shear and Shearing Stress. — When a body is subjected to 
a pair of forces which are in the same line and directed away 
from each other, tensile stress is produced. When the pair of 
forces are in the same line and directed toward each other, com- 
pressive stress is produced. If the forces are in parallel lines or 
planes, shearing and bending stresses are produced in the portion 

of the body between them. In Fig. 8, 

r jS7\ the block A is securely held by the clamp 

■^•^ (5 a horizontal force P is applied by a 

block C. The force P is parallel to the 
\ \ <?) P' 1 upper surface of B. The clamp B exerts 

T I — A \ \ a horizontal force on the block A . This 

m =3 B force is equal and opposite to the force P. 

\ — \ The portion of the block A between the 

Fiq. 8.— Shear and bonding. Upper surface of the damp and the lower 

surface E F Q oi the block C is subjected 
to a pair of equal, opposite, parallel forces. The material 
in this portion of the block is subjected to shearing and 
bending stresses. The shearing stresses depend upon the 
magnitude of the forces and the area of the section of A. The 
bending stresses depend upon these and also upon the distance 
of the forces apart. If the body C is brought very close to B, so 
that the distance between the two forces P and P' becomes 


negligible, the unit bending stress becomes small, while the unit 
•shearing stress is unchanged. The average unit shearing stress is 
calculated by dividing the force P by the area of the cross section 
E F G or the area of any section parallel to it. 

In tension and compression the unit stress is calculated by 
dividing the total force by the area of the cross section perpen- 
dicular to it. In shear, on the other hand, the unit stress is 
calculated by dividing the total force by the area of the cross 
section parallel to it. 

In Fig. 8, as in all cases of application of force, the line P 
represents the resultant of a set of forces distributed over an 
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area. The resultant P' must fall some distance below the 
upper surface of B and the resultant P must lie above the lower 
surface of C. It is, therefore, not practicable to secure shearing 
stress entirely free from bending or compressive stress. It wiil 
be shown later that the distribution of shearing stress, when 
combined with bending, is not uniform over the section. At 
present, however, no account will be taken of this variation, 
and the average shearing stress will be calculated by dividing 
the total force by the area in shear. 

Table III. — Allowable Unit Shearing Stress 


Material 

Pounds per square inch 

A.R.E.A. 

A.I.S.C. 

A.S.M.E. 

Steel web plates for girders 

10,000 

12,000 

13,500 


Power-driven rivets 

12^000 


Hand-driven rivets 

9,000 

9,000 

10^000 


Turned bolts 


Turned bolts in reamed holes, clearance 
not over 0.02 inch 

13,500 


Steel rivets in boilers 


8,800 

Timber parallel to grain : 

Douglas fir coast region, select 


1 90 

Oak white or red, select 


125 


Southern yellow pine, select 


110 


Redwood, select 


70 


Common grade — 80 per cent of 
select 





Problems 

(Use A.R.E.A. Spedficatiom for first three.) 

1. Two 3-in. by K-in. plates are united by one M-in. power-driven rivet. 

What is the allowable load in shear? Ans. 5,300 lb. 

2. One 3-in. by }iAn. plate is placed between two 3-in. by M-in. plates and 

connected by one %-in. hand-driven rivet which passes through all three 
plates. What is the allowable load in shear? Ans. 10,820 lb. 

3. A 5-in. by 1-in, eyebar (see handbook) has one end between two plates. 

With 16,000 lb. per' sq. in. as the allowable tensile unit stress in the 
eyebar, what is the minimum allowable diameter of the pin in double 
shear which connects it with the plates? Ans. in. 

4. A 2-in. by 4-in. yellow-pine block (Pig. 9) hung vertical and supported 
at the upper end, has a hole 1.2 in, square, which is perpendicular to the 
4-in, faces. The lower edge of this hole is 4^ above the lower end of 
the block. If a load of 1,800 lb. is hung on a square bar passing through 
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this block, what is the unit shearing stress in the pine parallel to the 
grain? Ans. 100 Ib./in,^ 

6. What is the maximum allowable load on the block of Fig. 9 when cal- 
culated for shear? 

6. What is the unit tensile stress at the 
minimum section of Fig. 9 when the 
load is 1,800 lb.? 

7. The head of a IJs-in. bolt is 1 in. high. A 
pull of 20,000 lb. applied to the bolt and 
resisted by the head tends to shear the 
head from the body of the bolt. Find the 
unit shearing stress. Find the unit tensile 
stress in the gross section of the bolt. If 
the force is applied at the opposite end of 
the bolt by means of a nut, find the unit 
tensile stress at the minimum section (see 
handbook). Which stress is above the 
allowable ? 

Ans. Ss = 4,630 Ib./in.^; St 13,470 lb. /in. 

St - 18,972 lb./in.2 

8. The load of 20,000 lb. is applied to the bolt 
of Problem 7 by means of a nut. Find the 

unit shearing stress at the root of the threads. Ans. Ss = 4,660 Ib./in.^ 

18. Shearing Deformation. — In Fig. 8, a small portion of 
section D extends through the block A with its long dimension 
perpendicular to the plane which contains the resultants P and 
The cross section D is represented on a large scale by the 
rectangle H I J K of Fig. 10. When the shearing forces are 
applied as shown in Fig. 8, this rectangle is distorted to the form 
H FJ^K. If the lower line, fiT iC be regarded as fixed, the total 



B D 



B K AC 


Fig. 10. — Shearing deformations. Fig. 11.— Device for illustrating shear. 


displacement of any point in the upper line is 1 1' ox J J'. The 
unit shearing deformation, which may be represented by 5., 
is the ratio of this horizontal displacement 1 1' to the vertical 
distance H I. In linear deformation, the unit deformation is 
obtained by dividing the total deformation by a length in the 
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same direction as the deformation; in shearing deformation, the dis- 
placement is divided by a distance at right angles to the displace- 
ment The unit displacement is the tangent of the angle I H T ox 
J K Jt The effect of the shearing forces is to lengthen the 
diagonal H J and shorten the diagonal I K, 

Problems 

1. Two equal bars, A B and C D (Fig, 11) are hinged to a second pair of equal 

bars, A C and B Dj to form a parallelogram. A sheet of rubber, 6 in. 
wide, has one edge securely clamped to A B and the other edge to C D. 
The length of A jB, center to center of hinges, is 10 in. What is the 
unit shearing displacement when B is displaced 0.2 in. to the right of 
the vertical? Ans, Unit shear 8s = 0.02. 

2. A shaft 4 in. in diameter is twisted 3^ in a length of 10 ft. What is the 
total displacement of a point on the surface at one end if the other end is 
regarded as fixed? What is the unit displacement? 

Ans. 0.10472 in.; 0.000873. 

19. Modulus of Elasticity in Shear. — The modulus of elastic- 
ity in shear is obtained by dividing the unit shearing stress by 
the unit shearing deformation, just as the modulus of elasticity 
in tension or compression is computed by dividing the unit ten- 
sile or compressive stress by the corresponding unit deformation. 



The modulus of shearing elasticity is frequently called the 
modulus of rigidity. 

Forces applied as in Fig. 8 do not give pure shear. Even in 
Fig. 9, in which the plates which apply the parallel forces are as 
close together as possible, shear is combined with bending. Pure 
shear, free from bending or compression, may be secured by tor- 
sion, as in Problem 2 of Art, 18. 

Problems 

1. In Problem 2 of Art. 18, if Es is 11,200,000 lb. per sq, in., what is the unit 
shearing stress at the surface of the shaft? Ans. Ss = 9.778 Ib./in.- 

2 . What is the maximum unit shearing deformation if the maximum allow- 

able shearing stress is 10,000 lb. per sq. in. and the modulus of rigidity is 
11,400,000 lb. per sq. in.? Ans. 0.000877. 

3 . A hollow shaft has an inside diameter of 4 in. and an outside diameter of 

6 in. The shaft is twisted 0.02 radian in a length of 10 ft. What is the 
unit deformation at the inner surface? At the outer surface? What is 
the unit stress at each surface if the modulus of rigidity is 10,800,000 lb. 
per sq. in.? Ans, 3,600 Ib./in.^ at inner surface. 
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20. Shear Caused by Compression or Tension. — Figure 12 
shows a block subjected to a downward compressive force P in 
the direction of its length and an equal upward force at the 
bottom. This block may be supposed to be cut by a plane 



Fig. 12. — Section, normal to force. Fig. 13. — Section inclined to force. 

BODE, normal to its length, and then glued together. If the 
portion above this section be regarded as a free body in equilib- 
rium, and if the weight of the portion be neglected, the downward 
force P must be equal to the upward reaction of the glued surface. 
If A is the area of the section, the unit compressive stress in the 
glue is given by 



Since the external force P has no horizontal component, the 
shearing force in the glue is zero. If the body were actually 
made of two portions, the upper portion would not slide on the 
lower portion, no matter how smooth the surface of contact. 

Figure 13 represents a body similar to Fig. 12, loaded and 
supported in the same way. This body is assumed to be cut by 
a plane B C'D'E', which makes an angle with the normal 
section. The portion above the inclined section may be taken 
as the free body, and the external force P may be resolved 
perpendicular and parallel to this plane. The component of P 
normal to the plane is P cos <f). The unit compressive stress is 
this component divided by the area of the section. If A is the 
area of the normal section, the area of the inclined section is 
A sec (}). The unit compressive stress is given by 


P cos <l) P -P /I , n.s 

= aSm: = 3 23<> + 


( 2 ) 
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The component of the force P in the direction of the line B G, 
which makes the maximum angle with the normal plane, is 
P sin 4>. This component is resisted by the shearing stress in the 
section B C'D'E'. The unit shearing stress is obtained by 
dividing the component parallel to the section by the area of the 
section. 


P sin 4> P . P . „ 

= J sm cos ^ sm 2^. 


(3) 


If the body were in tension instead of compression, Equation 
(3) would still give the unit shearing stress in the section, and 
Equation (2) would give the unit tensile stress (instead of the 
unit compressive stress) normal to the section. 

Problems 

(Use handbook for data not given in tables.) 

1 . A 6-in, by 4-in. post is cut by a plane which, makes an angle of 35® with 
the 6-in. faces and is normal to the 4-in. faces. What is the length of 
the intersection of this plane with the 4-in. faces? If a load of 10,800 lb. 
is placed on this post, what is the component parallel to this plane? 
What is the component perpendicular to this plane? What is the unit 
shearing stress along this plane? What is the unit compressive stress 
perpendicular to the plane? 

Make sketch. Solve completely. Then check by Eqs. (2) and (3). 

Ans. Sc ~ 148.0 Ib./in.^ 

2. Solve Problem 1 if the plane makes an angle of 55® with the 6-in. faces. 

3. Show from Eqs. (2) and (3) that the shearing stress is zero and the 
compressive stress is a maximum when ^ 0. Explain from your sketch. 

4 . A 6-in. by 6-in. post is subjected to a load of 10,800 lb. in the direction of 
its length. Find the unit shearing stress and the unit compressive stress 
with respect to a plane which makes an angle of 25° with the normal 
section. 

6. Solve Problem 4 if the plane makes an angle of 65° with the normal 
section. 

6. Solve Problem 4 without using Eqs. (2) and (3). Draw sketch with 
inclined plane normal to one 6-in. face. 

7. What is the area of the section in Problem 4, and what is the area in 
Problem 5? 

8. The grain of a 4-in. by 4-in. short post of common southern yellow pine 
makes an angle of 12° with the length. Find the total safe load. Find 
the total safe load if the grain makes an angle of 5° with the length, 

Ans. 6,924 lb.; 14,080 lb. 

9 . Show that the unit shearing stress produced by a single tensile or com- 
pressive load is a maximum at 45° with the direction of the load, and that 
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this maximum shearing stress is one-half the unit tensile or compressive 
stress which produces it. 

21. Shearing Forces in Pairs. — If a body is subjected to pure 
shearing stress (with no tension or compression except that which 
is due to shear), there must be two sets of shearing forces to 
secure equilibrium and the unit shearing stresses which these 
forces produce must be the same in both. Figure 14 represents a 
rectangular block A B with two other blocks C and D glued to 



Fig. 14, — Pair of shearing forces. Fig. 15. — Two pairs of shearing forces. 

the top and bottom, respectively. There is a horizontal force 
P, toward the right, acting on the block C and an equal and oppo- 
site force acting on the block X>. These two forces form a couple 
tending to rotate the system in a clockwise direction. To pro- 
duce equilibrium, a block F is glued to the left vertical face of 
AB (Fig. 16) and a block G is glued to the right vertical face. 
A downward force Q is applied to F and an equal upward force 
is applied to G. The breadth oi A B is b and its height is h. 
Equilibrium will occur when the moments of the two couples are 
equal, i.e., when 

Ph==Qb. (1) 

The force is transmitted from C and D to A 5 as a horizontal 
shear in the glue. Shearing stress is represented by an arrow 
with a single barb. The arrow in C, with barb above the shaft, 
represents the shearing stress from C to A B. If it were desired 
to represent the opposite shearing stress from A B to C, the 
arrow would be placed in A B, would point toward the left, and 
would have the barb below the shaft. 

If Z is the length of the block A B perpendicular to the plane 
of the paper, the top and bottom surfaces each have an area b I, 
and 
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P = 5 5 Z, (2) 

in which s is the unit horizontal shearing stress. 

The area of each vertical face perpendicular to the plane of the 
paper is h I and 

Q - s^h Z, (3) 

in which s' is the unit vertical shearing stress. 

Since 

Ph Qh, 

sblh = s'h lb, (4) 

s = s'. Formula V 

Formula V applies to any portion of block A B cut out by hori- 
zontal and vertical planes perpendicular to the plane of the paper. 
Figure 16 represents one such block. 

Frequently, tensile or compressive stresses occur 
along with shearing stresses. Figure 17 represents a 
block which is supposed to be glued to the base and 
pushed toward the right by a force P applied near the 
top. To the left of the middle the glue is in tension; 
to the right of the middle it is in compression. All 
of the glue is in shear. A portion A of the block is 
in tension and shear, and a portion C is in compression and shear. 
The portion B at the middle is in shear only. The direction of 
the shear in A and C, for which the arrows are not shown, is the 

me as in P. 

If the tension in A is not the 
same at the top and bottom, the 
vertical shearing stress will not 
be exactly equal on the two 
sides. Ordinarily, if A is small, 
the difference is slight. 

For a block of infinitesimal 
dimensions, the shearing 
stresses are practically equal on 
all sides, even if tensile or com- 
pressive forces exist in the body. A combination of shear with 
other stresses is considered at greater length in Chapter XVII. 

22. Compressive and Tensile Stress Caused by Shear. — 
Figure 18, I, represents a rectangular parallelepiped of breadth 
6, height A, and length Z, subjected to pure shearing stress. The 
shearing stress acts toward the right parallel to the breadth 




Fig. 16.— 
Equilibrium 
in shear. 
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at the top and toward the left at the bottom. As shown in Art. 
21, there is also a shearing stress of the same intensity at the left 
surface acting downward and an equal shearing stress at the 
right surface acting upward. (If the direction of one of these 
shears is reversed, they must all be reversed to produce equilib- 
rium.) Now consider the parallelepiped divided by the inclined 
plane containing the edges C D and G F, and treat the triangular 


E F 



I II 

Fig. 18. — Shear causing compression. 

prism to the left of this plane as a free body in equilibrium under 
the action of the forces at its surface. These forces are four in 
number: the shearing force H in the upper surface acting toward 
the right, the shearing force V in the left vertical surface acting 
downward, the compressive force N acting normal to the inclined 
surface (Fig. 18, II, which represents all the forces in the plane 
of the paper), and a shearing force T along this surface parallel to 
the diagonal line C G. If Ss is the intensity of the horizontal and 
vertical shear, 

H = Sgb I, V = Ssh I, 

Resolving normal to the inclined plane, 

N = H sin 6 + V cos d, (1) 

N = Ssb I sin 6 + s^h I cos (2) 

in which 6 is the angle which the inclined plane makes with 
the horizontal surface. The unit compressive stress on the 
inclined surface is obtained by dividing N by the area of this 
surface. If c is the length of the hypotenuse C G, the area 
of the inclined surface is c L Dividing Equation (2) by c I, 


N _ N _ s,b sin 6 
Area cl c 

, Sah cos d 
+ c ■ 

( 3 ) 

Since cos 6 ==- and sin d = -> 
c c 



Sc = 2 Sa sin & cos d ■- 

= Ss sin 2d. 

( 4 ) 



Chap. II] 


SHEAR 


35 


When d is 45 degrees, the compressive stress is a maximum 
and is equal to the shearing stress. 


Sc Ss 


Formula VI 


If the plane which bisects the parallelepiped is taken parallel 
to C D through the corners A and E, an expression similar to 
Equation (4) may be derived for the tensile stress. The maxi- 
mum tensile stress is at 45 degrees vdth the shearing stress and at 
right angles to the maximum compressive stress. 

When a body is subjected to pure shear, there FT 7 

is a compressive stress of equal intensity at an ^ ^ 

angle of 45 degrees with the planes of the shear- ij \ 

ing stress in one direction and a tensile stress 
of the same intensity at an angle of 45 degrees lx x 

in the opposite direction. These are shown in ig^^ension 
Fig. 19. V^ith the shearing toward the left at comprsssioii, and. 
the bottom, as indicated by the arrow, the 
maximum tensile stress is normal to the plane which makes an 
angle of 45 degrees to the left of the vertical upward, and the 
maximum compressive stress is normal to the plane which makes 
an angle of 45 degrees to the right of the vertical upward. 


Problems 

1 . The unit shearing stress in a block is 200 lb. per sq. in. and is directed 
toward the right at the bottom. Find the unit compressive stress across 
a plane which makes an angle of 25° with the horizontal toward the right. 

Ans, 153.6 Ib./in.^ tensile stress. 

2. A block 8 in. long, 6 in. wide, and 5 in. high is glued to a horizontal 
surface at the bottom. A horizontal force of 1,152 lb. parallel to the 
length is applied near the top. Find the unit compressive stress caused 
by shear across a plane which makes an angle of 30° with the horizontal 
toward the right. 

3 . A block is subjected to a horizontal and vertical shearing stress of inten- 
sity s,«r. The resultant tensile stress across a plane which makes an angle 
of 17° with the horizontal toward the left is 100.66 lb. per sq. in. Find s.,. 

4. A block is 15 in. long and 8 in. high. It is subjected to shearing stress 
of 225 lb. per sq. in. on the ends and on the horizontal surfaces. Find 
the tensile or compressive stress across a plane which is perpendicular to 
the plane of the front face and passes through the diagonal of this face. 
Solve without using Formula VI with one-half of the block as a free body. 

5. A tensile stress of 221 lb, per sq. in. is applied at the ends of the block of 
Problem 4 parallel to the length. Find the shearing stress along the 
diagonal of the front face. Solve without using the derived equations. 
What is the tensile stress normal to this diagonal? 
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6. Solve Problem 1 by moments. Use a triangle similar to Fig. 18, II, with 
arrows to suit the problem. ‘ 

23, Relation of Shearing to Linear Elasticity. — The modulus 
of shearing elasticity may be calculated from the modulus in 
tension or compression if Poisson^s ratio is known. 

Figure 20 is the front elevation of a block of square section sub- 
jected to shearing forces. The unit shearing displacement is 
the tangent of the angle Q between the lines H I and H I' of 
Fig. 20j II. In Fig. 20, III, the figure has been rotated an 
amount equal to one-half the angle of shear. In this position, 



Fig. 20. — Shearing deformation. 

the diagonals make angles of 45 degrees with the horizontal. 
The lengths of the diagonals are changed, while their directions 
remain the same as in Fig. 20, I. This kind of deformation is 
called pure shear. The deformation shown in Fig. 20, II, in 
which both length and direction of the diagonals are changed, 
vrhile the direction of one pair of faces is unchanged, is called 
simple shear. 

To find the ratio of shearing deformation to linear deformation, 
it is necessary to find the relation of the diagonals H J' and FK' 

of Fig. 20, III, to the angle The shearing forces lengthen the 

diagonal H J to H J' and shorten the diagonal I K to I'K' . The 
half diagonals H M and M K suffer the same relative deformation. 

If b is the unit deformation caused by unit tensile stress 
s, the unit elongation along H J is 5(1 + /x). This elongation 
is made up of the elongation ^ caused by the tensile stress along 
this diagonal and an elongation ju 5 caused by the compressive 
stress along the diagonal IK. In a similar manner, the unit . 
compression along the diagonal I if is found to be 6(1 + m)- 

If Fig, 20, III, the angle ^ is the difference between 45 degrees 
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and the angle <^. The tangent of 4> is the ratio of the half diag- 
onal M'K' to the half diagonal H M' 


tan (p 


Since 


length of M'K ' _ 
length oi H M' 

tan p = 


length of ikf g [1 - g (1 + ;,)] 
length of H ikf [1 d- 6 (1 ^u)]’ 
1 — 3(1 jj.) 

1 + 3(1 + ixy 





tan ^ i - = 

2 1 -f- tan 1 + 5(1 + ;,) + 1 _ 5(1 + 


tan <p 1 -1- 3(1 -|- ju) — 1 3(1 -(- |U) 


3(1 + ix). 


0 

For a small angle, tan 8 = 2 tan ^ = 2 5(1 -f At)- 

4U 

2 s(l -|- At) 


Since 


5 = tan 5 ^ ^ 

E = — = 

“ 5. tan 5 2s(14-At)’ 


( 1 ) 

( 2 ) 


(3) 

(4) 


(5) 


At 45 degrees the unit tensile and the unit compressive stress 
caused by shear are each equal to the unit shearing stress; there- 
fore, s = Ss and Equation (5) becomes 


2(1 -b At)’ 


( 6 ) 


Problems 

1 2 

1. If Poisson’s ratio is show that Ba = -g— 

2. If the modulus of elasticity of steel is 29,800, 000 lb. per sq. in. and 
Poisson’s ratio is 0.275, what is the modulus of rigidity? 

Ans. Ea - 11,690,000 Ih./mA 

3. Find Poisson’s ratio if the modulus of rigidity is 11,500,000 and the 
modulus of elasticity in tension is 29,300,000 lb. per sq. in. 

4. Landolt and Bornstein give the following values, in kilograms per square 
millimeter, for cast steel: E = 20,400, Ea = 8,070, E^ = 14,600. Find 
Poisson’s ratio from Eq. (6) and also from Eq. (9) of Art. 14. 


Miscellaneous Problems 

1. Figure 21 shows a block which is subjected to horizontal tension and 

vertical compression. If the unit tensile stress is 240 lb. per sq. in. and 
the unit compressive stress is 200 lb. per sq. in., what is the unit shearing 
stress along the diagonal? Ans. Ss = 220 Ib./in.^ 

2. A rectangular block is 15 in. wide, 8 in. high, and 4 in. long. A horizontal 
compression force of 27,744 lb. in the direction of its width is applied to 
the sides, A vertical tension of 34,680 lb. is applied to the top and 
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bottom surfaces. Find the unit shearing stress along a plane which 
passes through the lower left edge and the upper right edge. Solve 
without using formula. Ans. Ss = 600 Ib./in.^ 

3. In Fig. 22, the block A JB (7 is 8 in. long perpendicular to the plane of the 
paper. Find the unit shearing stress and the unit compressive stress 
in the glue which fastens the block to its base. 

4. In Fig. 23, A and B are short compression members or struts of yellow 
pine, joined together by a bolt or pin at the top. The lower ends are set 



• and compression- 



in notches in the bottom chord C. If the load P is 7,200 lb., what is the 
unit compressive stress in A and B7 What is the maximum unit tensile 
stress in (7? What must be the length of the section d to avoid shearing 
if 0 is made of yellow pine? What must be the length of d if C is made 
of oak? 




6. What must be the thickness t of the supports of Pig. 23 if C is yellow pine? 
If C is oak? 

6. A horizontal beam is 5 ft. long and is hinged at the left end A. The 
beam earries a load of 1,800 lb. 3 ft. from A and is supported by a steel 
rod at the right end B. The rod is attached to a point which is 6 ft. 
above the hinge. What should be the minimum diameter of the rod? 





CHAPTER III 


STRESS BEYOND THE ELASTIC LIMIT 

24. Ultimate Strength. — The ultimate strength of any material 
is the maximum unit stress which it can exert. In this sense 
ultimate means the greatest, which is not necessarily the last load 
before failure. In most testing machines, the load is applied by 
a screw or by a hydraulic press. When the maximum load is 
reached, the material is deformed considerably. Since the 
application of the load is not instantaneous, the stress drops. 
The final or breaking load may be much less than the ultimate. 
For instance, a steel rod of 1 square inch cross section may have 
an ultimate strength of 58,000 pounds. If an actual weight 
were hung on this rod and additional loads w^ere added until 

58,000 pounds was reached, the load would remain 68,000 pounds, 
no matter what the deformation might be. With a load of this 
kind, which follows up the deformation, the ultimate load is the 
last load. On a testing machine, the maximum load is read at 

58.000 pounds. The machine then slowly elongates the material 
at smaller stress. Just before the rupture, the load may read 

40.000 pounds. This is called the breaking load. 

25. Factor of Safety. — In Art. 6, the allowable unit stress was 
said to be based on the judgment of some competent authority. 
These judgments depend upon tests of the materials and upon 
experience in actual use. 

Working stresses should never exceed the elastic limit and 
should be only a small fraction of the ultimate strength. The 
ratio of the ultimate strength of a material to the allowable 
working stress is called the factor of safety. If the ultimate 
tensile strength of a given grade of steel is 64,000 pounds per 
square inch and the elastic limit is 32,000 pounds per square inch, 
while the allowable stress is 16,000 pounds per square inch, the 
factor of safety based on the ultimate strength is 4, and based on 
the elastic limit is 2. 

The value of the factor of safety depends upon a great number 

of conditions. Some of these are 

39 
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Repeated stresses slightly beyond the elastic limit will finally 
cause failure; therefore a body subjected to a variable load should 
have its allowable stresses well below that limit. The greater 
the variation of stress, the smaller should be the allowable unit 
stress. 

The factor of safety must be sufficiently large to allow for 
any deterioration of the material during the time which it is to be 
used. This includes the decay of timber, the rusting of metal, 
injury from frost, and electrolysis. 

The uniformity of the material must be taken into account 
in deciding what factor of safety to use. If test pieces from 
a batch of structural steel manufactured under welhcontrolled 
conditions give an ultimate strength of 57,000 pounds per square 
inch, none of the steel of this batch will vary more than a few 
hundred pounds from this figure. On the other hand, the 
variation of timber sufl&ciently good to pass a reasonable inspec- 
tion may be as much as 50 per cent of the average ultimate 
strength. An engineer, in designing a structure to be built under 
competent supervision, may use considerably higher unit stresses 
than he would risk when such supervision is wanting. 

The factor of safety must depend also upon the damage which 
would occur if the material should fail. A workman might use 
a plank with a small factor in a scaffold 3 feet above ground but 
would demand an ample factor if failure meant a fall of 100 feet. 

The factor of safety must allow some margin for unexpected 
and unreasonable loads. That part of the factor of safety which 
makes allowance for lack of ordinary judgment on the part of 
persons using the machine or structure is called the ^Tool factor.^’ 

26, Ultimate Strength in Shear. — Figure 24 shows one type 
of apparatus for determining the ultimate shearing strength of 
metal rods. The test rod A fits closely in two hollow cylinders, 
B and which are made of hardened steel. The hard-stee 
shear plate C is placed across the test piece between adjacent 
ends of the hollow cylinders, with its semicircular opening 
fitting around the upper half of the specimen. The hollow 
cylinders are mounted in a heavy, rigid block of cast iron or 
steel D. A rectangular slot, a little wider than the thickness 
of the shear plate, is cut across the block. A cylindrical hole, at 
right angles to the slot, is bored lengthwise through the block. 
The inner portion of each half of the hole for a length a little less 
than the length of a hollow cylinder B is finished to fit closely to 
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the hollow cylinder. The outer ends of the hole are threaded. 
A hollow threaded cylinder B, in each end, adjusts the smooth 
hollow cylinder B (or B') and holds it firmly against pressure 
outward. 

The apparatus is placed on the weighing table of a universal 
testing machine and the load is applied by the movable crosshead 



Fig. 24. — Apparatus for testing shearing stress of metal rods. 


to the shear plate C, Before applying the load, the threaded 
cylinders are turned to bring the ends of the smooth cylinders 
B and against the shear plate. The adjustment is made to 
bring the plate near the middle of the slot, so that it will touch 


only the test rod and the smooth 
ends of the shear cylinder B 
and 

For double shear the rod ex- 
tends entirely through each 





hollow cylinder, to prevent Fig. 25 . — Cylinder of shear apparatus 
bending as much as possible. tested steel rod. 

For single shear the rod extends entirely through one hollow 
cylinder but does not quite reach the other hollow cylinder. 

Figure 25 shows one of the hollow cylinders with a %-mch 
soft-steel rod which has been loaded to its ultimate strength at 


two places. W^ith the deformation shown, the rod is still able 
to support almost its ultimate load. For a similar rod, tested 
July 17, 1933, the last loads, with the testing machine running 
constantly at minimum speed, were 37 ,000 , pounds 37 ,300 pounds, 
37,450 pounds, 37,600 pounds, 37,700 pounds, and 37,500 pounds. 
The maximum load was 37,700 pounds. The machine was 
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stopped after the load had dropped to 37,500 pounds. A straight 
line which had been drawn longitudinally on the side of the rod 
before loading was' found to be displaced downward on the slug 
a distance of 0.11 inch below its position on the rod. The cleanly 
cut faces on the rod at the top were 0.06 inch high. The difference 
of 0.05 inch was principally due to bending. Although the rod 
fitted closely in the hollow cylinder, the compressive stress at the 
bottom pushed some of the material outward and afforded an 
opportunity for some bending. Since the shear plate has a 
semicylindrical surface of contact, the slug which is cut off has 
free opportunity to bend. This is clearly shown by the form 
assumed by the straight line drawn on the rod before loading. A 
shear plate with a complete cylindrical opening would be better 
but would be inconvenient to use. R. R. Moore, chief metal- 
lurgist of the Wright Aeronautical Corporation, has developed this 
form of shear plate and has found it to give more consistent results. 

Problems 

1. What was the ultimate shearing strength of the rod mentioned above? 

Ans. Ultimate Ss = 42,670 Ib./in.^ 

2. The rod of Problem 1 tested in single shear gave for the last readings 

19,000 lb., 19,100 lb., 19,100 lb., and 19,000 lb. Find the ultimate 
shearing strength. Ans. Sa = 43,230 Ib./in.*-^ 

3. With the average results from Problems 1 and 2, what would be the 
allowable unit shearing stress with a factor of safety of 5? 

Figure 26 shows the apparatus for measuring shearing strength 
of timber parallel to the grain which was developed by the 



U. S. Forest Service Bureau. Two large cast-irou blocks, D and 
D', rigidly fastened together, act as guides for the steel shear 
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plate C. The second shearing surface is on the hardened steel 
plate B. The shearing surface on B is set back Js inch from the 
shearing surface of C, instead of being in direct contact with it 
as in the apparatus for shearing steel. If the grain of the block is 
not exactly perpendicular to the plane of the base, some fibers 
might begin on B and end under C. These fibers would be tested 
in compression instead of shear, and the measured results would 
be too high- With a clearance of inch, and reasonable care 
in the preparation of the specimen, this error will not occur. 

Figure 26 also shows the form of test piece specified by the 
American Society for Testing Materials (A.S.T.M. Standards, 
1930, Part II, p. 837). A notch of f^^ch gives room for the 
entire thickness of the test plate to act in bearing. Satisfactory 
results may be obtained by a simple rectangular parallelepiped, if 
care is taken to have the full bearing width of inch and the 
thickness of the block is not less than 1% inches, which gives 
%-mch bearing width on the lower shear block B. The rec- 
tangular bar B, which is adjusted by the screws E, holds the lower 
end of the test block in the desired position. If the test block is 
held vertically until a small load is applied, the friction of the 
shear plate will continue to hold it. 

Problems 

4. A test piece of longleaf yellow pine (Fig. 26) was 1.89 in. wide and 1.92 in. 
high up to the notch. It failed in shear under a load of 5,300 lb. Find 
the ultimate shearing strength of this piece. Atis. s« = 1,460 Ib./in.^ 

5. A second test piece cut from the same stick as that of Problem 4 was 
1.89 in. wide and 1.90 in. high to the notch. The ultimate load in shear 
was 5,150 lb. Find the shearing strength parallel to the grain. 

Am. Ss = 1,435 lb./in.‘^ 

6. A rectangular parallelepiped from the same stick as Problems 4 and 5 was 
1.88 in. long and 1.62 in. wide, (The direction of shear was at right 
angles to that of the preceding test pieces.) The ultimate load was 
5,200 lb. Find the unit shearing strength of this sample. 

Ans. Si = 1,707 lb ./in A 

7. A rectangular parallelepiped of white pine, 2.18 in. long and 2.05 in. wide, 
failed by shear under a load of 4,350 lb. Find the shearing strength. 

Ans. Ss = 973 Ib./in.^ 

8. A second block of the same white-pine piece was 2,18 in. long and 1.81 in. 

wide. It failed under a load of 4,250 lb. Find the ultimate shearing 
strength of this white pine- Ans. = 1,077 Ib./in.^ 

27. Stress-strain Diagrams. — Stresses below the elastic limit 
are considered in Chapter I. Below that limit unit stress is 
proportional to unit deformation; Formula III of Art. 9 and the 
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Table IV. — Compression Test op Longleap Yellow Pine 
Length, 12.5 inches; cross section 1,62 inches by 1.48 inches = 2.40 square 
inches. Weight of piece, 12.25 ounces. Gage length, 8 inches. Lever 
extensometer magnifies five times; dial readings, 0.0001 inch. 






Compression 


Total load, 
pounds 

Unit stress, 
per square 
inch 

Dial reading, 
1 

In gage length 


50,000 

inch 

1 

50,000 

inch 

Inches 

Unit, inches 
per inch 

10 

4 

4,728 

0 

0 

0 

480 

200 

4,700 

28 

0.00056 

0.000070 

960 

400 

4,669 

59 

118 

147 

1,440 

600 

4,638 

90 

180 

225 

1,920 

800 

4,607 

121 

242 

302 

2,400 

1,000 

4,575 

153 

0.00306 

0.000382 

2,SS0 

1,200 

4 , 546 

182 

364 

455 

3,360 

1,400 

4,518 

210 

420 

526 

3,840 

1,600 

4,488 

240 

480 

600 

4,320 

1,800 

4,459 

269 

538 

672 

4,800 

2,000 

4,426 

302 

0.00604 

0.000756 

5,280 

2,200 

4,398 

330 

660 

826 

5,760 

2,400 

4,368 

360 

720 

900 

6,240 

6,720 

2,600 

4,338 

390 

780 

976 

2,800 

4,309 

419 

838 

0.001047 

7,200 

3,000 

4,278 

450 

0.00900 

0.001126 

7,680 

3,200 

4,248 

480 

960 

1200 

8,160 

3,400 

4,216 

512 

0.01024 

1280 

8,640 

3,600 

4,187 

541 

1082 

1352 

9,120 

3,800 

4,157 

571 

1142 

1427 

9,600 

4,000 

4,122 

606 

0.01212 

0.001516 

10 , 080 

4,200 

4,089 

639 

1278 

1597 

10,560 

4,400 

4,058 

670 1 

1340 

1675 

11,040 

4,600 

4,026 

702 i 

1404 

1755 

11,520 

4,800 

3,996 

732 

1464 

1830 

12.000 

5,000 

3,960 

768 

0.01536 

0.001920 

12,480 

5,200 

3,928 

800 

1600 

2000 

12 , 960 

5,400 

3,897 

831 

1662 j 

2077 

13,440 

5,600 

3,866 

862 

1724 I 

2165 

13,920 

5,800 

3,830 

898 

1796 

2245 

14,400 

6,000 

3,799 

929 

0.01858 

0.002322 

14,880 

6,200 

3,760 

968 

1936 

2420 

15,360 

6,400 

3,731 

997 

1994 

2492 

15,840 

6,600 

3,700 

1,028 

2056 

2570 

16,320 

6,800 

3,668 

1,060 

2120 

2660 

16,800 

7,000 

3,628 

1,100 

0 02200 

0.002750 

17,280 

7,200 

3,689 

1,139 

2278 

2847 

17,760 

7,400 

3,556 

1 , 172 

2344 

2930 

18,290 

7,622 

3,515 

1,213 

2426 

3032 

18,720 

7,800 

3,478 

1,250 

2500 

3125 

19 , 200 

8,000 

3,439 

1,289 

0.02578 

0.003222 

19,680 

8,200 

3,400 

1,328 

2656 

3320 

20,160 

8,400 

3,362 

1,366 

2732 

3415 

20,700 

8,625 

3,310 

1,418 

2836 

3546 

26,650 

27,050 

27,150 

26,700 

Ex 

11,104 
11,271 
11,312 Ult 
11,125 1 

tensometer rei 

imate strengtt 

noved. Bearc 

i 

L kept in balan 

i 

ce 



Chap. Ill] STRESSES BEYOND THE ELASTIC LIMIT 


45 


equations of resilience and change of volume hold good. Unit 
stress below the elastic limit is most important from the stand- 
point of the engineer, for allowable stresses in correctly designed 
structures are kept well below that limit. 

It is desirable, however, to know what takes place above the 
elastic limit, and to understand the conditions of complete failure 
for the various structural materials. To gain this knowledge, 
experiments are made in which a series of loads are applied to a 
test piece of the material, and the corresponding deformations 
are observed with suitable measuring apparatus. 

Table IV gives the results of a compression test of a stick of 
longleaf yellow pine. Loads were applied and the resistance 
weighed by means of a 50,000-pound testing machine. The 
deformation in an 8-inch gage length was measured by a lever 
micrometer with an arm ratio of 1 ; 5. The magnified deformation 

was read on an Ames dial graduated to ^ inch for each 

division. By estimating tenths of a division the readings become 

iO ^OQ corresponds to a deformation of 

gQ - QQQ inch for the gage length of the test piece.* 

The first column of Table IV gives the total load. The second 
column gives the unit stress. Unit stress is the most important 
quantity which should be kept in mind. It is customary to apply 
total loads which give convenient equal increments of unit stress. 
In this test the increment was 200 pounds per square inch. 

The third column gives the dial reading, each integer corre- 
sponding to a deformation of 0.00002 inch in the 8-inch gage 
length. The fourth column gives the deformation obtained by 
subtracting the dial reading at the initial 10-pound load from 
each of the others. The fifth column gives the deformation in 
inches. The last column is the unit deformation. 

Figure 27 is the stress-strain diagram for Table IV. Each 
vertical interval corresponds to a unit stress of 2,000 pounds 
per square inch. Each horizontal interval corresponds to a 
unit deformation (strain) of 0.0005. (It is customary in America 
to plot strata horizontally and stress vertically. Some British 
writers take stress horizontally and strain vertically.) 

* This extensometer reads the same as the well-known Berry strain gage, 
except that increased reading means positive elongation. 
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When the data have been plotted on cross-section paper, it is 
found that the points up to a stress of nearly 4,000 pounds per 
square inch lie approximately on a straight line. From thou- 
sands of tests it has been shown that the stress-strain diagrams 
of the best elastic materials are smooth curves which approximate 
straight lines for a considerable range (Hooke’s law). With the 
points plotted, the problem is that of locating hy eye a straight 
line which represents the best average. Points that fall off the 
line on either side indicate accidental or other errors. 

The location of the straight line of Fig. 27 after the points have 
been plotted is comparatively easy. A straight line through the 
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Fig. 27. — Stress-strain diagram for Table IV. 


origin of codrdinates and the point B at which the unit stresa is 
3,200 pounds per square inch is found to pass directly through 
seven of the intervening points. The points at 200, 400, 1,800, 
and 2,800 pounds per square inch are found to lie to the left of this 
straight line and the points at 800, 1,000, 1,200, and 2,000 pounds 
per square inch are found to lie on the right. (The initial point 
at 4 pounds per square inch, with a corresponding calculated unit 
deformation of less than 0.000002, lies so close to zero that the 
difference cannot be shown on the drawing.) 

The straight line to B is extended as a broken line from C to D 
(the portion from BtoC omitted to avoid crowding) and a smooth 
curve is drawn beyond B. The points at 3,400, 3,600, and 
3,800 pounds per square inch are all slightly to the right of the 
straight line. The point at 4,000 pounds per square inch and all 
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points beyond that stress are decidedly to the right of the straight 
line. The stress of 3,200 pounds may be regarded as the point 
of tangency at which the curve leaves the straight line. How- 
ever, a straight line of slightly different slope might have been 
drawn from a point a little above the origin through a point just 
to the right of the 3,800-pound circle. The point of tangency 
of this straight line to the curve would lie at about 3,800 pounds 
per square inch. 

28. Proportional Elastic Limit. — The point of tangency, at 
which the curved portion of the stress-strain diagram leaves the 
straight line, is called the proportional elastic limit. Where the 



Fig. 28. — Stress-strain diagrams for Tables V and VI 

deviation is very gradual, as in Fig. 27, it is difl&cult to locate this 
limit accurately. Below the proportional elastic limit the 
equations 

E = I and U^-Ux = ^2^' 

apply. Above the proportional elastic limit these equations are 
no longer valid. 

The elastic limi t was defined in Art. 8 as the maximum stress 
which may be applied without 'permanent set. This limit also is 
diffictilt to locate, especially when very precise measurements are 
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made. RougHy the two definitions of elastic limit give the same 
values. 

Table V gives the results of a compression test of Douglas fir, 
which was made at the Watertown Arsenal. The initial load was 

Table V. — Compression Test op Douglas Fir, Lengthwise the Grain* 
Length, 59,6 inches; cross section, 4.1 inches by 11.96 inches = 49.04 
square inches. Gage length, 50 inches. Weight, 39.8 pounds per cubic 
foot. 


Total load, 
pounds 

Unit stress, 
pounds per 
square inch 1 

Total com- 
pression, 
inches ^ 

Compression 
for 200-lb. 
stress, inches 

Unit com- 
pression, 
inches per 
inch 

4,904 

100 

0 


0 

9,808 

200 ^ 

0.0021 


0.000042 

14,712 

300 

44 

0.0044 

88 

19,616 

400 

68 

47 

0.000136 

24,520 

500 

92 

48 

184 

29,424 

600 

0.0117 

0.0049 

0.000234 

34,328 

700 

141 

49 

282 

39,232 

800 

166 

49 

332 

44,136 

900 

191 

50 

382 

49,040 

1,000 

216 

50 

432 

58,848 

1,200 

0.0261 

0.0045 

0.000522 

68,656 

1,400 

314 

53 

628 

78,464 I 

1,600 

364 

50 

728 

88,272 

1,800 

415 

51 

830 

98,080 1 

2,000 

466 

51 

932 

107,888 i 

2,200 

0.0514 

0.0048 

0.001028 

117,696 

2,400 

568 

54 

1136 

127,504 

2,600 

620 

52 

1240 

137,312 

2,800 

674 

54 

1348 

147,120 

3,000 

726 

52 

1452 

4,904 

100 

0.0004 


0.000008 

305,050 

6,220 Uli 

imate strengtl 

1 



“Failed by triple flexure. Fibers crushed 12 inches from one end of stick. 


* Table V is taken from “Testa of Metals,” 1896, p. 416. 

100 pounds per square inch.. It is customary, generally, to start 
the deformation readings at some conveniently low stress rather 
than at zero. (The machine at Watertown Arsenal is horizontal. 
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It is imperative, therefore, to apply a compression sujBGlcient to 
hold the test piece from falling before the extensometers are 
attached.) 

The results of Table V are plotted as Fig. 28, parallel to the 
grain. Inspection shows that the best straight line intersects 
zero deformation at unit stress of about 140 pounds per square 
inch^ instead of 100 pounds per square inch, which is the location 
of the point representing the initial load. On account of ‘Tost 
motion in the extensometers or residual deformations in the test 
piece, one or more deformations at the beginning are frequently 
off the straight line. 



Fig. 29. — Grain of Douglas fir-blocks. 

A straight line which passes through the point (0,140) and the 
center of the circle at 2,600 pounds per square inch is very close 
to all the points except the first and last. The point at 2,800 
pounds is slightly to the right of the straight line. Since the point 
at 3,000 pounds is decidedly to the right of the line, it is safe to 
assume that the proportional elastic hmit has been passed. The 
elastic limit may be taken as somewhere between 2,600 pounds 
per square inch and 2,800 pounds per square inch. 

Table VI is the record of a compression test on a block of 
Douglas fir. The pressure was applied across the grain (Fig. 29, 
No. 1430) in a direction perpendicular to the growth rings. The 
initial load was 20 pounds per square iuch. At every hundred 
pounds the load was reduced to the initial 20 pounds per square 
inch. The set was found to be very small up to 400 poimds per 
square inch but became very large with increasing loads. 

The data of Table VI up to a stress of 500 poimds per square 
inch are plotted as Fig. 28 (across grain). A straight line may be 
drawn which approximates the points from 60 pounds per square 
inch to 140 pounds per square inch. Another straight line 
extends from 160 pounds per square inch to 320 pounds per 
square inch. A third straight line runs from 120 pounds per square 
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Table VI. — Compression Test of Douglas Fir across the Grain, 
Perpendicular to Growth Rings (Fig. 29, No. 1430)'’' 
Length., 8.11 inches; cross section, 9.63 inches by 9.69 inches. Area 
perpendicular to 9.69--inch dimension, 78.1 square inches. Gage length, 
6 inches. 


Total load, pounds 

Unit stress, pounds 
per square inch 

Total compression, 
inches 

Unit compression, 
inches per inch 

1,562 

20 

0 

0 

3,124 

40 

0.0004 

0.00007 

4,686 

60 

0.0011 

0.00018 

6,248 

80 

16 

27 

7,810 

100 

23 

38 

1,562 

20 

0 set 

0 

9,372 

120 

0.0030 

0.00050 

10,934 

140 

37 

62 

12,496 

160 

47 

78 

14,058 

180 1 

54 

90 

15,620 

200 

64 

0.00107 

1,562 

20 

0.0001 set 

0.00002 

17,182 

220 

0.0073 

0.00122 

18,744 

240 

83 

138 

20,306 

260 

93 

155 

21,868 

280 

0.0103 

172 

23,430 

300 

113 

188 

1,562 ; 

20 

0.0004 set 

0.00007 

24,992 

320 

0.0123 

0.00205 

26,554 

340 

133 

222 

28,116 

360 

149 

248 

29,678 

380 

162 

270 

31,240 

400 

175 

292 

1,562 

20 

0.0010 set 

0.00017 

32,802 

420 

0.0187 

0.00312 

34,363 

440 

288 

480 

35,926 

460 

373 

622 

37,488 

480 

426 

710 

39,050 

500 

504 

840 

1,562 

20 

0.0219 set 

365 

40,612 

520 

0.0690 

0.01160 

42 , 174 

540 

0.13 

0.022 

43,736 

560 

0.28 

47 

45,298 

580 

0.42 

70 

46,860 

600 

0.60 

0.100 

54,670 

700 

1.24 

0.207 

62,480 

800 

l.SO 

0.300 

70,290 

900 

2,03 

0.338 

78,100 

1,000 

2.24 

0.373 

156,200 

2,000 

2.75 

0.458 

234,300 

3,000 

2.94 

0.490 


‘^Fibers crushed laterally, but wood did not split along the grain/^ 
* From “Tesla of Metals,"' Watertown Arsenal, 1896, p. 389. 
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inch, to 420 pounds per square inch. Apparently the proportional 
elastic limit lies between 140 pounds per square inch and 
160 pounds per square inch. The measurements show zero set 
at 100 poimds per square inch and a very small set at 200 pounds 
per square inch. These seem to indicate an elastic hmit between 
100 pounds and 200 pounds. 

29. Calculation of E. — Since instrumental errors, internal 
stresses, and inaccuracy of the experimenter combine to give 
results which do not fall exactly on a mathematically straight 
line, practical methods must be devised for getting a fairly correct 
value of the modulus of elasticity "without too much labor. The 
slope of the stress-strain diagram affords one method. The 
straight line of Fig. 27 passes through the origin. The broken- 
line extension passes through the point D at wliich the unit stress 
is 8,000 pounds per square inch and the unit deformation is 
0.003 inch per inch. 

^ ~ 0 003 — d ~ Q q ' q 3 ” 2,667,000 pounds per square mch. 

The straight line of Fig. 28, for Douglas fir parallel to the grain, 
intersects zero deformation at unit stress of about 140 pounds per 
square inch and passes through the line of 0.001 deformation at 
about 2,140 pounds per square inch. 

^ ~ 0 001 — ~0~ 0^^ 2,000,000 pounds per square mch. 

For Douglas fir in compression across the grain, perpendicular 
to the gro-wth rings, the curve of Fig. 28 gives 

oin 35 

E = ^ = 175,000 poxmds per square inch. 

0.001 — 0 

Modulus of elasticity calculated from the slope of the straight 
line may be regarded as an approximate average, the accuracy 
of which depends upon the exactness with which the straight fine 
has been located "with reference to the experimental points. Two 
students, from the same data, may get somewhat different values 
for the modtilus of elasticity and elastic limit, and neither be 
wrong. The difference is one of judgment in locating the straight 
line. 

The modulus of elasticity may be computed directly from the 
experimental table. While the plotted curve is not absolutely 
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necessary, it should be drawn to give the limiting values of the 
readings that may be used. To get an average result several 
equal intervals should be calculated. Since the errors in balanc- 
ing the scale beam and reading the extensometer are practically 
constant, the relative errors are proportional to the length of the 
interval. To obtain the maximum accuracy, the intervals of 
unit stress should be made as large as possible. No interval 
should extend above the elastic limit. If one or more points at 
the lower end of the line are distinctly off the line in the same 
direction, these points should not be used. 

Example 

Find the modulus of elasticity of the longleaf yellow-pine stick of Table IV 
from four intervals of 2,000 pounds each, beginning with the interval from 
200 pounds to 2,200 pounds. 


Stress interval 

Unit-deformation interval 

Modulus of 
elasticity 

200 to 2,200 

0.000825 - 0.000070 = 0.000765 

2,649,000 

400 to 2,400 

0.000900 - 0.000147 = 0.000753 

2,656,000 

600 to 2,600 

0.000976 - 0.000225 = 0.000760 

2,667,000 

800 to 2,800 

0.001047 - 0.000302 = 0.000745 

2,684,000 



256 4 = 64 


Averag 

re 2,664,000 


Instead of calculating E for each interval and averaging the results, the 
average value of the deformation intervals might be calculated, and a single 
value of E computed from this average. It is best, however, to calculate 
each modulus separately in order to see how great is the variation in a single 
test and to be able to compare the relative accuracy of different tests in terms 
of the desired quantity. The labor of division is negligible if a table of 
reciprocals is used. 


Problems 

1. Find the modulus of elasticity of the Douglas fir of Table V from four 
intervals of 1,000 lb. unit stress, beginning with the interval from 200 lb. 
to 1,200 lb. Use total deformation intervals from the third column of 
the table. Average these and find the average unit deformation. 

Ans. E - 1,000 0.00049 « 2,041,000 Ib./in.^ 

2. Solve Problem 1 from four intervals of 1,000 lb. unit stress beginning with 
the interval from 1,200 lb. to 2,200 lb. and ending with the interval from 
U800 lb. to 2,800 lb. Ans, E = 1,000 -f- 0.00051 - 1,961,000 Ib./in.^ 
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Problems 1 and 2 indicate that the line frona 200 pounds per 
square inch to 2,800 pounds per square inch should not be drawn 
exactly straight. It is evident that the deformation increases 
slightly with increase of stress, giving a curve which is concave 
toward the right. This is seen from the fourth column of Table 
V , in which the deformation difference for 200 pounds unit stress 
increases from an average of less than 49 to an average of more 
than 51. 

Problems 

3. Find E for Douglas fir across the grain, perpendicular to the growth rings, 
from Table VI. Use three intervals of 60 lb., beginning with the interval 
from 40 lb. to 100 lb. 

4. Find E for the longleaf yeUow pine of Table IV, using four intervals 
of 1,000 lb., beginning with 400 lb. per sq. in., and four intervals of 
1,000 lb. ending with 3,200 lb. per sq. in. Solve as in Problem 1. 

Ans. 2,676,000; 2,676,000. 

Modulus of elasticity is sometimes determined by returning 
from a given load to the initial load and subtracting the set at 
the initial load from the deformation at the given load to get the 
required deformation. For instance, in Table VI the reading 
at 300 pounds is 0.0113 inch and the set at 20 pounds is 0.0004. 
The unit deformation from the difference is 0.001817. 

E = 280 -V 0.001817 == 154,000 pounds per square inch. 

The slope of the line through the point C of Fig. 28 is a measure 
of this modulus. 

30. Failure of Timber. — Timber in compression parallel to the 
grain usually fails by shear at approximately 45 degrees with the 
direction of the compressive force. The length of the specimen 
should be greater than the maximum transverse dimension along 
any diagonal, in order that any shear plane at 45 degrees may 
extend from one side to the other without ending on one of the 
compression heads of the testing macliine. A cube is not a 
desirable form for a test piece. 

Figure 30 shows two blocks of longleaf yellow pine and one 
block of white oak which have been tested to failure. The 
longer pine block sheared along two planes and split longitudinally 
from one plane to the other. Since the planes of shear were 
normal to neither of the faces of the block which show in the 
photograph, the shear does not seem to be at 45 degrees with the 
length. The shorter pine block failed along several planes. 






Fig. 30. — Timber m compression. 

thickness, the failure usually is by shear. On the left of Fig. 31 are three 
blocks of white pine, each of which was originally 3 inches long in the direc- 
tion of the grain, 1.81 inches thick, and 4 inches wide. The block at the 
left was loaded vertically, parallel to the width, as it stands in the figure. 
The readings were 


Load, pounds 0 2 , 200 2 , 400 2 , 400 2 , 450 2 , 620 2 , 600 2 , 630 2 , 680 

Breadth, inches..... 4.00 3.79 3.72 3.56 3.52 3.42 3.37 3.28 3.18 


Failed by shear along growth ring. After load was released, breadth increased to 3.45 


inches. Maximum thickness at 3^ inch from the bottom was 2.05 inches. 
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Since there was a large deformation without appreciable change of load 
at 2,400 pounds, this load may be regarded as the ultimate, ^^^le the 
timber did not fail completely, this deformation is so great as to ruin any 
structure. The second block of Fig. 31 was not loaded. The third block 
was placed in the machine with its 3-inch by 4-inch faces horizontal and 
loaded parallel to the smallest dimension. Some of the readings were 


Load, pounds 

o! 

6,000 

6 , 500 6 , 70o{7 , SOojs , 40oj9 , 000' 

10,500 

Thickness, inches 

1.81 

1.76 

1.7lj 1.56| 1.40| 1.2l| 1.12| 

0.98 


After load was released, thickness increased to 1.20 inches near the middle, 1.25 inches at 
one side, and 1.35 inches at the other. 

The maximum width was 4,5 inches. There were no fractures. 

This is characteristic of soft wood when loaded across the grain along the smallest thick- 
ness. 

Of the three larger pieces of Fig. 31, the left is an oak block, originally 
5.72 inches high (wide), 2.90 inches thick, and 5 inches long in the direction of 



Fig. 31. — Timber tested across the grain. 


the grain. A vertical load was applied to this block in the position shown. 
Some readings were 


Load, pounds 

0 

4,000 

10,000 

12,000 

14,000 

18,000 

20,000 

21,000 

Height, inches 

5.72 

5.70 

5.66 

5.64 

5.63 

5.60 

5.59i 

5.57 


Cracking noise at 21,000 pounds. Load fell to 14,000 pounds. Load was increased to a 
maximum of 16,000 pounds when failure occurred along one growth ring. 


The second of the larger pieces of Fig. 31 is a block of Douglas fir, 6 inches 
high (wide), 3.12 inches thick, and 5 inches long. This block was not 
loaded. The block at the extreme right of Fig. 31 is a second piece of 
Douglas fir cut from the same stick as the one adjacent to it. The rear end 
of this sixth block corresponds to the front end of the fifth. The difPerence 
of the growth rings is principally the distortion caused by loading. There 
were 11 growth rings to the inch. Some of the readings were 


Load, pounds .... . ..... . . 

500 

6,000 

5,500 

5,800 

6,100 

6,250 

5,900 

6,050 

Height parallel to load, 







■ 1 


inches. . . . ... . . ...... , 

6.00 

5.81 

5.74 

5.66 

5.56 

5.54 

5.52 

5.44 


Mnst cracking noise at 6,250 pounds. Sudden shear faEure along one growth ring at 
6.050 Dounds 
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The other Douglas-fir block was later loaded in compression parallel to 
the grain. When the load reached the 100,000 pounds, the total compression 
in a length of 5 inches, as read by callipering the distance between compres- 
sion heads, was 0.02 inch. There were no evidences of failure. The block 
was next loaded with the thickness vertical. Some of the readings were 


Load, pounds 

500 

10,000 

14,000 

15,000 

15,200 

15,200 

20,900 

28,500 

Height, inches .... 

3.12 

3.12 

3.07 

3.05 

3.01 

2.99 

2.45 

1.96 


First cracking noise at 14,000 pounds. Flattened without splitting. 


At the left of Fig. 32 are two blocks of longleaf yellow pine 
which had been tested in shear parallel to the grain. These 
blocks are parallelepipeds instead of the American Society for 



Fig. 32. — Shear and compression tests. 


Testing Materials standard form shown in Fig. 26. Since the 
shearing strength along the growth rings was relatively small, 
the material sheared along one growth ring and then took the 
shortest distance across to the next ring. The resultant failure 
looks like saw teeth with points close to the planes of the shear 
plate and shear block, respectively. 

The tallest block of Fig. 32, of longleaf yellow pine, illustrates 
shear near the top and ^'brooming at the bottom. The lower 
failure began with shear about inch from the bottom on the 
right face shown. This failure threw additional load on other 
fibers. The fibers under the greatest stress were bent and split 
off from the remainder of the block. Unequally distributed load 
at the ends is a frequent cause of brooming. 

The next three blocks to the right of the tall piece are very dense longleaf 
yellow pine, which were originally 2 inches long, parallel to the grain; 2.06 
inches high, perpendicular to the growth rings; and 1.56 inches thick, parallel 
to the growth rings. The middle block of the three was not loaded. The 
left block was loaded perpendicular to the growth rings. Some readings 
were 
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Load, pounds 

0 

2,000 

6,000 

6,200 

6,300 

6,750 

6,300 

Height, inches 

2.06 

2.06 

2.01 

1.92 

1.90 

1.81 

1.70 


Failed by splitting. 


The right block of the three was loaded parallel to the growth rings, 
horizontally as shown in the photograph. Some readings w^ere 


Load, pounds 

500 

3,000 

4,000 

5,000 

6,000 

8,000 

8,300 

10,200 

Height, inches 

1,56 

1.55 

1.54 

1.54 

1 

1.53 

1.53 

1.41 

1.40 


Failed by shear parallel to growth rings. 


The results of tests show a great variation in the ultimate 
strength of timber. The longleaf yellow-pine block of Table IV 
and Fig. 27 gave an ultimate strength of 11,300 pounds per square 
inch. This ultimate strength is represented by the short hori- 
zontal line at the top of Fig. 27. The dotted continuation of the 
stress-strain diagram from E to the ultimate strength represents 
approximately the last of the curve, for which no deformation 
readings were taken. 

For the Douglas fir of Table V, the ultimate strength was 
6,220 pounds per square inch. These two tests do not prove that 
longleaf yellow pine is superior to Douglas fiir. The stress of 
11,300 pounds is exceptionally high for yellow pine. Selected 
small blocks of timber usually show much higher strength than 
larger pieces. A large piece is likely to have some defect, such 
as a small knot, at which failure begins. The stick of Table V 
was relatively slender, its length being nearly fifteen times its 
smallest transverse dimension. As a result of this slenderness, 
the stick buckled and failed by triple flexure. This kind of failure 
means that bending stress (see Chapter XIV) was added to the 
direct stress and that the actual unit stress at the ultimate load 
was considerably greater than 6,220 pounds per square inch. 

The block of Douglas fir of Table VI (Fig. 29), which was 
tested across the grain perpendicular to the growth rings, resisted 
a maximum load of 3,000 potmds per square inch. However, the 
unit deformation at this load was nearly 50 per cent. At 
600 pounds per square iuch the unit deformation was 10 per cent, 
which is much more than would be permitted in a structure. For 
practical purposes, the ultimate strength of this piece is about 
520 pounds per square inch. For some soft woods across the 
grain, the ultimate compressive strength is quite indefinite. 
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Problems 

1 . Calculate the ultimate strength of the two pine blocks of Fig. 30. 

2. If 2,400 lb. is taken as the ultimate load of the white pine of Fig. 31 when 

loaded parallel to its breadth, what is the ultimate strength in compres- 
sion across the grain? Ans. Sc = 442 Ib./in.^ 

3 . If 6,000 lb. is taken as the ultimate load of the white pine of Fig. 31 when 
loaded parallel to its thickness, what is the ultimate strength and what 
is the approximate modulus of elasticity? 

Ans. Sc = 500 lb./in.2; E = 18,100 Ib./in.^ 

4 . If 21,000 lb. is taken as the ultimate load of the oak block of Fig. 32, what 
is the ultimate strength across the grain parallel to the growth rings? 
What should be the allowable stress with a factor of safety of 4? 

Ans. 1,448 Ib./in.^; 362 Ib./in.^ 

5. Figure 29, No. 1431, is a second block of Douglas fir, cut from the same 
stick as Fig. 29, 1430, and tested in compression across the grain parallel 
to the growth rings. For a gage length of 6 in., for total loads of 3, 128 lb., 
4,692 lb., 6,256 lb., 10,948 lb., 12,512 lb., and 14,076 lb. the gage readings 
were 0.0014 in., 0.0030 in., 0.0048 in., 0.0105 in., 0.0119 in., and 0.0140 in., 
respectively. The ultimate load was 64,740 lb., at which the fibers split 
along the grain. As loading was continued, the total stress dropped to 
26,000 when the thickness had been reduced from 9.64 in. to about 6 in. 
Find three values for E^ and find the ultimate strength. 

Ans. Average E = 107,000 Ib./in.^ 

6 . Figure 29, No. 1432, represents a third block of Douglas fir, which was 
tested in compression across the grain at about 45° with the growth rings 
('^Tests of Metals,^' 1896, p. 391). For total loads of 2,586 lb., 3,878 lb., 
5,171 lb., 6,464 lb., 7,757 lb., and 9,050 lb. the gage readings were 0.0028 
in., 0.0062 in., 0.0095 in., 0,0130 in., 0.0165 in., and 0.0208 in., respec- 
tively, The stick failed by splitting along the growth rings at an ultimate 
load of 28,400 lb. Find E and the ultimate strength. 

Ans. Average E = 94,300 Ib./in.^; Sc = 439 lb. /in.® 

7 . A white-oak block, 8.10 in. long parallel to grain, 9.63 in. thick per- 
pendicular to growth rings, was tested in compression parallel to growth 
rings (“Tests of Metals/^ 1896, p. 427). When the load changed from 
1,939 lb. to 60,115 lb., the compression in a 6-in. gage length changed 
from 0.0011 to 0.194. Find the modulus of elasticity. The maximum 
load was 155,136 lb. Find the ultimate strength. 

31. Steel in Tension. — Table VII gives the results of the 
tension test of a rod of low-carbon steel. Figure 33, 1, shows the 
entire stress-strain diagram. Figure 33, II, gives a small portion 
of the diagram with the horizontal scale one hundred times as 
great as that of Fig. 33, I. The elastic limit is located at J5 at a 
unit stress of 35,000 pounds per square inch. From C to Ci there 
is a relatively large elongation with very little increase of stress. 
From Cl to C 2 the unit stress drops from 36,520 pounds per 
square inch to 36,490 pounds per square inch (see Table VII). 
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Table VII. — Tension Test of Low-cajrbon Steel 
Gage length, 8 inches; mean diameter, 0.5993 inch; area, 0.28208 square 
inch; approximate area, 0.282 square inch. The crosshead speed of the 
testing machine was hich per minute. 


Total load, 
pounds 

Unit stress, 
pounds per 
square inch 

Dial reading, 
0.00002 inch 

Elongation 

In gage length 

0.00002 inch Inches 

Unit, inches 
per inch 

0 

0 

16 

0 

1 

0 

1 

i 0 

282 

1,000 

30 

14 

0.00028 

0.000035 

664 

2,000 

40 

24 

48 

1 60 

846 

3,000 

52 

36 

72 

1 90 

1,128 

4,000 

66 

50 

0,00100 

0.000125 

1,692 

6,000 

93 

77 

0.00154 

0.000192 

2,256 

8,000 

120 

104 

208 

260 

2,820 

10,000 

146 

130 

260 

325 

3,384 

12,000 

175 

159 

0.00318 

0.000397 

3,948 

14,000 

200 

184 

368 

460 

4,512 

16,000 

229 

213 

426 

532 

5,076 

18,000 

256 

240 

480 

600 

5,640 

20,000 

282 

266 

532 

665 

6,204 

22,000 

309 

293 

0.00586 

0.000732 

6,768 

24,000 

336 

320 

640 

SCO 

7,332 

26,000 

364 

348 

696 

870 

7,896 

28,000 

391 

375 

750 

937 

8,640 

30,000 

427 

411 

822 

0.001027 

8,742 

31,000 

434 

418 

0.00836 

I 0.001045 

9,024 

32,000 

448 

432 

864 

i 1080 

9,306 

33,000 

456 

440 

880 

1100 

9,588 

34,000 

467 

451 

902 

1127 

9,870 

35,000 

482 

466 

932 

1165 

10,000 

35,460 

491 

475 

0.00950 

0.001187 

10,200 

36,170 

502 

486 

972 

1215 

10,300 

36,520 

607 

591 

0.01182 

1477 

10,290 

36.490 

665 

649 

1298 

1622 

10,540 

37,380 

780 

764 

1528 

19X0 

10,530 

37,340 

890 

874 

0.01748 

0.002185 

10,530 

37,340 

980 

964 

1928 

2410 

10,640 

! 37,730 

1,127 

1,111 

2222 

2777 

10,450 

37,060 

1,431 

1,415 

2830 

1 3537 

10,610 

37,624 

1,553 

1,537 

3074 

3842 

10,500 

37,230 

i 1,750 

1,734 

0.03468 

1 0.004335 

10,630 

37,700 

2,080 

2,064 

4928 

5160 

10,600 

37,590 

2,480 

2,464 

4928 

6160 

10,410 

36,910 

! 2,945 

2,929 

5858 

7322 

10,580 

37,520 

3,310 

3,294 

6588 

8235 

10,460 

37,090 

3,810 

3,796 

0.07592 

0.009490 

10,700 

37,940 

4,070 

4,054 

8108 

0.010135 

10,440 

37,020 

4,360 

4,344 

8688 

1 10860 

10,560 

37,450 

4,670 

4,654 

9308 

! 11635 

10,520 

37,310 

4,740 

4,724 





4,765 

4,749 




After 30 sec. reset to 376 new zero *= 376 — 

4,749 = -4,373 

10,400 

36,880 

695 

5,068 

0.10136 1 

0.012670 

10,500 

37.230 

960 

5,333 

. 10666 

13442 

10,450 

37,060 

1,227 

6,600 

.11200 

16346 

10,630 

37,700 

2,165 

6,538 

. 13076 

16345 

10,680 

37,870 

2,755 

7,128 

. 14256 

17820 

10,550 

37,410 

3,160 

7,533 

0.15066 ' 

0.018882 

10,440 

37,020 

4,060 

8,433 

.16866 

21082 

10,300 

36,520 

4,695 

9,068 

. 18136 

22670 



4,730 

9,103 
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Table VII. — Tensioiq- Test of Low-CARBOisr Steel. — (Continued) 


Total load, 
pounds 

Unit stress, 
pounds per 
square inch 


1 Elongation 

In gage length 

Unit, inches 
per inch 

0.00002 inch 

Inches 


After standing reset to 600 new 

zero == —8,503 


10,560 

37,410 

1,170 

9,678 

0.19356 

24182 

10,720 

38,010 

1,270 

9,773 

. 19646 

24432 

10,990 

38,970 

1,550 

10,053 

0.20106 

0,025132 

11,100 

39,360 

1,850 

10,353 

.20706 

25882 

11,200 

39,720 

2,081 

10.584 

.21168 

26435 

11,300 

40,070 

2,370 

10,873 

.21746 

27182 

11,460 

40,640 

2,850 

! 11,353 

.22706 

28382 

11,590 

41 , 100 

3,300 

11,803 

0.23606 

0.029607 

11,700 

41,490 

3 , 550 

12,053 

.24106 

30132 

11,850 

42,020 

4,120 

12,623 

.25246 

31557 

11,940 

42,340 

4,507 

13,010 

.26020 

32525 


Removed extensometer. Reading with dividers and scale at 12,000 pounds load was 

0.26 inch. 


Total load. 

Unit stress, 
pounds per 
square inch 

Elongation 



pounds 

In 8 inches 

Unit 



12,180 

43,190 

0.30 

0.0375 

Machine run 

at 1 in. per 

13,150 

46,630 

.40 

600 

minute for about 0.08 in. 

14,000 

49,650 

.50 

625 

Then run at Ho in. per 

14,570 

51,670 

.60 

750 

minute for 

o-rmnirir,.i 

14,970 

53,080 

.70 

975 , 

0.02 in. of each ii.krta\ 

15,330 

64,360 

0.80 

0.1000 



15,600 

55,320 

.90 

.1125 



16,790 I 

55,990 

1.00 

.1250 



16,940 i 

56,250 

1.10 

.1375 



16,050 

56,920 

1.20 

,1500 



16,100 

57,090 

1.30 

0.1625 



16,220 

57,520 

1.40 

.1750 



16,270 

57,700 

1.50 

.1875 



16,315 

57,850 

1.60 

.2000 



16,330 

57,910 1 

1.70 

.2125 



16,345 

57,960 

1.80 

0.2250 



16,365 

58,030 

1.90 

.2375 



16,360 

57,980 

2.00 

.2600 



16,350 

57,980 

2.10 

.2625 



16,330 

57,910 

2.20 

.2750 



16,280 

57,730 

2.30 

0.2875 



16,200 

67,450 

2.40 

.3000 



16,120 

67,160 

2.50 

.3125 



16,150 

57,270 

2.65 

.3187 

Diameter of neck 0.483 in 

15,720 

55,740 

2.60 

.3250 



Total load. 

Unit stress. 

Elongation 

Diameter of 


pounds per 
square inch 




pounds 

In 8 inches, 
inches 

Unit, inches 
per inch 

neck, inches 


15,300 

54,260 

2.65 

0,3312 

0.457 

Ran machine 

14,580 

51,702 

2.68 

.3350 

.441 

entirely at 

14,160 

i 50,180 

2.70 

.3375 

.428 

Ho per 

13,800 

48,940 

2.72 

.3400 

.413 

minute after 

13,130 

46,560 

2.74 

.3425 ' 

.395 

necking 

12,700 

45,040 

2.76 

0.3432 

0.385 

began 

11,520 

40,850 

2.76 

.3450 

.339 
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The point at which the deformation increases with no increase of 
stress is called the yield point of the material. The 3 deld-pomt 
stress of Table VII may be taken at 36,520 pounds per square inch. 

Not all of a test bar reaches the yield point at the same time. 
A small portion yields; the stress drops and then gradually rises. 
Another portion yields and there is another sudden drop. With 
the testing machine elongating the specimen with a constant 


I-Unit Deformation- Inch Per inch 



slow speed and the beam balanced, there is a sudden ‘Mrop of 
the beam’’ when a new portion reaches the yield point. Before 
the beam can be balanced again, there is a considerable elonga- 
tion; the curves, therefore, fail to show the true abruptness of 
reduction of tension. 

On Fig. 33, I, the circles are omitted between the points C and C'"; the 
principal points are shown at the angles of intersection. The maximum 
stresses are 


Point 

Stress 

Unit deformation 

c. 

37,730 

0.00278 

c 

37,700 

0.00516 

C" i 

37,940 

0.01013 

C" 

37,870 

0.01782 
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Minimum stresses are 



37,060 

0.00354 


36,910 

0.00732 


36,880 

0.01267 

D 

36,520 

0.02267 


The largest stress is called the upper yield point; the minimum is the lower 
yield point. For this experiment, the range is 1,520 pounds per square 
inch — about 4 per cent. Under some conditions, the initial upper yield 
point may be considerably higher than any which immediately follow. 
There is a large initial hump in the curve. The stress then drops suddenly 
and continues to vary through a moderate range similar to that shown in 
Fig. 33. 

At D, which is the lowest noinimum for this particular test 
piece, the curve suddenly turns upward. From C to D for a unit 
deformation of more than 2 per cent, the steel is in the -plastic 
condition. There is a considerable flow and rearrangement of 
the material. This is cold-working by stretching. Cold-working 
may be accomplished also by hammering, cold-rolling, or drawing. 
Cold-working low-carbon steel and some other materials raises 
the elastic limit. The material is said to be work hardened. 

Yield point is determined by “drop of the beam.” With the 
testing machine running at a constant slow speed, and the poise 
kept balanced automatically or by hand, a point is reached at 
which there is a sudden drop of the beam, and the poise must be 
run backwards to balance. This maximum stress is one upper 
yield point. If the material is covered with scale, this scale 
begins to loosen and faU at any portion which has reached the 
yield point. 

Figrure 34 shows stress-strain diagrams for three steel bars 
of quite different carbon content. The bar of Fig. 34, 1 (Appendix 
A) has 0.20 per cent carbon. The curve is much like that of Fig. 
33. The bar of Fig. 34, II (Appendix B), has 0.44 per cent carbon. 
The 3 deld-point stress is much higher than that of Fig. 34, 1 ; the 
plastic deformation is less; and the maximum unit elongation 
is smaller. Figure 34, III, is for steel of nearly 1 per cent carbon. 
There is no true yield point. The elastic limit is at about 75,000 
pounds per square inch. The maximum elongation is less than 
one-half as great as that of steel of 0.44 per cent carbon, and less 
than one-fourth as great as the elongation of the softest bar. 
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Problems 

1. Calculate the modulus of elasticity of the steel of Fig. 33 from the slope 
of Curve II. 

2. Calculate the modulus of elasticity of the steel of Fig. 33 from the data of 
Table VII, using the first five intervals of 30,000 lb. per sq. in. 

Ans, Average E = 29,590,000; max. E = 29,900,000; min. E ^ 
29,210,000. 

3. From the data of Table VII find the total work in the 8-in. gage length 
when the unit stress changed from 4,000 lb. per sq. in. to 34,000 lb. per 



Fig. 34. — Stress-strain diagrams for three kinds of steel. 

sq. in. Use total load and total deformation. Divide by the volume to 
get the work per cubic inch. Check work per unit volume by Eq. (3) of 
Art. 12. What value of E must be used to secure an exact check? Why? 

4. Find the modulus of elasticity of the steel of Fig. 34, I, for three intervals 
of 25,000 lb. per sq. in. from Appendix A. 

Am, Average E — 29,550,000 lb. /in.* 

6. Find E for steel of 0.44 per cent carbon for the first four intervals of 
25,000 lb. per sq. in. from Appendix B. Solve also for the first 
five intervals of 30,000 lb. per sq. in. Ans, 29,580,000; 29,360,000. 

6. Find E for the high-carbon steel of Fig. 34, III, for the first three intervals 
of 30,000 lb. from Appendix C. Solve also for the first five intervals 
of 40,000 lb. and the first three intervals of 60,000 lb. 

Am. 28,890,000 ; 29,290,000; 29,070,000. 

7. Solve Problem 3 for the steel of Appendix B when the load changed from 
2,205 lb. to 17,640 lb. 
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8. Solve Problem 3 for tbe steel of Appendix C when the unit stress changed 
from 5,000 lb. per sq. in. to 70,000 lb. per sq. in. 

9. How high will the total energy in the steel of Appendix C at total load o£ 
30,646 lb. lift its weight? 

32. Breaking Strength, — ^The point F of Fig. 33, I, at unit 
stress of 58,030 pounds per square inch and unit elongation 

of 0.2375, indicates the ulti- 
mate strength of this test bar 
of low-carbon steel. The point 
G at the end of the curve is 
the breaking strength or stress 
at rupture. For brittle ma- 
terials, breaking strength and 
ultimate strength practically 
coincide. For ductile ma- 
terials, the ultimate strength is 
much higher than the breaking 
strength. Used in connection 
with stress, the word ultimate 
means the greatest stress, not 
the last stress. 

When a bar is tested in ten- 
sion, the cross section decreases 
uniformly throughout the entire 
gage length until the ultimate 
strength is reached. Finally 
some section begins to decrease 
much faster than the remainder 
of the gage length. This 
reduced section is called the 
neck. Figure 35 shows two 
bars of 0.42 per cent carbon, 
which had the same original 
dimensions. The right bar has not been deformed. The left bar 
has been broken in tension. The pieces were replaced in their 
original relative positions before the photograph was taken. 
The line of fracture is shown at the smallest section of the neck. 

On account of the smaller section's having to carry the load 
after the bar begins to neck, the total load is reduced. After 
the diameter at the neck has become somewhat smaller than 
that of the remainder of the gage length, the total stress becomes 



Fig. 35. — Steel rod tested in tension. 
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so low that there is no additional elongation except in the portion 
at the neck. For the last part of the test, the uniform portions 
of the bar shorten slightly under the reduced load. 


Questions 

1. What are the ultimate strength and the breaking strength of each bar of 
Fig. 34? Read values from the curves. 

2. From measurements of Fig. 35, find the ratio of the diameter of the neck 
to the diameter of the remainder of the gage length. Find the ratio of 
the diameter of the neck to the original diameter of the bar. 

3. Find the ratio of the gage length of the bar of Fig. 35 after testing to the 
original gage length. 

33. Percentage of Elongation and Reduction of Area. — For 
ductile materials, such as steel or wrought iron, the percentage of 
elongation is an important factor. The bar of Fig. 33 (Table VII) 
was elongated 2.76 inches in a gage length of 8 inches. The 
percentage of elongation was 34.5. The greatest relative elonga-- 
tion is in the portion of the bar which contains the neck. To 



show this, it is customary to subdivide the gage length into 
1-inch intervals by punch marks. For the bar of Fig. 35, the 
percentage of elongation in the 8-inch gage length was 24.7. The 
original 1-inch intervals showed the following elongations after 
fracture: 


Interval 

Elongation, Inches 

0-1 

0.17 

1-2 

0.19 

2-3 

0.31 

3-4 

0.54 (included neck) 

4-5 

0.25 

5-6 

0.19 

6-7 

0.17 

7-8 

0.17 


If the elongation is taken from the single inch interval 3-4, 
which included the neck, the result is 54 per cent. From the 
4-inch interval 0-4, the elongation is 30.2 per cent. From the 
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other 4-mch interval 4^8, the elongation is only 19.5 per cent. In 
order to make the results of different tests comparable with each 
other, the American Society for Testing Materials has adopted 8 
inches as the standard gage length of test bars from most rolled 
stock. Figure 36 shows the dimensions of a standard test bar of 
this length as made from a plate. 

The entire length of a test bar having a gage length of 8 inches 
is about 18 inches. It is not possible to take a test piece of this 



length from small forgings or castings. Test bars of 2-inch gage 
length are used under these conditions, as shown in Fig. 37. 
Specifications, such as those of Table VIII sometimes give the 
percentage of elongation for both 2-inch and 8-inch gage lengths- 
To get the percentage of elongation, it is customary to fit 
the two pieces together after rupture and measure the total 
elongation of the gage length. For hard material with high 
ultimate strength, which breaks with inappreciable necking, this 
method gives an incorrect value for the percentage of elongation. 
The upper 4 inches of the steel bar of Appendix C was 
stretched 0.34 inch imder unit stress of 145,040 pounds per 
square inch. The percentage of elongation before fracture was 
8.5. After fracture, which took place in the lower 4 inches, the 
elongation of the upper 4-inch length had been reduced to 
0.26 inch, or 6.5 per cent. A bar of this steel, when broken 
suddenly at almost the ultimate stress, shortens 2 per cent on the 
rebound. A bar of the same material shortened less than 1 per 
cent when the load was released gradually by reversing the 
machine. For softer steel the xinit stress is materially reduced 
before fracture as the test bar necks. The rebound is relatively 
small and makes no appreciable error in the percentage of 
elongation. For a cold-rolled bar the rebound is about one-half 
of 1 per cent in the portion which is not fractured. 

The percentage of reduction of area at the neck is an important 
constant of steel specifications. The final diameter of the neck 
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Table VIII. — Specifications foe Rolled Steel Adopted by American 
Society for Testing Materials, Standards, 1933 


Material 

Tensile 
strength, 
lb. per 
sq. in. 

... 

Yield 
point, 
ib. per 
sq. in. 

Elongation 
in 8 in., 
per cent 

Elongation 
in 2 in., 
per cent 

Reduction 
of area, 
per cent 

Steel for 
bridges 

Structural 

55 . 000 
to 

65.000 

0.5 tens. 

str. 

1,500,000 
tens. str. 

22 


Rivet 

1 

52 . 000 
to 

62.000 

0.5 tens, 
str. but 
in no case 
less than 
28,000 

1,500,000 
tens. str. 



Structural 
nickel steel 

Rivet 

70.000 
to 

80.000 

45,000 

1,500,000 
tens. str. 


40 

Plates, shapes, 
and bars 

85.000 
to 

100.000 

50,000 

1,500,000 
tens. str. 

18 

25 

Eyebars, fiats, 
and pins, 
annealed 

90.000 
to 

105.000 

52,000 

20 

20 

36 

Rail steel for 
concrete re- 
inforcement 
bars 

Plain bars 

80,000 

minimum 

50,000 

1,200,000 
tens. str. 



Deformed and 
h 0 t-twisted 
bars 

80,000 

minimum 

50,000 

1,000,000 
tens. str. 




of the soft steel of Table VII was 0.339 inch. The corresponding 
area is 0.0903 square inch. 

^ ^ 0.2820 - 0.0903 n co ao 

Reduction of area = 0^820 

Problems 

1. Find the percentage of reduction of area and of elongation for the bar of 
Appendix A. Use the square of the diameter instead of the area- 

Ans. 66.5 per cent. 

2. Find the reduction of area for the bar of Appendix B and the bar of 

Appendix C. Ans. 44.5 per cent; 11.6 per cent. 

3. In Appendix A, what is the percentage of elongation of the upper 1-in- 
interval? What is the average of the second, third, and fourth intervals? 
What is the average of the lower two intervals? 
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4. A steel bar has a tensile strength of 62,000 lb, per sq. in.; what are the 
minimum value of the yield point and percentage of elongation in order 
to meet the minimum requirements of structural steel for bridges? 

Ans, 31,000 lb. /in. 2; 24.2 per cent, 
6. A bar of structural nickel steel has an ultimate strength of 35,200 

lb. An 8-in. gage length is elongated 1.44 in. and the final diameter of 
the neck is 0.64 in. Does this steel meet the minimum requirements of 
the A.S-T.M. Specifications? 

6. A test bar from an annealed pin of structural nickel steel is 0.505 inch in 
diameter. The ultimate load is 19,200 lb. The elongation of 2 in. is 
0.42 in. ; and the final diameter of the neck is 0.409 in. Does this steel 
meet the minimum requirements of the A.S.T.M. Specifications? 

Ans. No. 

7. Would the steel of Problem 6 meet the minimum requirements if the 
elongation of 2 in. were 0.42 in. and the minimum diameter of the neck 
were 0.401 in.? 

34. Actual and Nominal Unit Stress. — The unit stresses of the 
preceding tables and curves were calculated by dividing the 


Table IX. — ^Tension Test of Low-carbon Steel 
Mean diameter, 0.59905 inch. Area, 0.2818 square inch; approximate 
area, 0.282 square inch. Gage length, 8 inches. 


Total 
load, lb. 

Unit 
stress, 
lb. per 
sq. in. 

Elongation 

Total 

load, 

lb. 

Unit 
stress, 
lb. per 
sq. in. 

Elongation 

Diam- 
eter of 
neck, 
inches 

In 8 in., 
inches 

Unit, 
inches 
per inch 

Total, 

inches 

Unit, 
inches 
per inch 

0 

0 

0 

0 

12,920 

45,820 

0.30* 

0.0375 


1,410 

6,000 

r. 

n ri00t,vi 

13,710 

48 , 620 

.40 

50 


2,820 

10,000 


33" 

14,450 

51,240 

.50 

625 


4,230 

15,000 

400 

500 

14,900 

52,840 

.60 

750 


5,640 

20,000 

534 

667 

15,360 1 

64,470 

,70 

876 


7,060 

25,000 

0.00666 

0.000832 

15,610 

55,350 

0.80 

0.100 


8,460 

30,000 ! 

798 

997 

15,880 

56,310 ! 

.90 

.1126 


9,870 

35,000 

962 

0.001202 

16,020 

56,810 1 

1.00 

.126 


10 , 900 

38,650 

0.01168 

1460 

16,190 

67,410 

1.10 

.1375 


11,220 

39 , 790 

1808 

2235 

16,350 

57,980 

1.20 

.150 


11,260 

39,890 

0.02850 

0.003562 

16,395 

58,140 

1.30 

0.1625 


11,150 

39,540 

4458 

5572 

16,460 

58,370 

1.40 

.175 


11,400 

40,430 

5348 

6685 

16,500 

58,510 

1.50 

.1876 


11,490 

40,740 

7298 

9122 

16,560 

68,720 

1.60 

.200 


11,170 

39,610 

8128 

0.010160 

16,665 

58.740 

1.70 

.2125 


11,450 

40,600 

0.09698 

0.012122 

16,572 

58,770 

1.80 

0.225 


11,350 

40,250 

0.12198 

! 15247 

16,560 

58,720 

1.90 

.2376 


11,150 

39,540 

.13894 

17367 

16,520 

58,580 

2.00 

.250 


11,350 

40,250 

.14848 

18560 

16,550t 

58.690 

2.10 

.2625 


11,280 

40,000 

.16258 

20322 

16,400 

58,160 

2.20 

.275 


11,350 

40,250 

0.18592 

0.023240 

15,630 

55,430 

2.30 

0.2875 

0,468 

11,200 

39,720 

.20028 

25035 

15,150 

53,720 

2.35 

. 2937 

.447 

11,400 

40,430 

.22448 

28060 

14,100 

50,000 

2.42 

.3025 

.410 

11,800 

41,840 

.23468 

29335 

11,800 

41,840 

Broke 



11,970 

42,450 

,24028 

30035 

After f] 

racture 

2.47 

0.3090 

0.344 

12,200 

43,260 

0,25648 

0.032060 







* Measured elongation with dividers, 
t Stood under load for several minutes after last reading. 





Chap. Ill] STRESSES BEYOND THE ELASTIC LIMIT 


69 


Table IX. — Tension Test of Low-carbon Steel. — {Continued) 
Diameter readings at the middle of each 1-inch interyal. Upper line of 
each pair gives diameters in plane of punch marks and axis of rod. Lower 
line gives diameters perpendicular to these. 


Elon- 

Intervals 

gatioa 











Top 

2 

3 

4 

5 

6 

7 

8 

Average 

0.0 

0.5997 

0 . 5992 

0.5992 

0.5988 

0.5986 

0.59SS 

0.5990 

0.6992 



0,5999 

0.5993 

0.5992 

0.5986 

0.5985 

0.5988 

0.5988 

0.5992 

0.59905 

0,5 

0.5820 

0.5S20 

0.5820 

0.5S2S 

0.5832 

0,5840 

0.5S24 

0.5820 



0.5860 

0.5837 

0.5808 

0.5810 

0.5S00 

0.5796 

0.5800 

0.5830 

0.58216 

1.0 

0.5668 

0.5666 

0.5664 

0.5650 

0,5658 

0.5658 

0.5658 

0.5652 



0.5710 

0.5680 

0.564S 

0.5646 

0.5630 

0.5636 

0.5636 

0.5672 

0.56582 

1.5 

0.5540 

0,5536 

0.5518 

0.5486 

0.5486 

0.54S6 

0.5500 

0.5504 



0.5582 

0 , 5540 

0,5490 

0.5484 

0.5460 

0.5462 

0.5486 

0.5530 

0.55066 

2.0 

0.5470 

0.5430 

0.5380 

0.5310! 

0.5260 

0.5275 

0.5350 

0.5380 



0.5500 

0.5448 

0.5370 

0.5302 

0.5240 

0.5258 

0.5350 

0.5420 

0.53591 

2.3 

Not 1 

taken 


1 







0.54981 

1 0.5440 

0.5350 

0.5270 

1 

0.4680 

0.5170 

0.5318 

0.5402i 



Length of each interval after failure, inches 


1.19 

1.22 

1.26 

1.29 

1.56 

1.44 

1.29 

1.22 



Fracture near bottom of fifth interval at 6.48 inches from top of gage length. 


total load by the area of the cross section at the beginning of 
the test. This is the usual method of calculation and unit stress 
always is so understood, unless otherwise designated. When 
it is desirable to distinguish from unit stress calculated in some 
other way, the unit stress obtained from the original area may be 
called the nominal unit stress. 

On account of the permanent reduction of area of a ductile 
material after passing the yield point, the actual unit stress, which 
is calculated by dividing the total load by the area of the cross 
section as loaded, may be much larger than the nominal unit stress 
from the original area. From the test piece of Table IX, when 
the elongation was 0.5 inch, the average diameter was found to be 
0.5822 inch, and the corresponding area of cross section was 

0. 2662 square inch. The actual unit stress was 14,450 divided 
by 0.2662, which equals 54,280 pounds per square inch. When 
this load is divided by the original area, the nominal unit stress is 
found to be 51,240' pounds per square inch. 

Problems 

1. From Table IX calculate the actual unit stress when the elongation was 

1 in. Ans. 63,720 lb./in.= 
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2. From Table IX calculate the actual unit stress in terms of the average 
cross section and in terms of the minimum cross section when the elonga- 
tion was 2 in. Use area to four significant figures. 

Ana. 73,230; 76,350 Ib./in.^ 

Before necking begins, the actual unit stress may be calculated 
from the nominal unit stress and the imit deformation. After 
reaching the yield point, the volume remains practically constant. 
If A represents the original area of cross section, the volume of a 
portion 1 inch in length is equal to A cubic inches. If AMs the 



Fig. 38. — Nominal and actual unit stress. 


area of the cross section when the original inch of length has been 
stretched to a length of 1 + 5, the volume is J.'(l + ^). 

A.A'(.1 + S), 

P P 

Actual unit stress — ^ = ^(1 + 5). 

Actual unit stress = nominal unit stress multiplied by (1 + 8). 

Problems 

3. From Table IX calculate the actual unit stress when, the nominal unit 
stress was 52,840 lb. per sq. in. and when the nominal unit stress was 
58,140 lb. per sq. in. Compare with Curve II of Fig. 38. 

Ans, 52,840 X 1.075 = 56,803; 67,588 Ib./in.^ 
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4. From Table IX calculate A' when the elongation was 0.5 in., 1.00 in., 
and 1.50 in. Compare with the area calculated from the average 
diameter. 

Curve I of Fig. 38 was drawn from Table IX. It is the 
ordinary diagram of nominal stress. The ordinates for Curve II 
were calculated by multiplying the nominal unit stress by 
(1 + S). This curve represents the average actual imit stress 
with the average unit elongation. When the total elongation 
had reached 2 inches, the minimum diameters measured were 
nearly 2 per cent smaller than the average diameter. The area 


|<-GAGE LENGTH 



A A B C 0 ~| 

------ -SS 

D 1 


Fig. 39. — Stress distribution in Fig. 40. — Abrupt change 

test bar. of section. 


at the minimum section was about 4 per cent less than the 
average and the actual unit stress was 4 per cent greater than the 
average. The ordinates of Curve III give the actual stress at 
the smallest sections, with the average unit elongation. 

36. Effect of Form on the Stress. — In calculating unit stress 
it has been assumed that the stress is uniform over the entire 
cross section. This is true in a rod of uniform cross section at 
some distance from the surface at which the external force is 
applied, provided the resultant force acts along the axis of the 
body. In order to have the stress uniformly distributed and the 
same at all sections, test bars are made of uniform section 
throughout a portion somewhat greater than the gage length. 
In Fig. 36, for instance, the gage length is 8 inches, while the 
parallel portion is required to be not less than 9 inches. The bar 
tapers gradually from the larger to the smaller sections. 

The broken lines in Figs. 39 and 40 represent the flow of stress 
in the bar. At sections C the lines are crowded, indicating a 
greater intensity of stress near the surface. If the gage length 
extended to C at the end of the parallel portion, the measured 
elongation would be too great, since the stress in the outer 
surface (to which the gages are applied) is greater than the 
average of the section. The more abrupt the change in section, 
the greater the inequality of stress. 



72 


STRENGTH OF MATERIALS 


[Art. 35 


Figure 41 represents a plate of uniform width and thickness 
with a circular hole at the middle of its width. The plate is 
subjected to tension producing uniform tensile stress over any 
section located some distance from the hole. The arrows at the 
top represent this uniform stress at one section. The arrows 
which begin at the horizontal hne through the center of the hole 
represent the stress at that section. The problem of the stress 



Fig. 41. — Varia- 
tion of stress near a 
circular hole. 


distribution of a plate of this kind has been 
solved, and the solution has been verified by 
photoelastic experiments.* For a plate of 
considerable width in comparison with the 
diameter of the hole, the maximum stress at 
the tangent is three times the stress in the 
uniform portion. This stress is shown in Fig. 
41 by the two longest arrows. At one-fifth the 
radius from the tangent the stress is 2.070 
times the stress in the uniform portions. The 
stress at a distance from the tangent equal to 
the radius is 1.219 times the stress in the uni- 


form portions. The stress at a distance from the tangent equal 
to the diameter is 1.074 times that of the uniform portions. 

The ultimate strength of a body at a point where the section 
changes depends upon the ductility of the material. A rod of 
cast iron or other non-ductile material of the form of Fig. 40 will 
fail at section C, where there is a concentration of stress near the 
surface. The more abrupt the change of section, the greater the 
concentration and the easier the failure. 

On the other hand, ductile material subjected to tension is not 
likely to fail at a section at which there is an abrupt change. 
While the stress at the hole in Fig. 41 is three times the average, 
this overstressed material soon reaches the yield point. The 
ductile metal receives a permanent set and the stress increases 
very little with any further deformation. When the load is 
removed, this material is under compression and produces some 
tension in the remainder of the section. A ductile substance 
necks before it fails. The larger portions of Figs. 39 and 40 
prevent necking in the smaller portions to the right of C. Rods 
of ductile material with short reduced area, such as I and II of 
Fig. 42, may show a higher ultimate strength than a rod for which 


See Timoshbnko^s ^'Strength of Materials/’ p. 617; Seely’s '' Advanced 
Mechanics of Materials,” Chap. XI. 
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the minimum, section is longer, as in III (Fig. 42). In rods 
I and II the portion "^dth the minimum section is close to the 
larger sections which hinder the necking. In rod III, on the other 
hand, most of the portion of minimum section is so far removed 
from the larger sections that necking takes place ■ndthout 
hindrance. 

It is not absolutely necessary to make test bars of the form 
of Figs. 36 and 37. Any bar of uniform section will do, and 
many tests are made with bars as they come from the rolls. The 



Fig. 42. — Reduced sections. 


forms of Figs. 36 and 37 have the advantage that failure always 
occurs inside the gage length. 

36. Yielding of Steel. — Permanent deformation of steel takes 
place by shearing deformations along microscopic planes. These 
planes of shear are called slip planes. The direction of the slip 
planes in a small portion of a steel bar varies greatly since the 
deformation depends upon the orientation of the steel crystals. 
A group of slip planes, however, follows the direction of maximum 
shearing stress. If the steel is covered with mill scale, the 
deformation caused by a group of sHp planes fractures the scale 
and appears as a line on the surface. As the loading is continued 
and the area of the surface which has reached the yield point 
enlarges, a considerable portion of the scale may break from the 
bar. This is a definite indication that the yield point, for that 
part of the bar, has been reached. 

Figure 43 shows the yielding of two 2J^-inch by J4"ineh bars of soft steel 
in tension. Before testing, SU of the plain bar and all of the notched bar 
except about 2 inches at the middle had been painted with a thin coat of 
whiting mixed with water. When tested, a fine line fiirat appears and 
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extends gradually across the bar. As the stretching is continued, other 
lines form; wide bands of scale bend up and finally break o^. This accounts 
for the relatively large areas which appear entirely dark. Frequently the 
scale breaks o&. on one side of an original fine line and holds on the other. 
The boundary of the dark area then locates the original line of the group 
of slip planes. A number of such boundaries at 45 degrees are shown on the 
figure. An area at the top of each bar has not yet reached the yield point. 
On the left side of the left bar is a fine line at an angle of 45 degrees to the 
left of the vertical upward. This line had just formed when the loading was 
stopped. The heavier line on the right side at right angles to the fibre line 



is beginning to lose the scale. The still broader lines below these two have 
lost much of the adjoining scale, mostly on the upper side. At the top of the 
notched bar are two fine lines at 45 degrees to the right of the vertical, and 
one fibre line at 45 degrees to the left of the vertical. At the bottom of the 
undisturbed area of the notched bar a fine line starts nearly horizontally 
from the left side and then curves upward until it intersects the upper one 
of the fine lines which make 45 degrees to the right of the vertical. Many 
fine lines may be seen between the heavy lines. 

The load on the left bar at the end of the test was 23,300 pounds, which is 
37,280 pounds per square inch. The final load on the notched bar was 
23,200 pounds. This, bar had previously been loaded to 22,000 pounds- 
The east side of this bar at 22,000 pounds total load is shown in Fig. 44- 
The jaws of the testing machine were slightly closer together on the south 
side than on the north. Consequently, the* load was eccentric with the 
maximum stress on the south side until after some yielding had taken place. 
All of the first lines started at the south notch. 


Fig. 44. — Notched bar begin- 
ning to yield. 


Fig. 43. — Plain bar and notched 
bar in tension. 
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The drawings of Fig. 45 show four stages of a similar notched bar. At 
12,000 pounds pull (an average stress of 24,000 pounds per square inch over 
minimum section) a horizontal crack, inch long, extended from the south 
notch. The crack on the east face was J 4 inch above that on the west face. 
Evidently the plane of shear made an angle of 45 degrees with the east face 
and the parallel west face and was perpendicular to the south face. This is 
true for all lines that run horizontally on the 2 J' 2 -inch faces. At 14,000 
pounds the line had widened into a triangular band. At 15,000 pounds the 
band was 1.45 inches long. Between 15,000 pounds and 16,000 pounds a 
line separated from the original triangle at a small angle with the horizontal 
and gradually curved until it became horizontal at about inch above the 
first line. 



Fig. 45. — Four stages of yielding of 
notched bar. 



Fig. 46. — Opposite sides of similar bars 
at yield point. 


Figure 46 shows the appearance of the scale on the west side (which was 
not painted) of a notched bar at 22,000 pounds load. The second bar of 
Fig. 46 is a similar test piece as viewed from the east. 

Figure 47 shows a 23^-inch by J-^-inch bar with a J^-ineh hole at the 
center. Part of the surface, including the central portion, has been coated 
with -whiting. When the load reached 17,800 pounds, a fine line started at 
the right side of the circle a little below the center and extended about 0.4 
inch slightly below the horizontal. At 18,700 pounds there were two lines 
on the right and one line on the left. At 20,000 pounds there were several 
lines extending to the edge on both sides, together with the five lines at 
about 45 degrees that show on the photograph. The two upper lines at 
the right start from the horizontal lines at a considerable distance from the 
hole The other three lines radiate from the circumference of the circle. 
At a load a Httle above 20,000 pounds, the scale broke off over the horizontal 
... lines. 
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37. Failure of Steel.— Failure of steel usually takes place 
by shear. In the tension test of a circular rod, a crater is 
formed. The material shears at 45 degrees with each element 
of the surface all around the circumference for about inch. 
This leaves a triangular wedge around the circumference which 
forms the wall of the crater. Occasionally the wall makes a 
complete circle on one portion of the piece. Usually, part of 
the crater wall is on one portion and part on the other. Between 

the crater walls the surface is perpen- 
dicular to the length of the rod. This 
surface, however, is made up of small 
hills and hollows with many slopes at 
about 45 degrees. 

Figure 48 shows the failure of 23^^- 
inch by 3":^-inch low-carbon steel bars 
such as were shown at yield point in the 
figures of the preceding article. One 
bar of uniform cross section is shown 
before final failure. The maximum load 
was 33,800 pounds at an elongation of 
1.92 inches in an 8-inch gage length. 
A neck then appeared and the load 
dropped to 31,000 pounds at an elonga- 
tion of 2.37 inches. A line of minimum 
Fig. 47.— Yield point of bar thickness developed at about 25 degrees 

with the horizontal. At 31,800 pounds 
pull the minimum was 0.204 inch near the south edge, 0,187 inch 
south of the middle, 0.184 inch north of the middle, and 0.199 inch 
near the north edge. At 31,000 pounds these had changed to 
0.180, 0.165, 0.145, and 0.170, respectively. Rupture took 
place with a dull sound. When the machine was stopped and the 
tension balanced at 1,000 pounds, the bar was found to be still 
holding at the south (right) edge. The minimum width after 
failure was 1.90 inches. For about i^ch at the left, shear at 
45 degrees Avith the front and rear surfaces took place with the 
hollow above. Next there is a short shear surface perpendicular 
to the front face at 45 degrees with the vertical of the photograph. 
To the right of this, the shear again makes 45 degrees with the 
front and rear surfaces with the hollow above instead of below. 

On the right of Fig. 48 is one portion of another plain bar. Some of the 
readings were 
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Load, Pounds 
33,760 
33,850 
33,650 
33,500 
31,000 
27,600 


Elongation in 8 Inches, Inches 
1.62 
1.94 
2.22 
2.30 

2.58 

2 . 59 Broke suddenly with a sharp noise 


The fracture of this piece was also at about 25 degrees. It was thinner 
at the middle than at the edges along the fracture. This bar sheared toward 
the middle from each broad face at about 45 degrees. The left half has the 
hollow below, while the right half has the ridge below. When the two 



Fig. 48. — Failure of flat steel bars. 


portions are placed together, they touch on the two edges and are at a 
considerable distance apart for most of the intervening section. The 
tension in each bar seems to have been greater at some little distance from 
the edges. It is probable that fracture started at the thinnest section near 
the middle, 

A vertical line in the front face of both bars shows that the lower portion 
was displaced by shear toward the right. 

At the left of Fig. 48 is the lower portion of a 2H-inch by Ji-inch bar with 
J^-inch semicircular notches opposite each other. At 29,720 pounds the 
elongation of 8 inches was 0.76 inch. At 29,730 pounds it was 0.82 inch , 
The load dropped to 25,800 pounds with an elongation of 0.84 inch when a 
horizontal crack appeared at the left notch. At 21,5^ pounds the bar 
failed quietly. For most of the section, a single shear plane extends upward 
at 45 degrees from the front to the rear surface. For a short distance 
at the left end there are two planes with the hollow in the lower 
portion- Another bar of the same form, which had been loaded to 23,000 
pounds several days before, had a maximum at 30,600 pounds. A crack 
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one-third of the way across from the right notch was seen when the load 
had dropped to 24,000 pounds. A crack appeared on the left side at 19,000 
pounds. Load fell to 11,000. With the machine not running, the bar 
broke quietly after about 30 seconds. Most of left side fractured along a 
single plane upward from front to rear. Most of the right fractured along 
a single plane upward from rear to front. Near the middle shear planes 
have several directions. For both pieces, the width of the bar after fracture 
was 2.40 inches, and the width at the notch was 1.90 inches. 

Another piece of Fig. 48 is a 2J^-inch by MAnch soft-steel bar with a 
K-inch circular hole at the middle. At a load of 27,400 pounds, the elonga- 
tion in 8 inches was 0.56 inch. At 27,500 pounds the elongation was 0.59 
inch. At 24,750 pounds and an elongation of 0.64 inch, cracks appeared on 
both sides of the hole. The machine was stopped at 14,000 pounds, with an 
elongation of 0.70 inch. The transverse dimension of the hole was then 
0.48 inch and the length (including the width of the cracks) was 0.88 inch. 
For another test, a ^i-inch. rod was forced into the hole before loading. 
At 25,000 pounds and an elongation of 0.34 inch in 8 inches, the rod was 
found to be loose. The maximum load was 27,200 pounds. Cracks 
appeared at the hole at 20,600 pounds with an elongation of 0.64 inch. 
The machine was stopped at 14,600 pounds. The transverse diameter of 
the hole was then 0.51 inch, and the length was 0.82 inch. 

Failure took place by shear at 45 degrees with the front and rear surfaces — ■ 
sometimes along a single plane, more frequently along two planes with a 
ridge or hollow at their intersection, sometimes along three or four planes. 

The condition of the surfaces of these bars gives some indication of the 
j5nal stresses. The uniform bars were subjected to high stress throughout. 
All of the scale has been broken off and the color is quite uniform. On the 
notched bar the maximum stress was smaller except at the reduced section. 
The maximum stress in the bar with the hole was still smaller. Many of 
the shear lines in the scale are still in evidence. An area on each side of the 
hole, in the form of a half ellipse about 2 inches long, shows the effect of 
intense stress. Above and below the hole are dark areas at which the stress 
was a minimum. 

38. Steel Compression and Bearing. — Ductile metals in com- 
pression yield laterally. If the length of the test piece is small 
compared with its transverse dimensions, a metal of high ductility 
may be shortened indefinitely with a corresponding increase in 
cross section and total resisting stress. A relatively longer piece 
bends, as shown in the solid cylinder at the left of Fig. 49, Short 
tubes frequently fail by expansion at some one section followed 
by longitudinal splitting (Fig. 49) , 

Figure 50 shows two illustrations of bearing. The round 
cold-rolled steel rod at the right rests on a hard-steel plate. The 
load of 100,000 pounds was applied by a hard-steel plate, 1 inch 
thick, with a ^^-inch semicircular notch which exactly fitted 
the rod. (This is the plate of the shear apparatus of Fig. 24.) 



Chap. Ill] STRESSES BEYOND THE ELASTIC LIMIT 


79 


Although, the rod was originally straight and was loaded on a 
plane surface of the lower plate, it has been bent upward at each 
end. The circular steel plate, the shear plate, and the rod are 
shown together at the right of Fig. 51. The final surface of 



Fig. 49. — Metal in compression. 


contact between the rod and the lower plate is diamond shaped. 
Its length is 23 ^^ inches (the diameter of the plate). Its width 
at the middle is 0.56 inch, and its width at the ends is about 
0.04 inch. The surface of this area is nearly plane. The maxi- 
mum transverse thickness at the middle is 0.773, w'hich shows 
that the material has been 
forced out laterally 0.023 inch. 

The depression on the oppo- 
site side, where it was com- 
pressed by the semicylindrical 
surface of the shear plate, is 
0.06 inch at the ends. The min- 
imum thickness is 0.628 inch. 

Evidently some of the material 
has been displaced longitudi- 
nally as well as laterally. 

The two M-inch rods at the left of 50.— Bearing pressure. 

Fig. 50 cross each other at right 

angles. The load was applied by medium-steel plate at the top which was 
similar to the plate at the bottom. The lower rod is 0.20 per cent carbon, 
while the upper rod is 0.44 per cent carbon (see Fig. 34, for the stress- 
strain diagrams for these rods in tension). The lower rod was flattened con- 
siderably at the bottom by the maximum load of 54,000 pounds, while the 
harder upper rod was flattened very little. The lower rod and plate are 
shown together in Fig. 51. The longer upper plate and the upper rod are 
shown with a short east-iron block. The harder upper rod is deformed very 
little but remains nearly straight. On the other hand, there is a marked 
depression in the upper plate, which is of softer material than the upper rod. 
There is a very slight impression in the lower plate. 
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At the left of Fig. 51 are four slugs, each 1 inch long, which were cut out in 
double shear. The shear plate applies force by compression at the upper 
surface of the rod. With a semicircular notch exactly fitting the rod, this 
pressure is fairly uniformly distributed. The first slug at the left of Fig. 51 
is cold-rolled steel, originally 0.749 inch in diameter, which was tested with 
the ^i-inch notch of the shear plate. The maximum load in double shear 
was 59,730 pounds, (Another test from the same rod failed at 59,450 
pounds.) The vertical diameter of the slug after failure was 0.7486 inch 
and the maximum horizontal diameter was 0.751 inch. The third slug was 
sheared from the same cold-rolled rod. 

The shear plate of Fig. 51 was inverted and the 1-inch semicircular notch 
w’-as used on the ^^-inch rod. The maximum load was 59,500 pounds. 



Fig. 51. — Bearing and shear failure with some equipment. 

This shows that the concentration of bearing stress resulting from failure 
to have an exact fit between the rod and the shear plate causes very little 
error in the shearing strength. The vertical diameter of this slug after 
failure was 0.741 inch and the horizontal diameter was 0.753 inch. For the 
fourth slug, the plane side of the shear plate was used. The maximum load 
was 58,450 pounds, which shows that the concentration of compressive 
stress caused by using a plane shear plate on a round rod makes an appreci- 
able error in the shearing strength. The transverse diameter of the slug 
was 0.760 inch. The vertical diameter at the middle was 0.723 inch. It 
was 0.704 inch at one end and 0.703 inch at the other end. An hourglass- 
shaped plane surface at the top showed the amount of material which had 
been displaced by compression. This surface was 0.46 inch wide at the ends 
and 0.26 inch wide at the middle. At the ends of the slug, about 0.02 square 
inch of the steel was cut off by bearing before the remainder failed by shear. 

When the apparatus of Fig. 24 is used to test in single shear, if the slug 
is made too short, a considerable part of the cross section will be cut off by 
bearing stress, and the resulting shearing strength will be incorrect. 

Problems 

1. Calculate the shearing strength of the cold-rolled steel of the slug at the 
left of Fig. 51. 

2, A test in single shear of the cold-rolled steel of Fig. 51 gave the following 
readings as the load was applied uniformly at a slow speed: 28,690 lb., 
28,720 lb,, 28,750 lb., and 28,700 lb. Calculate unit shearing strength, 

Ans. Max. Ss — 65,700 Ib./in.^ 
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3. A second test of the steel of Problem 2 in double shear gave 59,100 lb., 
59,250 lb., 59,450 lb,, and 54,900 lb. Find the shearing strength. 

Ans, Se = 67,460 Ib./in.^ 

4. The double-shear tests of a 0.20 per cent ? 4 -in. steel rod gave maximum 
values of 44,000 lb, and 43,300 lb. Find the shearing strength. 

Ans. Ss = 49,800 lb. /in. 2; == 49,000 Ib./in.^ 

6. Single-shear tests of the bar of Problem 4 gave maximum loads of 21,830 
lb. and 22,150 lb. Find the maximum shearing stress. 

Ans. Ss = 49,400 lb. /in. 2; Ss = 50,100 Ib./in.- 

The bearing strength of a solid depends upon the relative size 
of the surface of contact and the entire dimensions of the body. 
In the treatment of bearing stress there are two limiting cases. 
The first is that shown in Fig. 52, in which the surface of contact 
is equal to the entire cross section of the body B, and the length 
in the direction of the applied force is at least equal to the thick- 



Fig. 52. — Fig. 53. — Bearing on Fig. 54. — Cases of bearing pressure. 

Bearing. large body. 


ness of the body. In this case the bearing strength is equivalent 
to the compressive strength. Used in this way, a soft material 
like babbitt metal would show little bearing strength. Figure 
53 shows a second case. Here the load is applied to a small por- 
tion of the body which is of unlimited extent or is confined later- 
ally by another body. The portion outside the loaded area 
acts as a hoop to prevent the lateral expansion. In this form, a 
body composed of separate particles may have considerable 
bearing strength if the coefficient of friction is fairly high. Dry 
sand is an example. In a mass of wheat or flaxseed, where 
the coefficient of friction is small, the bearing strength is very low. 

Figure 54 shows two types of bearing pressure intermediate 
between Figs. 52 and 53. When a post of wood or metal is placed 
on a concrete wall with no metal plate between them to transmit 
the pressure, the concrete wall or pier is given the form of one or 
the other support B of Fig. 54. 
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Cutting with a knife or chisel depends upon the bearing 
strength of the tool and of the material which is cut. The 
bearing strength of the tool under the conditions of Fig. 52 
must be greater than the bearing strength of the material under 
the conditions of Fig. 53. At first there is a depression in the 
material under the edge of the tool, as shown in Fig. 55, 1. When 
the unit stress under the edge of the tool exceeds the bearing 


rV 


Fig. 55. — Cutting. 



strength of the material, it is permanently pushed back. In a 
plastic non-porous material, some of the substance is forced up 
by the pressure, as shown in Fig. 55, II. In a porous body 
such as wood, there is an increase in density adjacent to the 
cutting surface. The wheel of a wagon cutting into soft earth 
illustrates both cases. If the earth is wet clay, it is pushed up 



Fig. 56. — Cutting with shears. Fig. 57. — Punching a plate. 

at the sides of the tire. If it is dry loam, it is compressed under 
the tire. 

When a cutting tool has penetrated a little distance, it acts 
as a wedge and exerts a tensile stress upon the material in front 
of its edge. This is shown in Fig. 65, III. 

Figure 56 shows the behavior of a pair of scissors or shears. 
At the beginning, the cutting is due to the bearing stress on the 
cutting edges, as shown in Fig. 56, I. As the edges penetrate 




Chap. Ill] STRESSES BEYOND THE ELASTIC LIMIT 


83 


into the material, the bearing force is increased at each blade. 
These forces produce shearing stresses in ail portions of the body 
in the plane of the cutting edges. The corresponding shearing 
deformations are sho's^m by the dotted lines in Fig. 56, II. 

Figure 57 represents the punching of a metal plate. The plate 
is bent a little at first, which makes the surface of contact a narrow 
ring at the edge of the punch and die. When the compressive 
stress on these rings exceeds the bearing strength of the plate, 
cutting begins. This is followed by shear as in the operation of 
cutting with scissors. 



Fig. 58, — Slugs punched from steel plates. 


Figure 58 shows some slugs which were punched from steel 
plates. The ends of the slugs are permanently curved by bend- 
ing. The sides show the characteristic appearance of the 
fracture. The two slugs of least diameter were punched from a 
relatively thick plate. The bearing stress was too great, and the 
punch failed after making about a dozen holes. 

39. Cast Iron. — Table X gives the results of a test of a cast-iron 
bar, which was about inch square and 10 inches long. The 
bar was tested as cast without removing the hard skin at the 
surface. The ends were cut off square and the bar was tested on 
parallel compression plates without ball-and-socket joints. 
Two of these plates are shown in Fig. 51. The short cylinder 
at the right was made of soft steel which was carefully case- 
hardened. The central portion of the other short cylinder was 
made of hardened tool steel. To prevent fracture and the 
danger of flsdng pieces if fracture should occur, this hard-steel 
cylinder has been forced down under the testing machine into a 
rim of soft steel. 

These cast-iron test pieces have internal stresses. When 
loaded the first time, the stress diagram is irregular and begins 
to curve at very low loads. After one loading the diagram 
approaches a straight line xmder loads which greatly exceed the 
allowable stress. 
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Table X. — Compeession Test of Cast Ieon 
Bar 0.792 inch square; area, 0.627 square inch. Gage length, 8 inches. 
Bar previously loaded to 51,000 pounds per square inch. Released to 100 
pounds per square inch and held at this stress for 10 minutes before beginning 
test. 


Total load, 

Unit stress, 

i 

Exten- 

Deformation 

pounds 

pounds per 
square inch 

someter 

1 reading 

Divisions 

Inches 

Unit 

63 

100 

3,294 

0 

0 

0 

1,254 

2,000 

3,260 

34 

0.00068 

0.000085 

2,508 

4,000 

3,204 

90 

180 

225 

3,762 

6,000 

3,142 

152 

304 

380 

5,016 

8,000 

3,092 

202 

404 

505 

6,270 

10,000 

3,035 

259 

0.00518 

0.000647 

7,524 

12,000 

2,981 

313 

626 

782 

8,778 

14,000 

2,922 

372 

744 

930 

10,032 

16,000 

2,866 

428 

856 

0.001070 

11,286 

18,000 

2,806 

488 

976 

1220 

12,540 

20,000 

2,759 

535 

, 0.01070 

0.001337 

13,794 

22,000 

2,700 

594 

1188 

1485 

15,048 

24,000 

2,635 

659 

^ 1318 

1648 

17,556 

28,000 

2,522 

772 

1544 

1930 

18,810 

30,000 

2,460 

834 

1668 

2085 

20,064 

32,000 

2,408 

886 

0.01772 

0.002215 

21,318 

34,000 

2,350 

944 

1888 

2360 

22,572 

36,000 

2,297 

997 

1994 

2492 

23,826 

38,000 

2,236 

1,058 

2116 

2645 

25,080 

40,000 

2,180 

1,114 

2228 

2785 

26,334 

42,000 

2,110 

1 , 184 

0.02368 

0.002960 

27,588 

44,000 

2,050 

1,244 

2488 

3110 

28,842 

46,000 

1,985 

1,309 

2618 

3272 

30,096 

48,000 , 

1,918 

1,376 

2752 

3440 

31,450 

50,160 1 

1,820 

1,474 

2948 

3685 

31,977 

1 

51,000 

1,780 

1,514 

0.03028 

0.003785 


The stress“strain diagram up to 40,000 pounds per square inch 
is plotted on Fig, 59, 

Table XI gives the average of 6 tests of cast iron in tension 
which were made at the Watertown Arsenal, While the diagram 
for any single test piece would show considerable deviations from 
a smooth curve, the average of 6 (as is always true if the experi- 
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merits are honestly conducted) shows very little deviation. 
Figure 60 shows the same curve for tension, together with a com- 
pression curve made from the average of 12 tests of cast iron from 
the same heat (see “Tests of Metals,” 1885, pages 475-490). 



Figure 61 shows on the right the two pieces of a cast-iron bar, 
originally 2 inches long, which was cut from a bar similar to that 
of Table X. The dimensions were 0.775 inch by 0.770 inch. 
The area was 0.597 square inch. The maximum load was 
64,780 pounds. The load dropped to 63,550 pounds when the 
piece broke suddenly. With a unit bearing stress of more 
than 100,000 pounds per square inch, ordinary steel compression 
heads would be indented 0.1 inch. It is necessary to use espe- 
cially prepared heads, such as those of Fig. 61. 

Figure 61 shows on the left two pieces of a cast-iron test 
cylinder, which was originally IJ-^ inch in diameter and 23 -^ inches 
long. This failed under a load of 98,900 pounds. 
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Both test pieces of Fig. 61 failed by shear. The angle between 
the plane of shear in each case is about 60 degrees. It will be 
shown in Art. 192 that the angle of shear in compression is 

Table XI. — Tension Test of Cast Iron 
From Watertown Arsenal, “Tests of Metals/' 1905. Average of six 
tests, specimens 8014, 8041, 8050, 8051, 8053, and 8063. Diameter, 1.129 
inch; area, 1 square inch. Gage length, 10 inches. Bars machined to size, 
removing all the hard skin. 


Load, pounds 
per square inch 

Elongation, inches 

In gage length 

Per inch length 

1,000 

0 

0 

2,000 

0.00056 

0.000056 

3,000 

0.00115 

0.000115 

4,000 

180 

180 

5,000 

245 

245 

6,000 

0.00318 

0.000318 

7,000 

390 

390 

8,000 

470 1 

470 

9,000 

550 

550 

10,000 

635 

635 

11,000 

0,00723 

0.000723 

12,000 

815 

815 

13,000 

912 

912 

14,000 

0.01005 

0.001005 

15,000 

1118 

1118 

16,000 

0.01225 

0.001225 

17,000 

' 1348 

1348 

18,000 

1488 

1488 

19,000 

1633 

1633 

20,000 

1795 

1795 

21,000 

0.01947 

0.001947 

22,000 

2126 

2126 

23,000 

2364 

2364 

24,000 

2570 

2570 


26 , 450 Average ultimate load 


45 degrees plus one-half the angle of friction. An angle of 
60 degrees does not agree well with this formula. However, the 
pieces were bent considerably before breaking. The angle 
between an element of the surface and the plane of fracture is 
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about 38 degrees. On the assumption that the force is parallel 
to the element of the surface, instead of vertical, this gives 
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Fig. 60. — Stress-strain diagrams for cast iron 
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Fig. 61. — ^Failure of cast iron in compression. 

52 degrees as the angle of failure. Pieces which bend little 
quently give an angle of about 53 degrees with the horizontal. 


Problems 

1. Calculate the ultimate compressive str^s of the parallelepiped of Fig. 61 

2, Calculate the ultimate compressive stress of the cylinder of Fig. 61. 
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3. From Table XI find the modulus of elasticity for cast iron in tension by 
means of the interval 1,000 to 6,000 unit stress. 

Ans. E = 15,700,000 Ib./in." 

4. From Table X find E for -cast iron in compression for the intervals 2,000 
lb. per sq. in. to 12,000 lb. per sq. in. and 4,000 lb. per sq. in. to 14,000 lb. 
per sq. in. Use table of reciprocals. 

Ans, E - 14,350,000; ^ - 14,180,000. 


40. Concrete in Compression.— Table XII gives the records of 
test of 28“day concrete with water-cement ratio of 1.3 by 


Fig. 62. — Cement in compression. 


volume. Three consecutive runs were made. Each of the first 
two carried the urdt stress to 1,272 pounds per square inch, while 
the last run was continued to failure at 3,015 pounds per square 
inch. The concrete curve of Fig, 59 was made from the last run. 

When steel is stressed beyond the yield point and when timber 
is stressed considerably beyond the elastic limit, deformation 
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Table XII. — Compression Test of Concrete Cylinders 
Diameter, 6 inches; length, 12 inches. Mix 1 : 4 )' 4:4 hy volume, water 
cement 1.3 by volume. Compression measured by two Berry strain gages. 
Cross-head speed, 0.05 inch per minute. Continuous run, gages read with- 
out stopping machine. Cylinders made and tested by Profs. J. R. Shank 


and G. E. Large. 

Total load, 

Unit stress, 

Unit deformation 

pounds 

pounds per 
square inch 

First run 

1 

Second run j 

1 

Third run 

2,000 

71 

0 

I 

0.000079 

0.000088 

4,000 

141 

0.000015 

88 

94 

6,000 

212 

32 

O.OOOIOS 

0.000109 

8,000 

283 

53 

120 

128 

10,000 

354 

73 

139 

146 

12,000 

424 

0.000095 

0.000160 

0.000171 

14,000 

495 

0.000117 

179 

191 

16,000 

1 565 

141 

202 

213 

18,000 

1 636 

167 

226 

236 

20,000 

707 

191 

244 

260 

22,000 

777 

0.000212 

0.000267 

0.000280 

24,000 

848 

235 

286 

304 

26,000 

919 

259 

312 

326 

28,000 

989 

284 

335 

349 

30,000 

1,060 

310 

358 

373 

32,000 

1,131 

0.000340 

0.000381 

0.000403 

34,000 

1,201 

367 

1 403 

419 

36,000 

1,272 

398 

430 

445 

38,000 

1,342 



470 

40,000 

1,413 



507 

44,000 

1,555 



0.000557 

48,000 1 

1,696 



619 

52,000 

1,837 



i 683 

56,000 

1,980 



753 

60,000 

2,120 



835 

64,000 

2,260 



0.000924 

68,000 I 

2,400 i 


. 1 

0.001035 

72,000 

2,544 



1150 

76,000 

2,685 



1300 

80 ' 000 

2,825 




84,000 

2,965 1 




85,400 

3,015 Failed i 



0.002560 
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continues to increase with no increase of load. This is called 
creep or flow. For concrete, creep occurs at very low stresses. 
If the machine is stopped to take extension readings, the form 
of the curve depends largely upon the elapsed time. Different 
observers may get quite different curves. It is best to make all 
experiments for the determination of stress-strain diagrams with 
the machine running continuously at a constant speed. This is 
especially important for concrete. Professors J. R. Shank and 
G. E. Large, who made this test, kept the movable crosshead of 
the testing machine running at a constant speed of 0.05 inch per 
minute and read the two strain gages at intervals of 2,000 pounds 
total load. 

Figure 62 shows the failure of two 4-inch by 4-inch blocks 
of 1 : 1 cement mortar. Each of these failed by shearing at the 
ends to form a pyramid and then splitting lengthwise. The 
unit compressive stress at failure was 4,000 pounds per square 
inch. At the right end of Fig, 32 are two pieces of a cylinder of 
dental plaster. This cylinder was originally inches in diame- 
ter and 2 inches long. The cylinder failed by shearing to form a 
cone at a load of 1,700 pounds and then splitting. Similar 
concrete cylinders frequently fail in the same manner. 

Table XIII gives the results of two tests of concrete which 
was tv’^elve months old. Number 1055 was test core taken from 
a concrete pavement. Longitudinal and transverse deformations 
were measured by means of instruments which give unit deforma- 
tion to one-millionth inch per inch. Up to 1,600 pounds per 
square inch, the readings for the two samples agree closely. 

Problems 

1. From the third run of Table XII, find E for 28-day concrete for the 

intervals 6,000 lb. to 16,000 lb., 8,000 lb. to 18,000 lb., and 10,000 lb. to 
20,000 lb. total load. Ans. E = 3,400,000; 3,270,000; 3,100,000, 

2. Solve Problem 1 from the first run and from the second run. 

3. From Table XIII find E for 12-month concrete for cylinder 1055 for the 
intervals of 0 to 800, 100 to 900, and 200 to 1,000 unit stress. 

Ans. E = 3,190,000; 3,080,000; 3,090,000. 

4. Solve Problem 3 for cylinder 104. 

Ans. E = 3,260,000; 3,260,000; 3,170,000. 
6. Find Poisson^s ratio for concrete from cylinder 1055 of Table XIII for 
loads of 700, 800, and 900 lb. per sq. in. Ans. 0.141; 0.139; 0.140. 

6. Solve Problem 5 for cylinder 104. 

7. Calculate Poisson’s ratio for cylinders 104 and 1055 for unit stress of 
2,600. Why are these results incorrect? 
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8. Plot curve for cylinder 1055 of Table XIII to the scale 1 in. = 500 lb. per 
sq. in. unit stress and 1 in. = 0.0002 unit deformation. 

Table XIII. — Poissox’s Ratio for Conchete 
Test cylinders, 9 inches long and 4.5 inches diameter. Gage length 4 
inches. Tested by Dean A. N. Johnson. Proc. A.S.T.M., 1924, Part II, 
p. 1024. 


Unit stress, 

No. 104; 1:2:3 mix; age 12 
months 

No. 1055; 1:2:4 mix; age 12 
months 

pounds per 
square inch 

Unit deformation 

in 0.000001 inch 


Vertical 

Horizontal 

Vertical 

1 Horizontal 

50 

16 

2 

15 

3 

100 

33 

4 

26 

5 

200 

58 

7 

59 

10 

300 

89 

10 

91 

13 

400 

121 

15 

121 

17 

500 

151 

18 

155 

22 

600 

181 

24 

185 

26 

700 

213 

28 

220 

31 

800 

245 

32 

251 

35 

900 

278 

38 

286 

40 

1,000 

311 

42 

318 

44 

1,200 

383 

55 

385 

56 

1,400 

455 

72 

454 

69 

1,600 

540 

87 

525 

83 

1,800 

649 

118 

600 

97 

2,000 

794 

195 

689 

123 

2,200 

946 

326 

790 

179 

2,400 ' 



919 

208 

2,600 

Failed at 2,500 Ib./in.® 

1,038 

288 




Failed at 3,500 Ib./in.^ 


41. Curves for Various Materials. — Figure 59 offers a com- 
parison of several of the most important materials. The first 
curve is a part of the stress-strain diagram for the soft steel of 
Table IX. The sec'ond curve is part of the diagram for cast iron 
of Table X. The slope from the vertical is about twice as great 
as that of the steel. The modulus of elasticity of cast iron is 
one-half the modulus of steel. The third curve represents cast 
iron in tension. The next curve, which is plotted from Table IV 
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(page 806) of Transactions of The Society of Mechanical Engineers 
for 1915, gives the stress-strain diagram for stoneware in com- 
pression to 15,500 pounds per square inch where the extensometers 
were removed. This material is similar to the best hard paving 
brick. The ultimate compressive strength in the form of a 
cylinder 16 inches long and 1 inch in diameter was 21,500 pounds 
per square inch. The diagram is nearly straight. Porcelain for 
electrical insulators has the same compressive strength and 
higher modulus of elasticity. The fifth curve is the diagram for 



28-day concrete from Table XII. The last curve is the diagram 
for western spruce such as is used for airplane struts. The data 
were taken from a test of strut E-2, 12.625 inches long, which 
was made on the 220,000-pound Emery testing machine of the 
Bureau of Standards. 

42. Johnson’s Apparent Elastic Limit. — Since it is somewhat 
difficult to determine the proportional elastic limit accurately, 
especially in hard steel, where there is a wide range between this 
stress and the yield point, and in materials (such as cast iron) 
which have no yield point, the late Prof. J. B. Johnson proposed 
another point which he called the apparent eleastic limit.* He 
defined the apparent elastic limit as “the point on the stress 
diagram at which the rate of deformation is 60 per cent greater 
than at the origin.” It is that point on the curve at which the 

* See Johnson's “ Materials of Construction,” pages 18-20. 
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slope of the tangent from the vertical is 50 per cent greater than 
that of the straight-line part of the curve. 

This term has not yet come into general use among engineers. 
In some investigations of the strength of materials, it has been 
found useful in comparing the results of different tests.* 

Figure 64, which is drawn from the concrete test of Table XII, 
illustrates the graphical determination of Johnson’s apparent 



Unit Deformation 

Fig. 64. — Graphic determination of Johnson's elastic limit from Table XII. 

elastic limit. Through the point A a line is drawn parallel to the 
straight-hne portion of the stress-strain diagram. The inter- 
section of this line with the vertical line two units to the left of A 
gives the point 0. The point jB, with the same ordinate as A, Ls 
three units to the right of the vertical line through 0. The line 
0 B gives the direction of the required slope. The broken line 
C D is tangent to the stress-strain diagram at about 1,820 pounds 
per square inch. 

Johnson^s apparent elastic limit may be calculated from the 
intervals of the table without plotting the stress-strain diagram. 
For the third run of Table XII, inspection show^s that the differ- 
ence of deformation for an interval of 2,000 pounds total load is 
fairly constant from 8,000 pounds to 30,000 pounds. Four 
intervals of 12,000 pounds each, beginning with the interval 
from 10,000 to 22,000, give an average unit deformation of 

* See work of H. F. Moore in BvXL, No. 42 and Albert J. Becker in 
BitU. No. 85 of the University of Illinois Engineering Experiment Station. 
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0.0001335. This is 0.0000445 for an interval of 4,000 pounds. 
Three-halves of this interval is 0.0006675. From 48,000 to 

52.000 pounds the deformation is 0.000064. From 52,000 to 

56.000 the deformation is 0.000070. Johnson’s apparent elastic 
limit lies between 50,000 and 54,000 and divides the interval in 
the ratio of 22.75 to 60. 



T J rrn nnn i 22.75 X 4,000 ■, i • i 

Load = 50,000 -| gg— ^ = 51,517 pounds, which is 

1,824 pounds per square inch. 


Problems 

1. Find Johnson’s apparent elastic limit for the hard steel of Appendix C. 

Ans. 70,000 lb./in.“ 

2. Find Johnson’s apparent elastic limit for the longleaf yellow pine of 
Table IV. 

43. Work Hardening. — Figure 65 shows part of the stress- 
strain diagram of low-carbon steel (carbon, 0.20 per cent). The 
test piece was taken from the same rod as that of the lower curve 
of Fig. 34. The plastic stage ended at unit elongation of 0.0199 
and unit stress of 38,059 pounds per square inch (Table XIV). 
The loading was continued to a unit elongation of a little over 
2 per cent and unit stress of nearly 40,000 pounds per square inch. 
The load was then released to 1,000 pounds per square inch. The 
stress-strain diagram, shown by the broken line, is very steep at 
first. From about 35,000 pounds per square inch to about 
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5.000 pounds per square inch, it is practically a straight line. 
Below 5,000 pounds per square inch, the slope becomes still 
smaller. 

After reaching 1,000 pounds per square inch, loads were 
applied up to unit stress of 42,660 pounds per square inch. The 
time down from point B of the curve to point C was 14 minutes, 
and the entire time from B to D was 36 minutes. The ascending 
curve is practically straight and nearly parallel to the descending 
curve from 5,000 to 35,000 pounds per square inch. The curves 
intersect at 37,000 pounds per square inch. The ascending curve 
deviates from the straight line some distance below the highest 
stress of the first portion. Beyond F the curve is a continuation 
of the first portion to B. 

After reaching the stress of 42,660 pounds per square inch at D, 
the load was released to 100 pounds per square inch at E. The 
descending curve is much like B C. The bar then stood for 
16 hours under a small load, before measurements were made 
for the curve EG H I. 

For the third application of the load, after an interval of 
16 hours, the upward curve from B is a straight line to 

40.000 pounds per square inch. It intersects the previous 
ascending curve F D at its highest point D and rises several 
thousand pounds higher to a new yield point at G. After passing 
the upper yield point, the curve drops to a lower yield point and 
then rises gradually to H. It then drops to 100 pounds per 
square inch at I. 

After standing 48 hours under a small load, other loads were 
applied w'hich are not given in Fig. 65 or in Table XIV. One 
loading was carried up to 43,000 potmds per square inch, which is 
only a little above D, the maximum of the second run. When 
this load was reUeved, there was no additional set. The next 
loading was carried to 46,800 pounds per square inch, which was 
nearly to H, the maximum of the third loading. After this load 
was released, there was an additional permanent set of 0.0001 inch 
in the gage length. The last loading, represented by curve 
I H K, was then apphed. The curve continues nearly straight 
up to 50,000 pounds per square inch. There is a marked upper 
yield point at K at 51,530 pounds per square inch. 

When soft steel is stretched at ordinary temperatures to a 
stress beyond its peld point, it receives a permanent elongation. 
When it is again loaded, a new yield point is found, which is 
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above the maximuin stress of the previous loading. With 
low-carbon steel the yield point may be raised a number of 


Table XIV.— Repeated Tension in Soft Steel 
Test piece from rod used for Appendix A, lower stress-strain diagram of 
Fig. 34. Crosshead speed, Ho inch per minute. 


Unit stress, 
lb. per 
sq. in. 

Unit defor- 
mation in 
0.000001 in. 

Unit stress, 
lb. per 
sq. in. 

Unit defor- 
mation 
0.000001 in. 

Unit stress, 
lb. per 
sq. in. 

Unit defor- 
mation 
0.000001 in. 

3 P.M., 

June 28 

3:5 

9 P.M. 

Re" 

v'ersed 

100 

0 

40,180 

22,815 

41,422 

37,307 

1,000 

25 

41,084 

24,042 

38 , 962 

37,217 

5,000 

145 

42,032 

20,002 

3.5,440 

37,072 

10,000 

320 

42 , 664 

27,355 

30 , 000 

36,812 

15,000 

482 

4:21 P.M., June 28 

25,000 

36,587 



Reversed 



20,000 

650 

38,443 

27,295 

20,000 

36,360 

25 . 000 

820 

33,409 

27,120 

15,000 

36,120 

30,000 

970 

29,955 

26,977 

10,000 

35,900 

35,000 

1,130 

25,000 

26,772 

5,000 

35,645 

36,610 

1,185 

19 , 548 

26,555 

1,000 

36,417 





100 

35,367 

38,262 

1,235 

15,000 

26,317 

9:68 A.M., June 29 

37,923 

1,325 

10,000 

20,069 

3 P.M., July 1 

38,126 

2,430 

5,000 

25,837 

6,772 

35,692 

38,104 

3,712 

1,000 

26,627 

11,287 

35,765 

38.059 

19,860 

100 

25,570 

18,059 

36,007 



4:41 P.M., June 28 

22 , 573 

36,192 

39,278 

21,980 

8:50 June 29 

27,088 

36,357 

39 , S47 

22 , 340 

1,000 

25 , 582 



Reversed 

5,000 

25,707 

31,603 

36,547 

32 , 054 

22,210 

10,000 

25,895 

30,343 

36,727 

27,766 

22,072 

15,000 

26,067 

40 , 632 

36,925 

24,606 

21,940 

20,000 

26,265 

45.140 

37,116 





47,404 

37,215 

19,814 

21,755 

25,000 

26,462 



15,000 

21,535 

30,000 

26,672 

49,278 

37,292 

10,000 

21,330 

32,000 

26,770 

50,113 

37,330 

5,000 

21,106 

34,000 

26,852 

50.790 

37,422 

1,000 

20,885 

37,043 

26,987 

51,530 

37,605 

3:59 p.M. 



60,677 

37.530 

5,000 

21,010 

40,750 

27,162 



10,000 

21,200 

43,386 

27,322 

50,609 

37,642 

16,000 

21,380 

44,130 

27,477 

50,519 

37,972 

20 , 000 

21,567 

44,492 

27,640 

50,384 

38,942 

25,000 

21,785 

44,458 

28,492 

50,452 

39,917 

30,000 

22,002 

44,323 

29,122 



32,000 

22,080 

45,011 

32,092 



34,000 

22,180 

46,117 

35,212 



37,170 

22,312 

46,456 

36,312 



39.232 

22,460 

46,840 

37,407 

1 



times. The form of the curves depends upon the elapsed time 
between loadings and the total unit deformation. 
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When a ductile material at ordinary temperatures is perma- 
nently deformed by the application of force, it is said to be 
cold worked. Cold working raises the elastic limit and yield point 
of wrought iron and low-carbon steel. It also raises the ultimate 
strength in terms of the area after 
cold working. Cold-worked ma- 
terial is said to be work hardened. 

One great advantage in the use of 
low-carbon steel depends upon 
this property. When an inaccu- 
rate construction or unusual load- 
ing throws excessive stress on 
some part of a structure made of 
soft steel, some permanent defor- 
mation may occur but the structure 
is not weakened in the least. 

Cold-drawing and cold rolling 
are two common methods of cold 
working. Cold-drawing is used in 
the manufacture of wire. Larger 
material is cold rolled. Figure 
66 shows the effect of cold roUing. 

The middle rod is a piece of 
cold-rolled shafting. The left one 
is an exactly similar rod after test- 
ing in tension. Its ultimate 
strength was over 86^000 pounds 
per square inch^ its yield point was 
about SOjOOO pounds per square 
inch, and its elongation about 10 per cent. On the right is a third 
rod, originally like the others, which was annealed by heating to 
redness and slowly cooling to destroy the effect of the previous 
cold rolling. When tested in tension, its ultimate strength was 
found to be 60,000 pounds per square inch, its yield point was 
40,000 pounds per square inch, and its elongation 22 per cent. It 
will be seen from, these tests that cold rolling raises the yield point 
to nearly the ultimate strength and that it increases the ultimate 
strength a considerable amount. 

Table XV is the record of the tension test of a piece of soft steel from the 
same rod as the test piece of Table XIV. Before testing in tension the 
piece was work-hardened by twisting until it made one complete revolution 


Fig. 66. — Soft steel in tension: left, 
cold-rolled; right, annealed. 
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Tajblb XV. — Tension Test of Low-carbon Steel 


Test piece from rod used for Table XIV. Previously tested in torsion. 
Twisted four revolutions in a length of 10 inches. Diameter after torsion 
about 0.749 inch. Oiiginal area used in calculation. 


Total load, pounds 

Unit stress, pounds 
per square inch 

Elongation 

Total, inches 

Unit, inches per inch 

443 

1,000 

0 

0 

2,215 

5,000 

0.00126 

0,000157 

4,430 

10,000 

266 

332 

6,645 

16,000 

406 1 

507 

8,860 

20,000 

548 

685 

11,075 

25,000 

0.00698 

0.000872 

13 , 290 

30,000 

858 

0.001072 

15,605 

36,000 

0.01042 

1302 

17,720 ! 

40,000 

1212 

1515 

18,606 i 

42,000 

1298 

1622 

19,492 

44,000 

0.01374 

0.001717 

19,935 

45,000 

1412 

1765 

20,378 ! 

46,000 

1466 

1832 

21,264 1 

48,000 

1552 

1940 

22,150 

60,000 

1636 

2045 

23,036 

52,000 

0.01730 

0.002162 

23,922 

54,000 

1838 

2297 

24,365 

55,000 

1894 

2367 

24,808 

56,000 

1956 

2445 

25,694 

58,000 1 

2060 ! 

2575 

26,580 

60,000 1 

0.02180 

0.002725 

27,466 

62,000 i 

2308 

2885 

28,352 

64,000 ■ 

2446 

3057 

28,795 

65,000 

2534 

3167 

29,238 

66,000 1 

2640 

3300 

29,681 

67,000 ! 

0.02714 

0 003392 

30,124 

68,000 

2814 

3517 

30,567 

69,000 

2910 

3637 

31,010 

70,000 

3014 

3767 

34,000 

76,760 

0.06 

0.0062 

36,000 

81,260 

0.08 

0.010 

37,000 

83,520 

0.10 

0.0125 

37,400 

84,430 

0.13 

0.0162 

37,450 

Maximum 



26,000 

i 

Broke 

i 

0.16 

0.02 


Diameter of neck, 0.627 inch. Area, 0.309 square inch. 

Actual unit stress at rupture, 84,000 pounds per square inch. Broke diagonally. 



Chap, III] STRESSES BEYOND THE ELASTIC LIMIT 


99 


every 234 inclies and failed by twisting off at one of the grips. The 
remainder was then pulled in the tension machine. The torsion test reduced 
the diameter to about 0.749 inch. The original area of 0.443 square inch 
has been used in calculating the unit stress. 

The tension test of this piece was run 20 hours after the completion of the 
torsion test. The table shows no indication of a yield point. The elonga- 
tion of the gage length for a stress 
interval of 2,000 pounds per square 
inch is 0.00056 at 10,000 pounds per 
square inch. It is 0.00084 from 

48.000 pounds per square inch to 

50.000 pounds per square inch and is 
0.00200 from 68,000 pounds per 
square inch to 70,000 pounds per 
square inch. The final elongation 
was less than 2 per cent. Most of 
the fracture took place along a single 
plane. 

The short piece at the right on the 
block of Fig. 67 shows the fracture. 

After testing, the piece was ground 
down Jd 6 inch to secure a plane sur- 
face for a Brinell hardness test. The 
large depression at the front is the 
indentation of the sphere of the Test pieces of Table XII and 

Brinell apparatus. The other short a ^ e ^ 

piece is a part of the original bar which was not subjected to stress- The 
Brinell indentation on this piece is larger than that on the tested piece. Its 
Brinell number was 118, while that of the tested piece was 207. 

The Rockwell B hardness test was also applied. At the surface of the 
work-hardened piece this test gave 81, while at the surface of the original 
material it gave 60. At Jde below the surface the Rockwell test gave 
90 for the work-hardened piece and 69 for the other. 

The Brinell hardness is made vdth a hard-steel ball 10 millimeters in 
diameter. For hard metals such as steel this ball is pushed down on a 
plane surface with a force of 3,000 kilograms for 30 seconds. The Brinell 
hardness number is the quotient obtained by dividing the load P (3,000 
kilograms for steel) by the area of the depression. 



E 


— 

- VIP ^S) 

jU 


in which D is the diameter of the ball and d is the diameter of the depression. 
For instance, if the depression has a diameter of 6 millimeters, 


if - 


3,000 3,000 „ - 

av\ a yo* 


&r (10 - 8) IO t 
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Problems 

1. From the first run of Table XIV calculate E for the interval 1,000 lb. per 
sq. in. to 25,000 lb. per sq. in, unit stress. Solve also for the interval 

5.000 lb, per sq. in. to 30,000 lb. per sq, in. 

Ans. 30,200,000; 30,300,000. 

2. From the second run of Table XIV (beginning at 3:59) calculate E for 
the interval 5,000 to 25,000 unit stress and for the interval 10,000 to 

30.000 unit stress. Ana. 25,800,000; 24,900,000. 

3. From the third run of Table XIV (beginning at 8:50, June 29) calculate 

E for the interval 1,000 to 25,000 and the interval 5,000 to 30,000 unit 
stress. Ans. 27,300,000; 25,900,000. 

The results of Problem 2 with the measurements taken immediately 
after the load had been reduced to the minimum are much lower than 
those of Problem 1. The results of Problem 3 also are lower. However, 
the area at the beginning of these runs is smaller than the area at the 
beginning of the first run and the unit stresses are correspondingly 
greater. Also the initial length has been increased so that the unit 
deformation is smaller than that given in the table. At the beginning 
of the second run, the unit deformation was 0.021. The stress intervals 
of the table should be multiplied by 1.021 and the deformation intervals 
should be divided by the same figure. The values of E from the table 
should be multiplied by the square of 1.021, which is 1.042. 

25.800.000 X 1.042 = 26,900,000. 

24.900.000 X 1.042 = 25,900,000. 

At the beginning of the third run the unit deformation was 0.0256. 
The calculated values of E should be multiplied by 1.0518, which is the 
square of 1.0256. 

27.300.000 X 1.0518 = 28,700,000. 

25.900.000 X 1.0518 - 27,200,000. 

4. From the run of Table XIV which began at 3 p.m., July 1, calculate E 
for the interval 6,772 to 27,088 and for the interval 11,287 lb. per sq. in. 
to 31,603 lb. per sq. in. Correct for the initial area and gage length. 

Ans. Corrected E = 28,400,000; E = 27,900,000. 

6. For the first run on July 1 of the steel of Table XIV some readings 
(which are not given in the table) were 


Unit Stress 

Unit Deformation 

900 

35,367 

2,000 

35,379 

3,000 

35,439 

25,000 

36,234 

30,000 

36,422 

32,000 

36,479 


Calculate E for three largest intervals using no reading twice. Cor- 
rect for area and true gage length at beginning of run. 

Ans, Corrected E = 29,800,000; 28,800,000; 29,900,000. 
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The measurements of Problem 5 were made after the piece had been 
stressed and then stood for 48 hr. under small load. Before the run 
of Problem 4, the load was carried above the maximum of two days 
before. "When soft steel is stressed beyond its previous yield point, 
considerable time must elapse before the modulus of elasticity reaches 
its maximum value, 

6. A bar of cold-rolled steel, tested Sept. 19, 1931, had an average diameter 
of 0.7485 in. When the load changed from 0 lb. to 13,200 lfo„ the 
elongation of an 8-in. gage length was 0.0080 in. Find E. Find the 


Table XVI. — Specifications for Some Metals Adopted by the 
American Society for Testing Materials, Standards, 1934 


. Materiul 

Yield 
point, lb. 
per sq. in. 

Tensile j 
strength, j 
lb. per j 
sq. in. 1 

) 

Gage 1 
length, 1 
inches 

Elon- 
gation, 
per cent 

1 

Reduc- 
tion of 
area, 
per cent 

Class B steel castings 

Hard 

0.45 of 
tensile 
strength 

80,000 1 

2 

! 

17 

25 

Medium 

70,000 

2 

20 

30 

Soft 

60,000 

2 

24 

35 


Blooms 

0.5 of 
tensile 
strength 

45,000 

4 

22 

30 

Forgings Clas- 
ses A and B 

45,000 

4 

24 

33 

Malleable-iron cast- 
ings 

Grade 32,510 

32,500 

50,000 1 

2 j 

10 


35,018 

; 35,000 

63,000 

2 1 

IS 


Gray-iron castings 

Regular 


21,000 1 

i 

i 



Higher 
; strength 

1 

30,000 j 

I 


Refined wrought- 
iron bars 


25,000 

48,000 

s i 

22 


Naval brass rods for 
structural pur- 

poses 

Diameter 1 in. 
or less 

31,000 

62,000 

2 

25 


Over 1 in. to 
2.5 in. 

30,000 

60,000 

2 

30 


Over 2.5 in. to 
3.5 in. 

25,000 

56,000 1 

2 

35 


Over 3.5 in. 

22,000 

54,000 

2 

40 


Hard-drawn copper 
wire 

Diameter, inches 

49.000 

10 

3.75 


0.460 

0.229 

59,000 

10 

1.79 


0.114 

64,300 

60 

1.02 


0.057 

66,400 

60 

0.89 


0.040 

67,000 

60 

0.S5 


Soft-copper wire 

0.460 to 0.290 

36,000 

10 

35 


0.2S9 to 0.103 

37,000 

10 

30 


0.102 to 0.021 

38,500 

10 

25 


0.020 to 0,003 

40,000 

10 

20 
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Table XVII. — Approximate Composition of Aluminum Alloys Most 
Frequently Used Structurally 


Alloy 

Per cent of other elements added to aluminum 

Weight, lb. 
per cu. ft. 

Copper 

Manganese 

Magnesium 

Silicon 

Wrought: 


j 




3S 


1.25 



171 


4.0 

0.5 

0.5 


174 

25S 

4.5 

0.8 


0.8 

174 

51S 



' 0.6 

1 1.0 

168 

Cast : 






12 

S.O 



. . . 

178 

43 




5.0 

166 

195-4.... 

1 4.0 

! 



174 


total work in gage length. Find the work per unit volume by two 
different methods. Ans. E = 30,000,000 Ib./in,^ 17==? 

7 . When the load of Problem 6 changed from 2,200 lb. to 15,400 lb., the 
elongation of the gage length changed from. 0.00134 in. to 0.00940 in. 
Find E. Find the work for this change of length- Find the work per 
unit volume by two methods. 

8. When the load of Problem 6 increased from 15,400 lb. to 24,400 lb., the 
elongation of the gage length increased to 0.01500 in. Find E. Is the 
last load beyond the proportional elastic limit? 

9. The ultimate load of the cold-rolled steel of Problem 6 was 42,950 lb. 
Find the ultimate strength. 

10 . The load at rupture for the steel of Problem 6 was 24,100 lb. The 
average diameter of the neck was 0.7341 in. The elongation of the S-in. 
gage length was 0.645 in., and the elongation of the upper 4 in., which 
did not include the neck, was 0.215 in. Find the actual stress at the 
rupture, the actual stress in the upper 4-in. portion, the percentage of 
elongation, and the percentage of reduction of area. 

44. Some Specifications. — Table XVI gives some specifications 
for metals which have been adopted by the American Society for 
Testing Materials. Table VIII of Art. 33 gives specifications for 
rolled structural steel. Table XVIII gives the properties of 
light aluminum alloys and Table XVII gives the approximate 
composition of these alloys. Tables XVII and XVIII are from 
the Structural Aluminum Handbook,” 1930, of The Aluminum 
Company of America. In the first column of Table XVIII, the 
last letter designates the heat treatment. Annealed 3S is 3 SO; 
fully hardened 3S is 3SH. When the stronger alloys are heat 
treated and artificially aged, they are designated by T, as 
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Table XVIII. — Typical Mechanical Properties op Aluminum Alloys 


Alloy and 
temper 

Tension, lb. per 
sq. in. 

Elon- 
gation 
in 2 
inches, 
per cent 

Compression, lb. 
per sq. in. 

Ultimate 
shearing 
strength, 
lb. per 
sq. in. 

Yield 

point 

Ultimate 

strength 

Yield Ultimate 
point 1 strength 

1 

Wrought 




i 

i 


3SO 

5,000 

16,000 

40 

5,000 1 16,000 

11,000 

SSHIL 

18,000 

21,000 

20 

18,000 1 21,000 

14,000 

3SH 

25,000 

29,000 

10 

26,000 1 29,000 

16,000 

17ST 

35,000 

58,000 

20 

35,000 1 58,000 

35,000 

25SW 

25,000 

48,000 

18 

25,000 I 48,000 

1 30,000 

25ST 

35,000 

58,000 

20 

35,000 i 58,000 

j 35,000 

51SW 

20,000 

35,000 

24 

i 20,000 1 35,000 1 

1 24,000 

51ST 

35,000 

48,000 

14 

35,000 1 48,000 | 

; 30,000 

Cast 





! 

12 

14,000 

22,000 I 

- 

16,000 i 38.000 

: 20,000 

43 

9,000 1 

19,000 1 

4 

1 9,000 j 25.000 

1 15,000 

195-4 1 

16,000 i 

31,000 1 

8 

; 27,000 1 43,000 

; 27,000 

1 


25ST; when heat treated alone, they are designated by W, as 
25SW. 

Yield point in Table XVIII is the '^commercial yield point 
for materials which do not have a true yield point. This is a unit 
deformation of 0.002, which is one part in 500, or two-tenths of 1 
per cent. According to this definition, the yield point of the 
S.A.E.-1095 steel of Appendix C, and upper curve of Fig. 34 has 
a yield point of about 59,000 pounds per square inch. 

Problems 

1. A l-in. wrought-iron bar tested in tension failed under a load of 37,200 lb. 
The elongation in 8 in. was 1.80 in. Does this wrought iron meet the 
minimum requirements of the A.S.T.M. Specifications? The load at the 
yield point must exceed what value? 

2. A M-in. wrought-iron rod reaches the yield point at a load of 10,600 lb. 
The ultimate load is 21,200 lb., and the elongation in 8 in. is 1.78 in. 
Does this meet the minimum specifications of the A.S.T.M.? 

3. A cast-steel test piece 0.505 in. in diameter fails under a load of 13,300 
pounds. The elongation of 2 in. is 0.46 in. The diameter at the neck 
at rupture is 0.408 in. Does this piece meet the minimum requirements 
of the A.S.T.M. Specifications for soft cast steel? 

4. A cast-steel test piece 0.505 in. in diameter fails under a load of 15,200 lb. 
The elongation in 2 in. is 0.37 in., and the diameter of the neck is 0.421 in. 
Does this piece meet the minimum requirements of the A.S.T.M. Specifi- 
cations for medium cast steel? 
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6, Find the safe load in tension on hard-drawn copper wire, 0.114 in. in 
diameter with a factor of safety of 5. 

6. Find the size of a structural brass rod to carry a load of 30,000 lb. with a 
factor of safety of 5. 

7. An aluminum bar 2 in. wide and 3^^ in. thick is stretched 0.22 in. in a 
length of 2 in. and fails at 16,000 lb. The elongation of the gage length 
at 12,500 lb- is 0.0038 in. Does this meet the minimum specifications 
for aluminum 3SH? 

8 . A J^-in. round rod of 3SH aluminum alloy hangs vertically and supports 
a load of 1,800 lb. at the end. What may be the length of the rod if the 
factor of safety is 2.5? How much will the 1,800 lb. stretch the rod? 
(Use handbook when necessary.) 

9. Solve Problem 8 for a hard-drawn copper wire 0.229 in. in diameter if the 
load at the bottom is 800 lb. 



CHAPTER IV 


RIVETED JOINTS 

46. K in d of Stress. — Riveted Joints afford an excellent 
illustration of tension, compression, and shear, and of the manner 
of transmission of stress. Figure 68 represents a pair of plates, 
each of breadth b and thickness t, transmitting a pull P in the 
direction of their length. The plates are united by means of a 
pin C, which fits tightly in a hole in the lower plate and passes 
through a hole in the upper plate. The portion of the upper plate 
to the left of the pin is in tension. The intensity of this tensile 



Fig. 68. — Stress at a bolted joint. 


stress is found by dividing the pull P by the area of the gross 
section b L At the section E H in the plane of the axis of the hole, 
the stress is still tension. The area of this net section is smaller 
than that of the gross sections to the left and the unit stress is 
greater. If the hole is in the middle of the section and in the 
line of the pull, half of the total stress is transmitted by the 
section E F and half by the section G H. The stress which passes 
P P as tension passes P K as shear. The intensity of this shearing 

P 

stress in the plate may be calculated by dividing the pull 

by the section of length P K and the thickness t. At ilf , the 
surface of contact of the pin and plate, the stress is compression. 
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The force is transmitted as shearing stress from the portion of 
the pin in the upper plate to the portion in the lower plate. 
Finally, the force is transmitted as compression from the lower 
half of the pin to the portion of the lower plate on the left. 

The stress may be regarded as flowing like an electric current, 
as is illustrated in Fig. 69. The circuit is completed through the 
bodies by which the force is applied. 

If the pin in Fig. 69 is slightly smaller than the hole, all the 
bearing pressure is applied to a narrow strip of the plate at M, 



The entire shearing stress is then transmitted across two planes 
which are very close together and extend from M to the edge of 
the plate at N, In calculating the shearing stress in the space 
between a rivet hole and the edge of the plate, it is customary to 
consider the minimum distance instead of the distance F K. 

Problems 

1 . Tke plates of Fig. 69 are 2?4 m- wide and % in. thick. The bolt is 1 in. 
in diameter and exactly fills the hole in each plate. The total pull is 
9,240 lb. Find the unit shearing stress in the bolt, and the unit tensile 
stress in the net section and in the gross section of each plate. 

Ans. Sa = 11,760 Ib./in.^; st = 8,960 Ib./in.^ in gross section; St ~ 14,080 
lb. /in. 2 in net section. 

2. Solve Problem 1 if the plates are 23^ in. wide. What is the ratio of the 
tensile stress in the gross section to the stress in the gross section of 
Problem 1? Solve wuthoiit writing. What is the ratio of the stress in 
the net section of Problem 1 to that of the gross section of Problem 2? 

3. Solve Problem 1 if the plates are Me m. thick, 

4. Solve Problem 1 if the lower plate is 3 in. wide and M ki. thick. 

46. Bearing or Compressive Stress. — In calculating the unit 
bearing or compressive stress at the surface of contact of the pin 
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and plate, it is customary, among engineers, to regard the bearing 
area as the product of the thickness of the plate multiplied by the 
diameter of the pin. If d is the diameter of the pin and t is the 
thickness of the plate, the bearing area is t d. The bearing area is 
the projection of that portion of the pin which is inside the plate 
upon any plane parallel to the axis of the pin. 

Figure 70 show's a rectangular bar of thickness d, w’hich is 
placed across the edge of a plate of thickness t. If the bar crosses 





the plate at right angles, it is evident that the bearing area is t d. 
If, as in Fig. 71, the bar passes through a hole in the plate, 
the bearing area is the same; and, if the forces Pi and Po are 
balanced wdth respect to the center of the plate, the bearing 
stress is uniform over the entire area. If the forces are not 
balanced, the area and the average bearing stress remain the same, 
but the maximum bearing stress is greater. If there is force on 
the bar on one side of the plate only, the maximum bearing stress 
is much greater than the average. 

Figure 72 shows a round bolt or pin passing tlirough a plate. 
The actual area of contact is the lower half of the surface of the 
cylinder of length t and diameter d. 

The reactions Pi, Pb? etc., are not all vertical but are nearly 
normal to the surface of contact. If, as in the ease of liquid 
pressure, these reactions w^'ere exactly normal and of equal inten- 
sity, the resultant of their vertical components w'ould be the same 
as if that unit pressure were exerted on the horizontal projection 
of this cylindrical surface. 


Problems 

1. What is the compressive stress between the bolt and each plate for 

Problem 1 of Art. 45? Ans. Sr = 24,640 Ib./in.- 

2. Two M-in. plates, each 3 in. wide, are united by a single 1-in. rivet. 
The unit shearing stress in the rivet is 10,000 lb. per sq. in. Find the 
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unit bearing stress between the rivet and the plates. Find the unit 
tensile stress in the net sections and in the gross sections of the plates. 

Ans. Sc = 15,708 Ib./in.^; Si - 7,854 in net section. 

3. Two steel plates, each approximately 4 in. wide and % in. thick, were 
united by three %-in. rivets in a single row lengthwise the plates (Water- 
town Arsenal, 1911, p. 129). When tested in tension, the first slipping 
occurred at a load of 45,200 lb., and the joint failed by shearing the rivets 
at 89,200 lb. Find the unit tensile stress in the net section of the plates 
when slipping occurred and the unit bearing stress between rivets and 

plates. 

Ans. St ~ 19,285 Ib./in.® at net section at rivet 
farthest from end of the plate; Sc = 22,960 
lb. /in. 2 at any rivet. 

In Problem 3, what was the ultimate shear- 
ing strength of the rivets? What was the 
maximum tensile stress at any net section? 
^What was the maximum compressive stress 
between rivets and plates? 

Ans. s« ~ 49,448 Ib./in.^; st = 38,062 Ib./in.^; 
Sc = 45,300 lb. /in. 2 

6. A joint similar to that of Problem 3 had 
in- rivets. First slipping occurred at 48,900 
lb-, and the joint failed by fracture of one plate 
at the outer rivet hole under a load of 128,500 
lb. Find the ultimate tensile strength of the 
material. Find the maximum unit shearing 
stress, and the maximum unit bearing stress. 
Ans. Tensile strength = 59,590 lb. /in. == ?; 



4. 


47. Lap Joint with Single Row of Rivets. 

Figure 73 shows a lap joint with a single 
row of rivets. In any riveted joint the 
distance p from center to center of adja- 
cent rivets in a row is called the pitch. In solving problems, it is 
often convenient to consider a single strip of width equal to the 
pitch. The problem of a lap joint with a single row of rivets then 
becomes the same as that of Art. 45. This strip may extend from 
center to center of adjoining rivets, as is shown between the two 
lower rivets of Fig. 73. The tension is transmitted by the net 
section between the rivets, and the shear is equally divided 
between the upper half of the lower rivet and the lower half of the 
second rivet. The unit strip may be taken to include one rivet, 
as is shown at the third rivet from the bottom of Fig. 73. The 
shear is then carried by the single rivet, while the tension is 
divided. 
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In the problems, unless otherwise stated, the rivet vdll be con- 
sidered as entirely filling the rivet hole. In practice, when rivet 
holes are punched and not reamed, it is customary to make some 
allowance for the material near the hole which is weakened by 
overstrain. This allowance will not be made in the problems 
which follow. It is assumed that all rivet holes are reamed or 
drilled, and that the finished rivets exactly fit. 

When the width of the plate is given, it is generally best to 
consider the entire plate as the unit. 

Problems 

1. Two J' 2 ”iu. plates, each 14 in. wide, are united by five 1-in. rivets in a 
single row to form a lap joint. The joint transmits a pull of 47,124 lb. 
Find the unit tensile stress in the gross section and in the net section. 
Find the unit shearing stress in th’e rivets and the unit bearing stress 
between rivets and plates. 

Ans, St - 47,124 ~ 7 = 6,732 Ib./in.^; s, = 47,124 -i- (14 - 5)M = 
94,248 ~ 9 = 10,472 IK/inJ; Sc = 47,124 ^ (5 X I X M) = 94,248 
^ 5 - 18,850 lb./in.2; s, = 47,124 (5 X 0.7854) = 12,000 Ib./in.* 

2. Two %~m. boiler plates are united by a single row of %-hi, rivets to form 
a lap joint. The pitch is 3}^ in. The unit stress in the gross section is 
6,400 lb. per sq. in. Find the total tension in a unit strip of width equal 
to the pitch. Find unit tensile stress in net section, unit shearing stress, 
and unit bearing: stress. 

Am. P = 6,400 XHX^H ^ 7,500 lb.; s. - 7,500 - 14) % ^ 

7,500 X = 8,889 Ih./inJ; s. = 7,500 ^ 0.6013 = 12,470 Ih./mJ; 
s, = 7,500 X = 160,000 ~ 7 == 22,857 Ib./in.^ 

3 . Solve Problem 2 if the pitch is 3 in. and the unit shearing stress in the 

rivets is 8,000 lb. per sq. in. Am. Sc = 14,660 Ib./in.-^ 

4 . For a lap joint with a single row of ^J^-in. rivets, what must be the thick- 
ness of the plates if the bearing stress is to be twice the shearing stress? 

Ans. t — 0.3436 in. 

48. Butt Joint. — A butt joint is made when the two principal 
plates are in the same plane and are united by one or two addi- 
tional plates which are called biitt straps. A butt joint with a 
single butt strap is equivalent to a pair of lap joints placed 
tandem. 

Figure 74 shows a butt joint with double butt straps. Since 
the rivets are in double shear, the total shear transmitted by 
each rivet is twice as great as in a lap joint. 

Example 

Two plates are united to form a butt joint by two butt 

straps. There is one row of %-in. rivets on each side. If the allowable 
unit tensile stress in the plate is 10,000 lb. per sq. in., and the allowable unit 
shearing stress in the rivets is 8,000 lb. per sq. in., what should be the pitch? 
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The area of one rivet is 0.6013 sq. in., and each rivet is in double shear. 
The net cross section which carries the tension equal to the shear in one 
rivet is 3^(p — K), so that 

- Vs) 10,000 - 2 X 0.6013 X 8,000, 

P — 1.924 in., 

p = 2.80 in. 

Problems 

1. Two J^-in. plates are united by two %-in. butt straps to form a butt 
joint with one row of %-in- rivets on each side. The pitch is 2% in. 
Find the unit bearing stress between rivets and plates, the unit tensile 




Fig. 74. — Single-riveted butt joint. 


stress in the net section, and the unit tensile stress in the gross section 
when the unit shearing stress in the rivets is 6,000 lb. per sq. in. 

Ans. Sc = 16,490 Ib./in.^; = 7,696 Ib./in.^; s* = 5,347 Ib./in."- 

2 . Two %-in. plates are united by two %-in. butt straps. There is one row 
of 1-in. rivets on each side. The pitch is 2^ in. The unit tensile stress 
in the gross section is 6,379 lb. per sq. in. Find the unit bearing stress 
between the rivets and the plates and between the rivets and the butt 
straps. Find the unit shearing stress and the unit tensile stress in the 
net sections. 

Am, Sc -= 17,542 Ib./in.^ and 14,618 Ib./in.^; 5^ = 10,025 Ib./in.^ 

3 . What is the unit bearing stress between rivets and plates, and what is 
the unit tensile stress in the gross section for the example above? 

Ans, Sc == 21,990 lb. /in, 2; $t = ? 
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Figure 75 represents a set of tests made at the Watertown 
Arsenal, to study the behavior of riveted joints. A plate of width 
b and thickness t 'was planed dowm for 
a portion of its length to some conven- 
ient width and united to a pair of 
plates, thus forming one-half of a butt 
joint. Wr ought-iron rivets 'were used 
of nominal diameter inch less than 
the diameter of the holes. In calcu- 
lating it was assumed that the finished 
rivets entirely filled the rivet holes. 

Problems 

4. In test piece 1353 (Watertown Arsenal, 1885, 

p. 867), the breadth h was 14.90 in.; the tested width, 14.39 in.; the 
actual thickness of the plate, 0.248 in. There were five rivets in 1-in. 
drilled holes. The joint failed by tension along the line of the rivet 
holes under a pull of 156,440 lb. The calculated results as published are 


Areas Square Inches 

Gross sectional area of plate 3.669 

Net sectional area of plate 2.329 

Bearing surface of rivets 1 . 240 

Shearing area of rivets 7 . 864 

Pounds per 

Maximum Stress on Joint Square Inch 

Tension in gross section of plate . 43 , 830 

Tension in net section of plate 67,170 

Compression on bearing surface of rivets 126,160 

Shearing in rivets 19 , 920 

Verify these results. 

6. In test piece 1355 the results were 

Tested width of plate 15 in. 

Actual thickness 0 . 251 in. 

Ultimate load 167, 200 lb . 


There were five rivets in 1-in. holes. ''^Practured two outside sections 
of plate at edge along line of riveting; the two middle sections sheared in 
front of the rivete.’^ 

Compute all unit stresses as in Problem 4. 

Figure 76 is a copy of a photograph of this plate after failure. 
It shows failure by tension across the net section and shear in 
front of the rivets. It also shows elongation of the rivet holes 
due to bearing pressure on the plate, combined with shear. 

In order to compare the strength of the material in the net 
section of a riveted joint with the ordinary tension tests, two 



joint. 
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strips were sheared from each sheet of steel, one lengthwise, the 
other crosswise the sheet. These were planed to a width of 1.5 
inches and tested in the usual way. 

From the sheet used in No. 1353 two test pieces were taken. 
These gave as ultimate tensile strengths : 

Pounds per 
Square Inch 


No. 1213, lengthwise 59,180 

1224, crosswise 60,840 


Four test strips were taken from the sheets used for No. 1355: 

Pounds per 
Square Inch 


No. 1214, lengthwise 58,680 

1220, lengthwise 62,300 

1225, crosswise 61,230 

1226, crosswise 60,890 


The ultimate strength of these test pieces was considerably 
smaller than the unit stresses in the net sections of the riveted 



Pig. 76.- — Failure of riveted plate. 


plates which failed in tension. These tension tests show no 
definite difference between the strength of the strips taken length- 
wise of the plate and those taken crosswise of the plate. This is 
explained by the fact that the plates were rolled in both directions. 
When rolled metal is worked in one direction only, its tensile 
strength iis greater in that direction. 

Problems 

6. In a test piece similar to Fig. 76 (Watertown Arsenal, 1886, p. 1401), 
the following data are given: tested width, 13,11 in.; thickness, 0.630 in.; 
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five rivets in 1-in. drilled holes; failed by shearing the rivets under a 
pull of 295,500 lb.; rivet holes elongated 0-31 in., 0.32 in., 0.26 in«, 0.25 in., 
0.24 in. 

Calculate the unit stresses. 

Pounds per 
Sq_iiare Inch 


! Tensile stress in net section 57,840 

Bearing stress 93,810 

Shearing stress on the rivets 37,620 


7. In Problem 6, the butt straps were 0.384 in. thick. Find the mnit tensile 

stress in the net section. 

Figure 77 is a copy of a photograph of a rivet which failed by 
shear as in Problem 6 (Watertown Arsenal, “Tests of IMetals,” 
1886, page 1567). 

49. Rivets in More Than One 
Row.— Rivets are frequently 
arranged in two or more rows. 

The rivets in the second row may 
be placed directly behind the 
rivets in the first row, or they 
may be arranged zigzag as shown 
in Fig. 78. Two adjoining rows 
of zigzag rivets must not be placed 
too close together or the plate 
will fail along the diagonal line 
joining the rivets of the two rows. 

The Boiler Code of the American 
Society of Mechanical Engineers 
si>eeifies that the minimxun dis- 
tance between rows of rivets 
(called hack shall be twice 

the diameter of the rivet holes, 
when the pitch is not more than, 
four times the diameter of the rivet holes, and the rivets are 
arranged ap in Fig. 78.* 

In comjiuting problems of two or more rows of rivets it is 
customary to regard the unit shearing stress the same in all rivets. 

Where narrow plates are united by several rows o£ rivets, it 
is b^t to take the entire width (rf the plate as the udi;. 

* See Report of Bofler Code Committee, American Society of Mechanical 
Engineers, 1918 ed., p. 44, for full speeifieatioiis. 




of 60,000 lb. Find the unit shearing stress in the rivets and the unit tensile 
stress in plate A at sections 1-1, 2-2, and 3-3. 

60,000 

“ 16 x 6.78 54 “ 
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At section 1-1 the net area is (12 — l)f^ and 
60,000 

St = — = 7,273 ib. per sq. m. 

At section 2-2 the net width is 10 in.; but since one-tenth of the total pull 
has been transmitted by rivet 1 from plate A to plate B, the total tension 
transmitted through this net section is only 54,000 lb., and 

54,000 

"" W ^ ~ Ji "" 

At section 3-3 the net width is 8 in., but three-tenths of the total puli has 
been transmitted to plate B through the rivets in sections 1-1 and 2-2 so 
that the total tension in net section 3-3 is only 42,000 Ib. 

42 non 

= — 1_ — = 7^000 lb. per sq. in. 


Problem 

1 . Solve the foregoing example if the plates are 10 in. wide instead of 12 in. 

(At 1-1, = 8,889 lb./in.2 

Ana. J At 2-2, st = 9,000 Ib./in,® 
(At 3-3, Sf = 9,333 Ib./in.® 
Notice that in Problem 1 the greatest tensile stress is at section 3-3, while in 
the example the greatest stress is at section 1-1. 

In wide plates, such, as are used iu boilers, it is not convenient 
to consider the entire width, but it is better to divide the width 
up into a number of equal units, each of which includes a group 
of rivets. Generally the width of such a 
unit is the pitch in the row having the 
fewest rivets. 

In Fig. 78, in which the pitch is the same 
in both rows, the width of the unit strip is 
equal to the pitch. The unit strip may be 
regarded as extending from center to center 
of adjacent rivets in each row, as from the 
center of rivet 1 to the center of rivet 2 
in the right row of Fig. 78; or the strip 
embracing all of one rivet in each row, as rivet 4 in the left row 
and rivet 5 in the right row of Fig. 78. In either case the equiva- 
lent of one rivet in each row is included in the unit strip. 

Figure 80 shows a lap joint with twice as many rivets in the 
middle row as in either of the others. The unit strip is taken as 



— * ( 

Fig. 80. — Rivets in three 
rows. 

may be regarded as 
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equal to the pitch ia the outer rows (called the long pitch) . The 
unit strip may extend from the center of rivet 1 to the center of 
rivet 6. It includes the area of four rivets, viz., the front half of 
rivet 1, the rear hah of rivet 5, and the whole of rivets 2, 3, and 4. 
The strip may include all of rivet 5 and none of rivet 1. What- 
ever distribution is considered, the unit strip has the same width 
and includes two rivets in the middle row and one rivet in each 
of the outer rows. 


Problems 

2. Two 5^-in, plates are united by M4n. rivets to form a lap joint. The 
rivets are in three rows as in Fig- 80, with the long pitch 5 in. and the 
short pitch 2H The unit stress in the rivets is 9,000 lb. per sq, in. 
Find the unit tensile stress in the gross section of each plate. Find the 
unit tensile stress in the net sections at each row of rivets. Find the unit 
compressive stress between rivets and plates. 


Pounds per 
Square Inch 


in gross section 8,483 

St right upper and left lower 9,979 

St at middle row 9,088 

St left upper and right lower 2,495 


\^c 14,138 

3. A butt joint is formed of two 3^-in. plates united by two %-in. butt 
straps. There are two rows of %-in. rivets on each side. The pitch of 
the inner rows is 3 in, and of the outer rows is 6 in. The unit stress in 
the gross section of the plate is 8,000 lb. per sq. in. Find the unit tensile 
stress in the net section of the plates at each row of rivets. Find 

the unit stress in the net section at the inner rows of the butt straps. 
Find the unit shearing stress in the rivets and the unit bearing stress 
between the rivets and the J^-in. plates. 


Pounds per 
Square Inch 


! st in M-in. plates at outer rows 9,366 

St in plates at inner rows. 7,529 

Si in butt straps at inner rows 7,529 

Sa in all rivets 6,652 

Sc between rivets and 3^-in. plates 18,286 


4. In Problem 3, what would be the maximum tensile stress in the butt 
straps if they were only 34 in. thick? What should be the minimum thick- 
ness of each butt strap in order that maximum tensile stress at the inner 
rows should be equal to the maximum tensile stress in the 34“in- plates? 

Ans, St = 11,294 Ib./in.*; t = 0.301 in. 
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6 . Solve Problem 3 vrith. the butt straps of unequal width as shown in Fig. 81 . 

Pounds per 
Square Inch 


Sj in }^-in. plates at outer rows 9,366 

Si in J^-in. plates at inner rows 9,035 

s, in all rivets 7 953 

Si in lower butt strap at inner rows 9,035 

Sc in M-in. plates at inner rows 21,940 

Sc in either butt strap 14,630 



50. Efl5,ciency of a Riveted Joint. — The ratio of the strength 
of a riveted joint to the strength of one of the plates which it 
unites is called the efficiency of the joint. The efficiency may 
also be defined as the ratio of the unit stress in the gross section, 
when the joint is stressed to its allowed limit, to the allowable 
unit stress in the plates. If the joint is so deigned as to make 
it at least as strong in shear and compression as it is in tension 
at the net section, the efficaeney becomes the ratio of the net 
section to the gross section. 

The calculaticHis for efficiency may be based upon ather the 
ultimate strength or the allowable unit stress. The Boiler Code 
of The American Society of Mechanical Engmeers specifies: 
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Pounds per 
Square Inch 


Tensile strength of steel plate 55,000 

Crushing strength of steel plate 95 , 000 

Shearing strength of steel rivets 44 , 000 

Shearing strength of iron rivets 38 , 000 


The code further specifies that the strength of a rivet in double 
shear is twice its strength in single shear. 

With a factor of safety of 5, which is the one generally used in 
boiler design, the allowable unit stresses become: 


Pounds per 
Square Inch 


54 for steel 11,000 

5c for steel 19,000 

5s for steel 8,800 

Ss for iron 7 , 600 


To find the efficiency of a riveted joint, the strength of the unit 
strip is calculated in tension at the net sections, in shear of the 
rivets, in compression between rivets and plates, and in all combi- 
nations of these by which failure may occur. The smallest 
strength thus obtained is then divided by the strength of the 
gross section of the unit strip to get the efficiency. When rela- 
tively narrow plates are connected by riveting, the strength of the 
entire plates may be used instead of the unit strip. Either 
ultimate strength or allowable stress may be used in these 
calculations. 

In the calculation of stress in the preceding articles, the total 
load on the unit strip is given (or calculated from one of the urdt 
stresses) and the unit stresses are computed from this load. It 
is advisable to reverse this process in the calculation of efficiency. 
AU the ultimate or allowable stresses are given, and the total 
strength or the total allowable force on the unit strip is calculated 
from each of these stresses. For an ideal design, the total 
strength of the unit strip would be the same for every possible 
kind of failure. Since the sizes of commercial rivets differ by 
M inch., this ideal condition, cannot be attained- 

In these calculations it is assumed that the rivet holes are 
reamed and that each rivet fills the hole. Where rivet holes are 
punched, it is customary to make allowance for damaged material 
in the plate and reduce the net section accordingly. 
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Example 

Two by 12-in. plates are united to form a lap joint by eight 

rivets in two equal rows across the plates. Find the efficiency of the joint, 
using the entire width of the plates as unit strips, and the ultimate strengths 
of the A.S.M.E. Boiler Code. 


Pounds 

Tensile strength of gross section 12 X X 55,000 = 247,500 

Tensile strength of net section . , 9 X H X 55,000 = 185,625 

Shearing strength of one rivet. . 0.4418 X 44,000 = 19,440 

Shearing strength of eight rivets = 155,520 

Bearing strength of one rivet ... H 2 X 95,000 = 26,720 

Since the bearing strength of each rivet is greater than the shearing 
strength, it is not necessary to calculate the bearing strength of eight rivets. 
Joint is weakest in shear. . 


Efficiency = 


15,552 

24,750 


= 0-628 = 62.8 per cent. 


Problems 

(Use ultimate strengths of the A,S,M.E. Boiler Code in the first five problems,) 

1 . Solve the foregoing example for J'g-in. rivets. 

Ans. Joint weakest in tension at net section. Efficiency = 70.8 per cent. 

2. After calculating all the strengths in Problem 1 to find that the joint is 
weakest in tension, compute the efficiency from the ratio of the net 
section to the gross section. 

3. Two 1 2 -in, plates are united by 

two rows of %-m. rivets to form 
a lap joint. Find the efficiency 
if the pitch is in. 

Pounds 

^Strength of gross 

section 70,900 

^Strength of net 

section 

^Shearing strength 

of two rivets 

Bearing strength 
of two rivets . . . 






Fig. 82 . — Triple-riveted lap joint. 


Efficiency - 52,914 70,900 ^ 0.746 = 74.6 per cent. 

4, Solve Problem 3 for a pitch of 3J4 hi. 

Ans. Efficiency = 49,629 66,172 = 0.75 = 75 per cent; efficiency =* 

2j^ ^ ^ = 0.75. 

6. For what pitch in Problem 3 would the tensile strength of the net section 
exactly equal the shearing strength? 
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{For the next three problerns use allowable stresses frequently specified for steel 
structures'. Sc — 24,000, st = 18,000, Ss ™ 12,000.) 

6. Two by 5-iii. plates are united by four ^^-in. rivets to form a lap 

joint. The rivets are arranged in diamond form as shown in Fig. 82. 
Find the efficiency of the joint. 


Pounds 

Shear on single rivet 0.4418 X 12,000 = 5,302 

Bearing on single rivet X 24,000 ~ 5,625 

Shearing strength of four rivets 21,208 

Tension net section outer rivets. . . . ^^4 X 18,000 = 23,906 
Tension gross section X 18,000 = 28,125 


Tension net section at two rivets. . . X 18,000 — 19,687 


Add shearing strength of outer rivet 5,302 

Shear outer rivet and tear middle net section 24,989 


Ans. Efficiency = 75.4 per cent. 



Fig. 83. — Quadruple-riveted lap joint. 


7. Two J^-in. by 6-in. plates are united by six 1-in. rivets to form a lap 

joint as shown in Fig. 83. Find the efficiency. 

, . 45,000 + 9,425 . „ 

Ans. Efficiency — — - — = 0.806 == 80.6 per cent. 

d7,oOU 

8. Solve Problem 7 for J^-in. plates with all other data unchanged. 

Pounds 


Allowable load net section outer rivet 45,000 

Net section at two rivets plus shear outer rivet 45,425 


Ans. Efficiency = 83.3 per cent. 

{Use A.S.M.E. ultimate strengths for the next problems.) 

9. Two 5^-in. plates are united to form a butt joint with two rows of 1-in. 
rivets on each side. The outer (long) pitch is 6 in. and the inner (short) 
pitch is 3 in. Find the efficiency. 
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Pounds 


One rivet j double shear 69,115 

Shear three rivets 207,345 

Bearing, rivet on plate 71,250 

Tensile strength of gross section 247,500 

Tensile strength net section, outer row 206,250 

Net section, inner row 165,000 

One rivet, double shear 69,115 


Total, tension inner row plus shear outer. . . 234,115 

Ans. EfEciency = 83.3 per cent. 


10 . 


11 . 


Find the minimum thickness of the butt straps of Problem 9. 

5 X 15 1 . , 

-- - Lse two g-m. straps. 


Ans. 


— m. total, 
lb 


Two M-in, plates are united to form a butt joint with two rows of 1-in. 
rivets on each side. The long pitch is 6 in. and the short pitch is 3 in. 
The butt straps are 34 in. thick. The lower strap (Fig. 81) embraces 
two rows of rivets on each side of the joint, and the upper narrow strap 
embraces one row of rivets. Find the strength and efficiency of the 
joint. 


Pounds 

Shearing strength all rivets 172,790 

Tensile strength net section, outer rows 206,250 

Bearing one rivet and f i-in, plate 71,250 

Bearing two rivets inner row and single shear 

outer row^ 177,058 

Tension, net section inner row 165,000 

Efficiency - 172,790 ^ 247,500 - ? 


12 . Two plates are united to form a butt joint with three rows of 1-in. 

rivets on each side. The pitch of the two outer rows is 10 in. and the 
pitch of the four inner rows is 5 in. The M-in. butt straps are of equal 
width. Find the strength and 
efficiency of the joint. 

Ans. Efficiency = 83.8 per cent. 

13 . Solve Problem 12 if the two outer 
rows on each side have a pitch of 
7J4 in. and the inner row on.each 
side has a pitch of 3% in- 

61. Welding. — Figure 84 shows 
two plates connected by a single Vee arc-welded butt joint, which 
is reinforced 20 per cent of the plate thickness. A gas-welded 
joint is similar with a shghtly larger angle of the Vee and smaller 
clearance at the bottom. A weld of this kind is generally used 
in tension. Wide plates welded in this way are cut perpendicular 
to the weld, milled to a width of 1.5 inches for a length of 9 inches, 



Fig. 84. — Vee-weided butt joint- 
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and loaded to failure on a tension machine as one qualification 
test for welders. 

Figure 85 shows a fillet weld, which forms a right-angled 
triangle. The smallest distance from the right angle to the 



Fig. 85. — Fillet welds. 


h 3 rpotenuse is called the throat. When the sides are equal, the 
throat is the length of either side multiplied by 0.7071. 

The American Welding Society's ^^Code for Fusion Welding 
and Gas Cutting in Building Construction" specifies the following 
permissible unit stresses in kips per square inch; 


Shear 11.3 

Tension 13.0 

Compression 15.0 


provided the welder has been qualified and provision has been 
made for bending stresses that may be introduced due to eccen- 
tricity." These permissible stresses give a factor of safety 




4 with ordinary -welding rod, and still higher factor with some 
of the special rods now in use. 

For a.34”inch fillet weld with equal sides, the throat is 0.1767 
inch, and the area of the throat for 1 inch of weld is 0.1767 square 
inch. The allowable stress of 11.3 kips per square inch of throat 
gives 1.997 kips as the strength of 1-inch length of J-^-inch fillet 
weld. It is customary to allow for fillet welds: 


J4“inch weld 2 kips per inch of length 

%-inch weld 3 kips per inch of length 

34“inch weld 4 kips per inch of length 


Figure 86 shows an ^^end weld." The lower plate exerts shear- 
ing force on the lower surface of the fillet. The upper plate 




Chap. IV] 


RIVETED JOINTS 


123 


exerts tension. The stresses in the weld are combined shear 
and tension. 

Figure 87 shows a “side weld.” In this figure, the side of 
the fillet is smaller than the thickness of the plate. Both plates 
exert shear on the material of a side weld. The allowable 




Fig. S7. — Fillet side welds. 


shearing stresses for shear at the throat are used for both side 
welds and end welds. 

52. Effective Length of a Weld. — An arc weld does not have its 
full section at the ends. For testing purposes, the Structural 
Steel Welding Committee of the American Bureau of Welding 
{Report, page 45) states: 

Examination of arc-welded specimens showed that fillet welds 
generally attain full section and fusion within H ii^ch of the beginning 
of the weld, and end in a crater whose length is about H inch. It is 
the opinion of the committee, in line with general experience, that the 
efficiency of an unfilled crater may be set at 50 per cent, or the equiva- 
lent of inch of length. The effective length of arc fillets has, there- 
fore, been taken as the gross length reported by the laboratory less H 
inch at each end, f.c., less yi inch per weld. 

In the case of arc butt welds the effective length has been taken as 
identical with their gross length since in these specimens the craters 
were filled. 

In the case of all forms of gas welds the effective length has been 
taken as identical with the gross length for the reason that, preliminary 
to depositing the weld, the base metal is heated so that perfect fusion 
is secured at the start of the weld, and at the end of the weld the gas 
process leaves no crater. 

The Joint at the right of Fig. 88 consists of two p§-inch by 
2-incli plates Joined by I^-hich by 3-incli butt straps. The 
craters appear at the right ends of the end w'elds which coimeet 
these plates. Figure 89 shows the same Joint after it had failed 
in tension imder a load of 43,300 pounds. Failure occurred 
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in one %-incli by 24nch plate with no signs of weaken- 
ing .at the welds. The ultimate strength of the plate was 
43^300 = 57;700 pounds per square inch. If the effective 

length of each weld is taken as 2 inches, the full width of the 
plates, 4 linear inches of J^^-inch fillet weld resists a pull of 
43,300 pounds without failure. While the altitude of the fillet 
is 3^ inch, the thickness of the butt strap, the base is about 
% inch, and the minimuni length of the throat is about 0.21 inch, 
wdiich multiplied by 11.3 gives 2.37 kips per inch as the allowable 
load. If a factor of safety of 4 is assumed, the joint should have 



Fig. 88.- — Welded joints. Fig. 89. — ^Tested welds. 


failed under a pull of 37,500 pounds. The actual factor of 
safety was greater than 4.5. 

The joint, at the left of Fig. 88 consists of two %-inch by 
23 ^-inch plates joined by two 3^:^-inch by IJ^-inch butt straps. 
The craters appear at the top of the upper side welds and the 
bottom of the lower side welds. This Joint was not tested, since 
calculations and previous similar experiments showed that the 
butt straps would fail in tension. The area of the two straps is 
% square inch. If the ultimate strength of the material is 

60.000 pounds per square inch, the ultimate load would be 

45.000 pounds. The four side welds at each end have a combined 
length of 6 inches. At 2,000 pounds per linear inch and a safety 
factor of 4, the ultimate strength of the weld would be 48,000 
pounds. 

The side-weld joint of Fig. 89 was the same as that of Fig. 88 
except that the welds were shorter. The average for the lower 
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joint was about 1 inch, while the lower left one was a little less 
than an inch. The joint failed by shearing the lower left weld and 
by shearing the plate at the lower right weld. The deformation 
of the butt strap at the lower end shows the great shearing 
deformation. The darker color of the butt strap at the ends, 
except at the edges, indicates smaller stress at the surface here 
than at the middle of the length. 

At a load of 26,800 pounds the elongation of an 8-inch gage 
length, which included the 6-inch butt straps and the welds, was 

0. 09. inch. At 32,400 pounds, the elongation was 0.28 inch. 
Failure took place at 33,500 pounds. This is 8,375 pounds per 
linear inch for a H-inch fillet weld in shear. 

Problems 

1. Two by 5-in. plates are united by two ^i-in. by 4-in. plates to 

forai a butt joint. The allowable tensile stress in the plates and straps 
is 16,000 lb. per sq. in. There are 3 in. effective end weld at the ends 
of each strap. How much side weld is required at each end of each strap? 

Ans. 4.5 in. effective; 2.25 in. effective at each side. 

2 . Two M-in. by 12-in. plates are united to form a butt joint by three 3-in. 

by J^-in. butt straps on each side. There are %-m. fillet welds across 
the ends of each strap. The allowable tensile stress in the plates and 
straps is 18,000 lb. per sq. in. How much effective side weld is required 
at the end of each strap to make the total weld 20 per cent stronger than 
the plates? Ans. 4.2 in. of M-in. fillet. 

53, Circumferential Stress in Hollow Cylinders. — In a hollow 
vessel inclosing a liquid or gas under pressure, the pressure of 
the fluid develops, stresses in the walls of the vessel. The pres- 
sure of a fluid at any point is normal to the surface. The result- 
ant pressure on any portion of a curved surface in any given 
direction is equal to the pressure on a plane surface perpendicular 
to the given direction and equal in area to the projection of the 
curved surface upon its plane. Figure 90 represents a portion of 
the surface of a cylinder of diameter jD, and of length I perpen- 
dicular to the plane of the paper. If P is the pressure on this 
surface in pounds per square inch, the total pressure on the 

P T D I 

semicircular surface to the right of the plane AB is — ^ 

resultant pressure on this surface in the direction normal to A B 
is P D I, since D I is the area of the projection of the curved sur- 
face upon the vertical plane. There is an equal pressure in the 
opposite direction upon the curved surface to the left of A B. 
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These two equal and opposite forces are resisted by the cir- 
cumferential tensile stresses in the sections at A and B. If t 
IS the thickness of the wall of the cylinder, the area in tension is 
2 1 1, and 


2il St = P D I, 
PD 
2t' 


( 1 ) 

Formula VII 


Problems 

1. A boiler shell 30 in. in diameter is subjected to a steam pressure of 300 lb. 
per sq. in. The allowable tensile stress is 9,000 lb. per sq. in. in the gross 
section. Required: the thiclzness of the plates. Ans. i ir 




Fig. 90. — Hollow cylinder with internal pressure. 

2. A boiler shell is 5 ft. in diameter and % in. thick. The efficiency of the 
longitudinal riveted joint is 80 per cent. If the allowable tensile stress 
is 11,000 lb, per sq. in., what is the maximum allowable steam pressure? 

Ans, 183 lb./in.2 

3. A M-in, boiler plate has a longitudinal welded butt joint which is assumed 

to have an efficiency of 80 per cent. A M-in. butt strap covers the joint 
on the outside and is attached by ?i-in. fillet end welds. Taking 11,000 
lb. per sq. in. as the allowable tensile stress in the plate and using the 
structural value of the allowable strength of fillet weld, how much 
stronger is the joint than the plate? Ans. ^ Ki- 

4. If the boiler in Problem 3 is 4 ft. in diameter, find the allowable pressure. 

64. Longitudinal Stress in a Hollow Cylinder. — The force 
exerted by pressure of a liquid or gas in any given direction upon a 
surface is equal to product of the pressure per unit area multiplied 
by the projection of surface upon a plane perpendicular to the 
given direction. To find the total pressure exerted upon the head 
of a cylinder in the direction of the length of the cylinder ^ the 
area of cross section of the cylinder is multiplied by the pressure 
per unit area. The pressure in the required direction is the same, 
no matter what may be the form of the cylinder head. 
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Problems 

1. A cylinder 4 ft. inside diameter is subjected to an internal pressure of air 
at 240 lb. per sq. in. What is the total force on the head? 

Ans, 434,290 lb. 

2 . How many bolts \-vith nuts would be required to hold the head of 

the cylinder of Problem 1? 

3. If the head of the cylinder of Problem 1 is held on by a fillet W'eld, what 
size fillet should be used? 


If D is the internal diameter of a cylinder, the area of cross 


section is A 


Tri)- 

4 


and total pressure longitudinally is 


PttD" 

4 


The cross section of the cylinder walls which resist longitudinal 
tension is approximately equal to the inner circumference multi- 
plied by the thickness. 


P TV 

SiTT D t — ^ 

4 

(1) 

PD 

(2) 

'4i 


Comparison of Equation (2) ^\dth Formula VII shows that 
longitudinal (or axial) unit stress in a hollow cylinder is one-half 
as great as the circumferential unit stress. 

Equations (1) and (2) apply also to hollow spheres subjected 
to internal pressure. 

Since the longitudmal tensile stress is only one-half as great as 
the circumferential unit stress, it is necessary to have the effi- 
ciency of the circumferential joints which transmit longitudinal 
tension only a little greater than one-half the efficiency of the 
longitudinal joints which resist circumferential stress. 

Problems 

4 . A hollow cylinder, 50 m. in diameter, is made of K-in. plates. The 
internal pressure is 240 lb. per sq. in. Find the total longitudinal force 
on one end. 

5. In Problem 4, what is the approximate area of steel "which resists the 
axial pull? What is the axial unit stress? 

Am. A = 78-54 sq. in.; ? 

6 . What is the circumferential unit stress in the cylinder of Problem 5? 

7 . A spherical tank, 6 ft. 8 in. inside dianaeter and 7 ft. 0 in. outside diameter, 
is used to transport helium gas at a pressure of 150 atm. What is the 
approximate average unit stress? 

8. A cylindrical tank, 6 ft. 8 in. inside diameter and 7 ft. outside diameter, 
is used to transport helium gas. If the ends of this cylinder are hemi- 
spheres, what must be its length in order to carry 1.2 times as much gas 
as the sphere of Problem 7 with the same unit stress? 
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65. Torque. — A shaft or rod subjected to a pair of equal oppo- 
site couples which are in parallel planes at right angles to its 
length is in torsion between these planes. Figure 91 shows a 
horizontal shaft which is supported by two bearings and carries 
two pulleys. A rope is wound a part of the way around each 

pulley and fastened to it. Each 
rope supports a load. The load P on 
the smaller pulley and part of the 
reactions of the bearings form a 
countei'clockwise couple. The load 
W on the larger pulley and a part of 
the reactions form a clockwise couple. 
If there is no friction at the bearings, 
these opposite couples are equal, 
provided the shaft is stationary or 
moving in either direction with con- 
stant speed. The moment of either 
couple is the twisting moment or 
torque in the portion of the shaft 
between the two pulleys. Torque, which is represented in alge- 
braic equations by T, is expressed in foot-pounds or inch-pounds. 
In order to distinguish torque and bending moment from work, 
some writers use pound-feet and pound-inches for the first two and 
reserve foot-pounds and inch-pounds to mean work or energy. 
This distinction, however, is not generally made. 

Problems 

1. In Fig. 91, the diameter of the smaller pulley is 40 in. The load P, of 

600 lb., is hung on a rope. Find the torque. 

Ans. T = 12,225 mAh. 

2. The load IT of Fig. 91 is 400 lb. and hangs on a 1-in. rope. 

diameter of the larger pulley if this load balances the load of Problem 1? 

3. Viewed from either end, what is the direction of the torque in the shaft 
of Fig. 91 between the pulleys? 

T28 
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4. A Iiorizontal shaft carries a crank, which is 32 in. long from axis of shaft 
to axis of crank pin. Find the torque when a vertical load of 500 lb. is 

"tbe crank pin and the crank makes an angle of 35° with the 
horizontal. 

5. A 4-ft. pulley is placed on the shaft of Problem 4. A load of 400 lb. is 
hung on a 1-in. rope w^hich is wound round this pulley. With the 500-lb. 
load on the crank pin, what angle will the crank make with the horizontal 
when the shaft is in equilibrium? 

6. A shaft carries a 5-ft. pulley. A belt over this pulley exerts a pull of 
1,800 lb. on one side and a pull of 400 lb. on the other. Find the torque 
if the thickness of the belt is neglected. 

66. Deformation and Stress at Surface of Shaft. — Figure 92 
represents a shaft fixed at the lower end. D B and E F are lines 



Fig. 92. — Portion of shaft in torsion. 


in its surface parallel to the axis CO. If the cylmdrical surface 
between the lines P B and E F is developed, it forms the plane 
rectangle D B F E. If a torque is applied to the shaft, twisting 
it in a counterclockwise direction, the point B is displaced to B' 
and the point F is displaced to F'. The developed surface 
D B F E suJEEers a shearing deformation and becomes the paral- 
lelogram D B'F'E. Every point on the surface at the upper end 
is displaced the distance B B'. If a is the radius of the cylinder 
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and 6 (in radians) is the angle through which the top is turned 
with reference to the base, the displacement B B' is equal to o B. 
If I is the length of the shaft, the unit shearing deformation is 
given by 


and the unit shearing stress in the outer fibers is given by 


_ EsOb 6 

T 


( 2 ) 


Problems 

1. A 4-in, solid shaft is twisted 3° in a length of 20 ft. What is the unit 
shearing deformation? 

o 

Ans. 5, = 2 X ^ 240 = = 0.000436. 

2. A shaft is twisted 1°43' in a length of 10 in. Find the unit shearing 

deformation. (Use Macmillan's Logarithmic Tables which give degrees, 
minutes, and seconds in radians on p. 91.) Am, 0.11235. 

3. If the modulus of rigidity is 11,200,000, in Problem 1, fnd the unit 

shearing stress at the surface. Ans. jSs = 4,883 lb. /iii.2 

4. If the unit stress in Problem 2 is 12,136 lb. per sq. in., what is the modulus 
of elasticity in shear? 

6. A shaft 0.902 in. in diameter is twisted 1° 37' in a length of 10 in. when the 
shearing stress changed from 6,570 lb. per sq. in. to 19,496 lb. per sq. in. 
Find E,. Am. E. = 10,945,000 Ib./in.® 

6. A test piece of low-carbon steel, S.A.E.-1020, was 0.899 in. in diameter. 

The gage length was 6 in. Some readings 
were 

Torque, Inch-pounds Twist, Radians 
0 0 
200 0.00138 

400 259 

600 396 

2,000 0.01850 

2,200 1482 

2,400 1602 

2,600 1725 

Fig. 93, — Shear displacement m- j j.i_ -i 

of torsion. Bmd the unit deformation at the surface 

for four intervals of 2,000 in.-lb. torqne. 

Ans. 200 to 2,200, S. = 0.0012082. 



57. Relation of Torque to Angle of Twist. — Figure 93 shows the 
upper end of the shaft of Fig. 92. An element of area dA is at 
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the position M at a distance r from the axis. When the shaft is 
twisted and the top is turned through an angle of & radians, this 
area is moved to M'. Its displacement is r d and the unit shear- 
ing displacement is given by 


The unit shearing stress on dA is given by 

E,r e 


( 2 ) 


The part of the shaft between the radius r and the radius r dr 
is a hollow cylinder of thickness dr, which may be developed into 
a rectangular solid of width 2ir r and thickness dr. The area of 
cross section of this hollow cylinder is 2 x r dr. The shearing 
force required to deform this cylinder is the product of its cross 
section multiplied by the unit shearing stress. 

Shearing force = 2irr dr X. ^ ^ ^‘^ r-dr. (3) 


The moment of this shearing force vdth respect to the axis of 
the cylinder is the product of the force by the distance r. 


Resisting moment = 


2 X EsO 

T 


r^dr. 


(4) 


The entire shaft may be regarded as made up of a series of 
concentric hollow cylinders of thickness dr, and the total resist- 
ing moment, which is equivalent to the external torque, is the 
integral of Equation (4) between the limits r = 0 and r = a. 


T = 


2vE,d r 

i J 


r®dr 


Es6 TT a* 
I 2 ■ 



(5) 


The expression is the polar moment of inertia of the circle of 

£i 

radius a and is usually represented by J. Equation (5) becomes 

T = (6) 

from which 


B = 


U 

EJ 


Formula VIII 
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This theory applies rigidly to circular shafts only. In Fig. 93, 
the straight line 0MB remains straight when the shaft is twisted, 
provided the sections are circular. When the sections are not 
circular, a straight line from the center to the surface does not 
remain straight when torque is applied. The unit stress is 
not, therefore, proportional to the distance from the axis, and the 
equations above are not valid. 


Problems 


1. A 3-in. solid shaft is twisted 2° in a length of 10 ft. Find the torque if 

Es = 11,400,000. Ans, T = 26,370 in.-lb. 

2. A steel rod 0.901 in. in diameter was twisted 1° 37' in a gage length of 

10 in. when the torque changed from 1,000 in.-lb. to 3,000 in.-lb. Find 
the modulus of rigidity. Use table of areas of circles and table of squares 
in the calculation of J, Ans. Es — 10,960,000. 

3 . The steel rod of Problem 2 was twisted 1^ 36' in a gage length of 10 in. 
when the torque changed from 1,200 in.-lb. to 3,200 in.-lb. Find Es from 
these readings. 

4 . In Problem 2, find the unit stress for a torque of 2,000 in.-lb. from the 
modulus of rigidity and the unit deformation. 

6. A steel shaft for which the modulus of rigidity is 11,200,000 is twisted 
2° 12' in a length of 10 ft. The shaft is hollow with inside diameter 4 in. 
and outside diameter 6 in. Find the torque. What would be the torque 
if the shaft were solid? 

6. Find the modulus of rigidity of the steel of Problem 6 of Art. 56 by 
Formula VIII for intervals 200 in.-lb. to 2,200 in.-lb., and 400 in.-lb to 
2,400 in.-lb. torque. Ans. Es == 11,640,000 from 200 to 2,200. 

68. The Relation of Torque to Shearing Stress. — From Equa- 
tion (6) Art 57, 

^ - Sjl, Cl) 

and from Equation (2) of Art. 57, 


from which 


Eaa 9 _ 


I a 


( 2 ) 

C3) 


Substituting in Equation (1) : 

a 

a _ To 


(4) 


Formula IX 
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Formula IX may be derived by another method, ■n’hich is 
not based on the formulas of the preceding articles. Figure 93 
shows that the element dA is displaced a distance r 9 when the 
shaft is twisted. The displacement is proportional to r. The 
unit displacement, and, consequently, the unit stress, is propor- 
tional to r, which is the distance of the element dA from the axis 
of the shaft. 

If Si is the unit shearing stress at unit distance from the axis, 
the unit shearing stress at a distance r is Sir. The shearing stress 
on an area dA is Sir dA and the resisting moment is Sir-dA . The 
total moment is given by 


ifr^-dA; 


Since J* r^dA is the polar moment of inertia, which is represented 
by J, 

T = SiJ. (6) 

Since Si is the unit stress at unit distance from the axis, the 
unit stress at a distance r from the axis is Sir, and the unit stress 
at the surface at a distance a from the axis is given by 

/S* = sia; (7) 

from which 

^8 /rt\ 


Substituting in Equation (6) : 


T = SiJ = 


Formula IX 


Formula IX may be written 


T = S. 




Problems 

A 3-in. solid shaft is twisted by a force of 1,200 lb. applied by an arm 4 ft. 
in length, measured from the axis of the shaft. Find the unit shearing 
stress at the surface. 


Ana. S, = 


57,600 X 2 


10,866 lb./in.2 
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2. A G-iix. solid shaft exerts a torque of 36,000 ft.-lb. Find the unit shearing 
stress at the surface. Solve by the formula and check by proportion 
from the answer of Problem 1. 

3 . What is the unit stress in a shaft 0.901 in. in diameter caused by a torque 
of 1,000 in.4b.? 

4. Solve Problem 2 if the shaft is hollow with inside diameter of 4 in. Find 
stress at inner and at outer surface. 

Ans, Ss at outer surface = 12,693 Ib./in.^ 
Ss at inner surface — 8,462 Ib./in.^ 

6. What is the ratio of the maximum stress in Problem 2 to the maximum 
stress in Problem 4? Ans. 65 : 81. 

6 . Solve Problem 2 if the shaft is hollow with inside diameter 4 in. and the 
outside diameter such that the volume is the same as that of a solid 6-in. 
shaft. 

7 . The inside diameter of a hollow shaft is 4 in. Find the outside diameter 
in order that the unit stress in the outer fibers shall be the same as the 
unit stress in the outer fibers of a soHd 6-in. shaft. What is the per- 
centage of saving of material? 

8. If a is the outside radius of a hollow shaft and b is the inside radius, what 
is the expression for the unit stress at each surface? 

9 . In Table XIX calculate the unit stress in the outer fibers for a torque of 
400 in.-lb . and a torque of 2,400 in,-lb . Calculate the unit deformation for 
each torque. From these solve for the modulus of rigidity by dividing 
change of unit stress by change of xmit deformation. Solve also by 
Formula VIII of Art. 57. 

69. Torsion Failttre. — Table XIX gives part of the data from 
a test of a hollow cylinder of steel, S.A.E.-1020, having 0.17 per 
cent carbon. The jfirst column gives the torque in inch-pounds. 
The second column gives the angle in radians. Up to 3,020 inch- 
pounds torque, the angle was measured by Brown and Sharpe 
micrometers on 10-inch arms. The reading divided by 10 gave 
the angle. Two arms at 180 degrees were used to correct for 
possible eccentricity. This arrangement by which distances 
were measured from a sphere to parallel planes gives the sine 
of the angle. The largest angle measured was 0.08 radian for 
which the sine differs from the arc by less than 1 part in 800. 
For the larger angles the arms were reset to zero. 

The fourth column gives the unit stress in the outer fibers 
calculated by Formula IX. Up to 2,600 inch-pounds torque, 
these are correct. Beyond 2,640 inch-pounds the stress does not 
vary as the unit deformation, and Formula IX does not hold. It 
is customary, however, to use this formula up to the breaking load. 
The value of the ultimate strength calculated in this way gives a 
comparison of two similar materials. For brittle materials which 
have no yield point the formula is fairly good. 
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Table XIX. — Toksioj) Test op Low-casbon Steel, S.A.E.-1020 
Outside diameter, 0.900 inch; inside diameter, 0.500 inch. Gage length, 
5 inches. Angles measured by two Brown and Sharpe micrometers on 
10-inoh arms. Large angles measured with graduated circle. 


Toraue* 

inch- 

pounds 

Angle, 

radians 

Unit de- 
formation 

Unit 

stress, 

Ta 

J 

Torque, 

inch- 

pounds 

: 

Angle, 

radians 

Unit de- 
formation 

1 

i Unit 

I stress, 
Eq. (2) 

200 

0.0012 

0.000108 

1,544 

3,140 

0 4747 

0.0427 

19,857 

400 

29 

261 

3,089 

3,290 

5358 

482 

20,806 

600 

42 

378 

4,633 

3,420 

5934 

534 

21 , 628 

800 

56 

504 

6,177 

3,530 

6475 

582 

22,324 

1,000 

72 

648 

7,721 

3,630 

7243 

651 

22,956 

1.200 

86 

774 

9,266 

3,770 

7976 

718 

23,841 

1,400 

0.0101 

909 

10,810 

3,950 

9425 

S4S 

24,980 

1,600 

116 

0.001044 

12,355 

4,110 

1.0280 

925 

25,922 

1,800 

130 

1170 

13,899 

4,220 

1.1694 

0.1052 

26,687 

2,000 

146 

1314 

15,444 

4.340 

1.2409 

.1117 

27,446 

2,200 

160 

1440 

16,988 

4,380 

1.3526 

.1217 

27,699 

2,400 

175 

1575 

18,532 

4,580 

1.4608 

.1315 

28,964 

2,600 

190 

1710 

20,077 

4,720 

1.6301 

.1467 

29,849 


Running balance 


4,870 

1.S1S6 

.1637 

30,798 





4,920 

2.0560 

.1850 

31,114 

2,640 

270 

2502 

20,486 

5,310 

2.6691 

.2402 

32,442 

2,750 

469 

4225 

21,235 

5,530 

3.0054 

.2705 

34,972 

2,760 

557 

5013 


i 5,860 

4.1574 

.3742 

37,059 

2,740 

634 

5706 


1 6,000 

4.6286 

.4166 

37,944 

2,740 

688 

6192 


[ 6,180 

5.5537 

.4998 

39,082 

2,740 

787 

7083 


6,360 

6.3390 

.5705 

40,221 

2,740 

845 

7614 


I 6,510 

7.2990 

.6569 

41,169 

2,770 

957 

8613 


6,700 

8.8698 

.7983 

42,370 

2,790 

0.1119 

0.010071 


6,850 

10.5628 

.9507 

43,319 

2,790 

1753 

15777 


7,180 

12.7270 

1.1454 

45,406 

2,820 

2768 

24822 


7,200 

13.8091 

1.2428 

45,532 

2,840 

3227 

29043 


1 7,220 

14.5596 

1.3104 

45,658 

2,870 

3446 

31014 


1 7,250 

15.2228 

1.3701 

45,849 

2,920 

3714 

33426 


1 7,280 

15.9549 

1.4359 

46,039 

3,020 

0.3998 

0.035982 


1 7,320 

16.2002 

1.4580 

46,291 





[ 

7,330 

17.2125 

1.5491 

46,356 





[ 7,330 

17.5965 

1.5837 

46,355 


Figure 94 is plotted from Table XIX. Two divisions of the 
lower curve represent a unit deformation of 0.001. The yield 
point is at unit deformation of 0.0017 and torque of less than 
2,640 inch-poun(fe. The outer fibers reach the yield point 
first, while the stress at fibers beneath the surface is still increas- 
ing. When the torque has reached 2,750, the angle of twist is 
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about twice as great as it was when the outer fibers began to yield. 
Since the inner radius is five-ninths as great as the outer radius, 
when the angle of twist reaches 0.0469 radian the unit deforma- 
tion at the inner surface is greater than it was at the outer surface 
when yielding began. Consequently, all the material has reached 

H-Unit Deformation 



Fig. 94. — Torsion stress-strain diagram from Table XIX. 

the yield point at the torque of 2,750, and the stress is the same in 
all fibers. 

If Ss is a shearing stress which is constant throughout the 
section, the total stress on a circular element of radius r and 
thickness dr (Fig. 95) is Ss2'ir r dr. The resisting torque of the 
stress on this element is the total stress multiplied by r. 


T = 2ir s, J' r^dr = — (o® ~ h®) ; 
ZT 

- 27r(a» -6»)' 


For a solid cylinder. Equation (2) becomes 


( 1 ) 

( 2 ) 


s. 


3 T 

2 TT 


( 3 ) 


A solid cylinder does not differ so greatly from a hollow 
cylinder. Since the torque varies as the fourth power of the 
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diameter when the force varies as the distance from the axis, a 
hollow cylinder with inside radius one-half the outside radius has 
fifteen-sixteenths as great torque as a solid cylinder. If a small 
portion of a solid cylinder near the axis has not been deformed to 
the yield point, the error is not great if it is assumed that the 
stress is constant throughout. 

After the unit deformation passes 0.05, the 
torque-deformation diagram rises rapidly until 
the unit deformation becomes about 0.4 and 
then rises more slowly until rupture. On the 
steep part of the curve a calculation by Equa- 
tion (2) may be considerably in error, but it 
is certain that the stress at a distance of one- 
tenth the radius from the axis is not less than 
the stress at yield point. The curve is nearly 
fiat from unit deformation of 1.2 to 1.6. Equation (2) may 
be used with confidence in the determination of the ultimate 
shearing strength of soft steel in torsion if the gage length 
has an inside diameter which is three-fourths as great as 
the outside diameter. If, however, the material has been strained 
nearly to failure and then permitted to stand for some time, the 
stress on reloading may be proportional to the distance from 
the axis. 



Pig. 95. — Circulai 
element of area. 


Problems 

1 . Find the unit shearing stress for the hollow cylinder of Table XIX when 
the torque was 2,750 in.-lb. Compare with Formula VIII. 

Am. s, = 17,390 Ib./in.^ 

2. Find the unit stress at failure by Eq. (2) from the test piece of Table 
XIX. 

3. The solid md of Problem 6 (Art. 56), made of the same rod as that of 

Table XIX, had a yield point at 3,100 in.-lb, torque. Find the yield- 
point stress. Am. Sg = 21,730 lb. /in.® 

4. The torque on the solid bar of Problem 3 rose to 3,300 in.-lb. and then 
dropped to 3,260 in.-lb. at unit deformation of 0.036. Calculate the 
average stress by Eq. (3). Compare with Problem 1. 

Am. Ss = 17,140 Ib./in.® 

5. The rod of Problem 3 had a unit shearing deformation of 0.135 when the 

torque was 5,240. Find the average unit stress by Eq. (3). Compare 
with Table XIX. Am. h = 27,450 Ib./in.® 

6. The rod of Problem 3 had a unit deformation of 0.463 when the torque 

was 7,020 in.-lb. Find the unit stress by Eq. (3) and compare with 
Table XIX for similar deformation. Am. = 36,900 lb ./in.® 
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7. The maximum torque for the solid rod of Problem 3 was 8,170 in.-lb. 
and the angle of twist was 12.86 radians in the gage length- Find the 
ultimate shearing strength by Eq. (3) and the unit deformation. 

Ans. Ss = 42,950 Ib./in.S; 5, = 1.156. 
(The solid rod of Problem 3 stood one day under a torque of 3,500 in.-lb. 
mth an angle of twist of 0.4 radian, which may have modified its 
subsequent behavior.) 

8. Rods from the bar of Table XIX were tested in transverse shear by the 
apparatus of Fig. 24, 



1 Rod 1 

Rod 2 

Diameter 

< 

J 

0.750 in. 
i 19,320 1b. 

! 19,200 lb. 

1 38,710 1b. 

1 38,910 1b. 

0.992 in. 
33,250 lb. 
33,410 Ib. 

67,370 lb. 

Single shear, 

Double shear 



9. A bar of medium steel, 0.901 in. in diameter, twisted 2® 47' in a gage 
length of 10 inches when the torque changed from 
100 in.-lb. to 3,600 in.-lb. Find E,. 

Ans, Es = 11,160,000. 

10. The torque at the yield point of the bar of Problem 

9 was 4,000 in.-lb. The ultimate torque was 10,600 
in.-lb. with a twist of 1,577® in the gage length. 
Find the yield-point stress and the maximum unit 
deformation. Ans, Ss == 27,850 Ib./in.^; 8s — 1.24. 

11- Find the shearing strength of the rod of Problem 

10 by Formula VIII and by Eq. (3). 

Ans. Ss — 73,800 lb./in.2; s* = 55,350 Ib./in.^ 



Figure 96 shows the test bar of Problem 9 
after fracture. A chalk line was drawn length- 
wise along the bar before testing. This line 
appears as a spiral in the figure. 

Figure 97 shows a cast-iron bar which was 
tested in torsion. Shearing failure took place 
at right angles with the direction of the result- 
ant tensile stress which is caused by shearing 
stress (Art. 22). The 45-degree triangle shows 
9 6 ,__Xo" accurately the experiment agrees with the 

Sion failure’ of soft theory. The rupture spiral in this figure is 
opposite the spiral of the chalk line of Fig. 96. 


steel. 


Problems 

12. Sketch an element in the front surface of a vertical shaft, with four 
arrows representing the shear forces acting on this element from the 
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adjacent material when the applied torque is counterciockwisej \dewed 
from either end. Draw lines on this element to show the direction of 
the maximum tension and the direction of the line of rupture which 
would result from this tension. Compare with Fig. 97. 

13* The rod of Fig. 97 was 1.24 in. in diameter and failed under a torque of 
9,010 in.4b. Find the unit 
tensile strength. 

Ans. St = Ss = 24,070 Ib./in.^ 

60* Relation of Torque to 
Work. — To an arm of length iS, 
measured from the axis of a 
shaft, a force P is applied which 
is perpendicular to the plane 
passing through the axis of the 
shaft and the point of applica- 
tion of the force. The torque is 
RP. When the shaft makes one Fig. 97.— Torsion failure of cast-iron, 
revolution, the point of applica- 
tion of the force moves through a distance 2t R, The work done 
by the force P is 2 x i£ P. Since P P is the torque, 

Work = 27rPP - 2^r. 

The work per revolution is 2 x times the torque. This relation 
is true, whether the torque is due to a single force or to a number 
of forces. 

In problems relating to the work done by a rotating body, 
solve first for the torque. When this is obtained, it may be used 
in Formulas VIII and IX. 

Problems 

1. A shaft transmits 600 hp. at 240 r.p.m. Find the work per revolution. 
Find the torque in foot-pounds. 

Ans. 82,500 ft.-lb. of work; 13,130 ft.-lb. of torque (or Ib.-ft.). 

2. What must be the diameter of the shaft of Problem 1 if the allowable 

unit shearing stress is 6,000 lb. per sq. in.? Ans, B = 5M in. 

3. How many horsepower may be tmnsmitted by a hollow shaft w^hlch is 
4 in. inside diameter and 10 in. outside diameter if the allowable shearing 
stress is 5,000 lb. per sq. in. and the speed is 250 r.p.m.? JLns. 3,795 hp. 

4. If 8s is the allowable unit shearing stress, N is the number of revolutions 
per minute, hp is the horsepower, and a is the radit^ of a solid shaft, 
show that 

, 33,000 X 12 X _ 40,123Ip 

•« - ■^X N XS~ ~ NXS.- 
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6. If the allowable unit shearing stress is 5,000 lb. per sq. in., show that the 
diameter of a solid shaft should be approximately 



61. Helical Springs. — An interesting illustration of torsion 
is the elongation or compression of a helical spring, such as 
is shown in Fig. 98. A helical spring is made by- 
winding a wire or rod on a cyhnder (in a single 
layer, usually). The radius of the coil of the spring 
is the sum of the radii of the wire and the cylinder 
about which it is wound. When the spring is to be 
used in tension, the ends of the wire are turned in 
to the center, in order that the force may be applied 
in the line of the axis. Figure 98, II, is a plan of 
the lower turn. The force P is normal to the plane 
of the paper. Any portion of the spring C B 0 may 
be considered as a free body. The section at O is 
perpendicular to the wire. The plane of this sec- 
tion passes through the center (7. The force P at 
C has no bending moment with respect to the sec- 
tion at O. The effect of the force P acting on the 
arm C B O is independent of the form of the arm. 
As far as the stresses at 0 are concerned, C B O 
might be a straight rod from C to 0. The effect of 
the force P on the section at O is a torque P X R. 
Since O is any point on the helix, the entire wire, 
portion C B and a similar portion at 
the top, is subjected to the torque P X P. In 
addition to this torsion, there is a constant total shear P. Since 
the coils are not exactly horizontal, there is another slight correc- 
tion. Both of these, however, are neglected in ordinary 
calculations. 

The total elongation of a helical spring is calculated by multi- 
plying the angle of twist in the entire length of the wire by th6 
radius of the coil. 

Problems 

1. A rod 0.2 in. in diameter is iised to make a helical spring of 20 turns. 
The radius of the con from the axis to the center of ah sections is 1 in. 
What is the elongation, due to a load of 3 lb., if the modulus of rigidity 
is 12,000,000 lb. per sq. in.? ■ 




Chap. V] 


TORSION 


141 


r = 3 in.-lb.; J = — length of rod, 40 ^r. 


3 X 40 X X 2 
12,000,000 X 0.0001 


= 0.2 radian. 


Ans. Elongation = 0.2 X 1 = 0.2 in. 

2. What is the nnit shearing stress in Problem 1? 

Ans. S, = ^^52? = 1,910 lb./in.» 

IT 

3. If the same rod were used to make a spring of 10 tumsy each of 2-in, 

radius, what would be the elongation due to a load of 3 lb., and what 
would be the unit shearing stress? Ans. 0.8 in., 3,819 Ib./in.^ 

4. At Watertown Arsenal, a steel rod 1.24 in. in diameter and about 241 in. 

long was formed into a helical spring 7.64 in. outside diameter. A load 
of 5,000 lb. shortened this spring 4.64 in. Find the modulus of shearing 
elasticity. Ans. 11,460,000. 

6. In Problem 4 find the unit shearing stress under the load of 5,000 lb. 

Ans. 42,740 Ib./in.^ 

6. If E is the radius of the helix, r the radius of the rod, P the load, the 
modulus of elasticity in shear, and n the number of turns, prove that 


Elongation = 


4FRH 

E,r^ 


7. li Ss is the allowable unit shearing stress, fimd the elongation of a spring 
in terms of Sg, Esj R, r, and n. 

Ans. Elongation = 

8 . Find the expression for the elongation of a helical spring in terms of 
S,, E„ B, r, and I, in which I is the length of the rod. 

Ans. Elongation = 

62. Resilience in Torsion. — A force P at the end of an arm 
R twists a shaft of length I through an angle of d radians. If 

P 

there is no torque at the beginning, the average force is 2 ’ 
the work of twisting is given by 


Work = 


PRO 

2 


U 



TH 

2EJ 


( 1 ) 

( 2 ) 


If the shaft is circular and of radius a, 

j^sn J SU 


U = 


2 a^EJ 2 a^E, 


( 3 ) 
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For a solid circular shaft 


aH S? 


X volume, 


and the energy per unit volume is 


Formula X 


Since the modulus of rigidity of metals is much less than the 
modulus of elasticity in tension or compression, the energy of 

1 2 E 

torsion is relatively large. When Poisson^s ratio is E^ is 
When this value of Ea is substituted in Formula X, the result is 


The elastic limit in shear is somewhat smaller than the elastic 
limit in tension or compression. If the limits were the same, a 
solid cylinder in torsion would store more energy than a block 
under direct stress. With direct tension or compression, the 
force must be very large and the displacement must be very 
small. With torsion, as in a helical spring, the displacement may 
be large and the force correspondingly small. 


Problems 

1. In Problem 4 of Art. (61), find the work done by the load of 6,000 lb. in 
shortening the spring and the work per cubic inch. 

Am. 11,600 in.-lb,; 39.8 in.-lb./in.® 

2. Find the resilience per cubic inch in Problem 1 by means of Formula 
X and the answers of Problems 5 and 4 of Art. 61. 

3. A spring at the Watertown Arsenal was made of 36 lb. of steel rod 1.02 in. 

in diameter. The outside diameter of the coil was 4.30 in. A load of 
11,000 lb. changed the length of this spring from 20.63 in. to 16.67 in. 
After the load was removed, the spring returned to its original length 
to within 0.02 in. Find the energy per cubic inch and the energy per 
pound. Ans. 50.4 ft.-lb./lb. 

4. In Problem 3 what was the maximum shearing stress due to torsion? 

Am. 86,580 Ib./in,^ 
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63. Definition. — A beam is a rigid body subjected to parallel 
transverse forces. Figxire 99 is the front view of a horizontal 
beam, which is firmly held at the right end and carries a load P 
at the left end. The wall in which the beam is fixed exerts an 
upward pressure Ri and a downward pressure R^. These two 
reactions and the load P constitute the set of parallel transverse 
forces. Figure 100 shows a second beam, which is simply sup- 



ported near the ends and carries a concentrated load P between 
the supports. In addition to the concentrated load P and the 
reactions Pi and P 2 in Figs. 99 and 100, the weight of the beam 
itself furnishes another parallel transverse force. If the material 



Fig. 101. — Cantilever. Fro. 102. — Beam fixed at both ends. 


of the beam is of uniform density and all cross sections are aUke, 
the weight is uniformly distrihvted. 

64. Kinds of Beams. — Be ams may be classified according to 
the character of the support. Figures 99 and 101 represent beams 
which are fixed at one end and free at the other. A beam 
supported in this way is called a cantilever. Figure 102 shows a 
beam fixed at both ends. The beam of Fig. 103 is fixed at the 
right end and supported at the left end. Figure 104 shows a 
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simply-supported beam which overhangs its supports. A beam 
with three or more supports, as in Fig. 105, is a continuous beam. 

Beams may be classified also in accordance with the type of 
loading. Figures 99, 100, and 103 show a single concentrated load 
on each beam. Figure 101 shows a load which is uniformly 
distributed over the entire length of the beam. The beam of 
Fig. 105 carries a uniformly distributed load on the left overhang 
and on one-haK of the left span and carries another distributed 



Fig. 103. — Beam fixed at one end and Fig. 104. — Beam overhanging 

supported at the other. its supports- 


load of greater -weight per unit length over the right span. The 
beam of Fig.- 104 is loaded uniformly for the left half of its 
length and has a concentrated load on the right end. Figure 102 
shows two concentrated loads, symmetrically placed. . 

A beam is not necessarily horizontal. A vertical fence post 
subjected to the horizontal force of the wind or the horizontal 

reactions of the hinges of a gate 
' H I III 1 1 III 1 1 1 III ^ cantilever beam. A post 

P 4* h 4 at the end of a line of wire fence 

is a vertical beam which is 
supported xiorizontally at the 
top and partially fixed at the bottom and carries a horizontal 
load at each wire. 

66. Reactions at Supports. — ^The calculation of the reactions 
at the supports of a beam is a problem of the equilibrium of 
non-concurrent coplanar forces. The general problem of non- 
concurrent coplanar forces has three unknown quantities and 
requires three independent equations. When all the forces are 
parallel, as in most cases of beams, there are only two unknowns, 
and only two independent equations are required. One of these 
equations miust be a moment equation; the other may be either a 
moment equation or a resolution equation. It is best to solve 
by two moment equations and then check by a resolution 
equation. In order to eliminate one unknown, the origin of 
moments for the first equation, at least, should lie on one of the 
unknown reactions. 
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Example I 

A uniform beam 12 ft. long, weighing 60 lb., is supported at the ends 
and carries a load of 72 lb. 4 ft. from the left support (Fig. 106). Find 
the reactions at each support. Remembering that the center of gra\’ity of 



a uniform beam is at the middle of its length, take moments about a hori- 
zontal line perpendicular to the beam through the right support. 


Load, 


Arm, 

Moment, 

Foot- 

Pounds 


Feet 

pounds 

60 

X 

6 

= 360 

72 

X 

8 

- 576 

Ri 

X 

12 

= 936 



JSi 

- 78 lb. 


Taking moments about the left support: 

60 X 6 - 360 
72 X 4 - 288 

X 12 - 648 
Rt = 54 lb. 

Check by vertical resolutions. 


Loads 

Reactions 

60 

54 

72 

78 

132 

132 



Fig, 107. — Beam overhanging left support. 

Example IE 

A beam 20 ft. long, weighing 30 lb. per foot is supported at the right end 
and 4 ft. from the left end and carri^ a load of 80 lb. at the left end (Fig. 
107). Find the reactions and check. 



146 


STRENGTH OF MATERIALS 


[Aet. 65 


The total weight of the beam is 30 X 20 = 600 lb. 

Taking moments about an axis through the right support: 

600 X 10 = 6,000 
80 X 20 = 1,600 

X 16 = 7,600 
Ri ^ 475 lb. 

Taking moments about an axis through the left support: 

600 X 6 =- 3,600 

80 X ~4 =- -320 

RoX 16=3,280 
R. = 205 lb. 

It will be noticed that in the first part of each example counter- 
clockwise moment is written positively and in the second part 
clockwise is written positively. This is done for convenience 
to avoid negative signs as much as possible. It makes no differ- 
ence which sign is given to a moment expression, provided the 
same convention is retained throughout one equation. When the 
moments are not all of the same sign, it is convenient to take 
as positive the rotation which has the greatest number of terms. 
The direction of a moment should always be determined by 
noting which way it tends to rotate about the axis of moments 
rather than by observing the mathematical sign of the forces 
and the arms. 

In the second example, the moment of the left 4 feet of the 
beam is counterclockwise about the left support, while that of 
the remaining 6 feet is clockwise. Some students would write 
these two portions separately taking 120 pounds with a moment 
arm of 2 feet and 480 pounds with a moment arm of 8 feet. The 
method used in the illustrative example, where the whole weight 
is treated as concentrated at its center of gravity 6 feet from 
its right support, is shorter. Again, some would write these 
moments in the form of an equation, the first part of the second 
example being 

600 X 10 + 80 X 20 - 162Ji. 

This is sometimes convenient when there are factors which can 
be cancelled, but generally it is better to arrange the work as 
shown in the example. Where there are a large number of 
terms, several of which are negative, it is advisable to put the 
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positive moments in one column and the negative moments in 
another. 


Problems 

{Always 7nake a sketch of the beam showing all dimensions and loads in the 
solution of problems and examples. If there is a sketch in the hook, make 
your own sketch. Failure to make sketches and failure to work examples 
through frequently cause failure in the term’s work.) 

1. A simply supported beam is 12 ft. long between supports and carries a 

load of 720 lb. 5 ft. from the left support. Find the reaction at each 
support caused by this load. Solve by two moments and check by a 
vertical resolution. A7is. Ri == 420 lb.; == 300 lb. 

2. A horizontal beam, 18 ft. long, is supported at the right end and 3 ft. 
from the left end. It carries a load of 240 lb. per ft., including its own 
weight. Find the reactions and check. 

Ans. Ri - 2,592 lb.; i ?2 - 1,728 lb. 

3. A horizontal beam, 20 ft. long, is supported at the right end and 3 ft. 
from the left end. It carries a load of 340 lb. per ft., including its own 
weight, a load of 1,020 lb. at the left end, and a load of 180 lb. 3.4 ft. 
from the right end. Find the reactions and check. 

Ans. Ri = 5,236; R^ = 2,764. 

4. A horizontal beam, 24 ft. long, is supported 4 ft. from the left end and 

2 ft. from the right end. It carries a uniformly distributed load, including 
its o^m weight, of 360 lb. per ft. A concentrated load of 1,200 lb. is 
1 ft- from the left end, and a load of 2,160 lb. is 7 ft. from the right end. 
Find the reactions and check. Ans. Ri — 6,800; = 5,200. 

6. In Problem 4, the concentrated load of 2,160 lb. at 7 ft. from the right 
end is replaced by a load which makes the end reactions equal. Find 
this load and check. 

6. A beam 4 ft. long, weighing 60 lb., with its center of gra^dty at the 
middle, is hinged at the lower right comer (Fig, 108) and held horizontal 
by a horizontal pull 8 in. above the hinge. Find this horizontal pull 
(iJ), the horizontal component of the hinge reaction (C), and the vertical 
component of the hinge reaction (F)* 

Ans. E, 180 lb.; C, ISO lb.; F, 60 lb. 

7 . The beam of Fig. 108 is hinged at the lower 

right corner and supported by a rope p 'j ^ 

which is attached to a point 8 in. above 
the hinge. This rope makes an angle of 
10° above the horizontal toward the right. 

Find the tension in the rope and the com- 
ponents of the hinge reaction. Solve 
also graphically. 

8. What should be the direction of the rope of Problem 7 in order that the 
vertical reaction at the hinge may be zero? Solve geometrically. 


-< 

4 0 

> 


Wt. 60^ 



108. — Beam supported by 
horizontal couple. 


66. Shear in Beams. — Figure 109 represents a cantilever 
which is fixed at the right end and carries a concentrated load P 
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near the left end. A section E F G across this beam separates 
the left portion as a free body. Figure 113 shows the front 
elevation of this cantilever. The load P is at a distance a from 
the left end, and the section P P (? is at a distance x from the left 
end. The weight per unit length is w. When the portion of 
the beam to the left of the section E F Gis considered as the free 
body in equilibrium, the external forces are the load P and the 



weight of the portion, which is w x. This portion of the beam is 
kept in equilibrium by the internal forces which the portion on the 
right of the section E F G exerts across the section. 

Figure 110 shows the beam actually cut in two at the section 
F G. A cyhnder, with its axis horizontal, perpendicular to the 
length of the beam, separates the two portions near the bottom. 



Fig. 110. — Cantilever shear and Fig. 111. — Cantilever shear resisted by 
tension. friction. 


and a short horizontal chain connects them near the top. A 
vertical chain is attached to the right end of the left portion. 

The tension in each chain and the compression in the cylinder 
are calculated as a problem of the equihbrium of non-concurrent 
coplanar forces. By a vertical resolution, the tension in the 
vertical chain is shown to be equal to the sum of the two vertical 
loads. This may easily be verified if the chain is supported by 
a spring balance. The horizontal resolution shows that the pull 
H of the horizontal chain is equal to the horizontal push C of the 
cylinder. 
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In Fig. Ill, the cylinder is replaced by a rectangular block. 
If the coefl&cient of friction is sufficiently large, the friction will 
exert a vertical force equal to the w^eight of the portion, and the 
vertical chain may be removed. This vertical force is trans- 
mitted across the rectangular block as vertical shear. 

In Fig. 112, the portions of Fig. 110 or Fig. Ill are supposed 
to be glued together. All of the glue is in vertical shear. The 
upper half is in tension and the low'er half is in compression. 

Figure 113 represents a similar beam w^hich has not been cut. 
The material in it at any section, betw^een tw’o imaginary parallel 



Fig. 112. — Resisting shear and mo- Fig. 113. — Shear and moment 
ment at glued section. at section. 


planes very close together, is under the same stresses as the glue 
of Fig. 112. 

The vertical shear, Fi of Fig. 113, is called the resisting shear. 
The resultant of all the forces parallel to the section which act 
on the portion of the beam on either side of the section is called 
the external shear. In a horizontal beam the external shear (for 
a section at right angles to the beam) is vertical and is called the 
total vertical shear. In formulas total vertical shear is represented 
by V. The resisting shear on one side of any section is equal and 
opposite to the external shear acting on the portion of the beam 
on the other side of the section. In Fig. 112, the external shear 
on the portion of the beam to the left of the section isP + wx 
acting downward and is equal to the resisting shear with which 
the portion to the right of the section acts on the glue. Since 
the entire beam is in equilibrium under the action of the external 
forces, the external shear on the portion to the right of the sec- 
tion must be equal and opposite to the shear on the left portion. 
In like manner, the portion to the left of the section exerts a shear 
equal and opposite to 7i upon the portion to the right. 

The magnitude of the vertical shear may be determined from 
the vertical resolution of all the external forces which act on 
either the left or the right portion of the beam. The sign of the 
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shear is regarded as positive when the resultant of all the vertical 
forces which act on the portion to the left of the section is upward- 
In Figs. 109 to 113; inclusive, the forces P and w x are downward. 
The vertical shear, therefore, is negative. In Figs. 112 and 113, 
the single-barbed arrow to the right of the section is upward. 
This arrow represents the resisting shear across the section F G 
with which the portion to the right of the section opposes the 
external shear on the portion which is taken as the free body. 

Example 

A uniform horizontal beam, 10 ft. long, weighing 12 lb. per ft., is supported 
at the ends and carries a load of 30 lb. 3 ft. from the left end (Fig. 114). 



Find the total vertical shear at a section 2 ft. from the left end and at a 
section 4 ft. from the left end. 

The reactions are 81 lb. at the left support and 69 lb. at the right support. 
With the left portion used as the free body in equilibrium, at 2 ft. from the 
left end, 

Fs = 81 - 2 X 12 = 57 lb. 

At 4 ft. from the left end, 

F 4 - 81 - 4 X 12 - 30 = 3 lb. 

Just before the load of 30 lb. is reached, the shear is 

Fs- = F 2 - 12 = 57 ~ 12 = 45 lb. 

Just after the load is passed, the shear is 

V,+ - 45 - 30 - 15 lb. 

Problems 

1 . Check the example by using the right portion of the beam as the free 
body. The numbers should be the same as in the example with the signs 
opposite. 

2 . In Problem 2 of the preceding article, find the shear at 2 ft., 4 ft., 6 ft., 
and 10 ft. from the left end. Check. 

3. In Problem 4 of Art. 65, find the shear at 6 ft., 12 ft., and 18 ft. from the 
left end, 

67. Bending Moment and Resisting Moment. — In Fig. 110, the 
negative vertical shear is resisted by the tension in the vertical 



Chap. VI] 


BEAMS 


151 


chain. In Fig, 111, the friction of the rectangular block provides 
the resisting force. In a horizontal beam subjected to vertical 
forces, the vertical shearing stress of the material resists the 
external vertical shear. In so far as vertical linear displacement 
is concerned, these forces produce equilibrium for the portion 
of the beam that is regarded as the free body. However, if the 
cylinder of Fig. 110 should be removed or crushed, the free 
portion of the beam would rotate around the intersection of the 
chains. The vertical loads and reaction produce a moment Tcith 
respect to any horizontal axis in the section. For equilibrium, 



Fig. 115. — Moment of cantilever section. 


this external moment must be balanced by the resisting moment 
at the section. If moments are calculated with respect to 
the line of contact of the cylinder of Fig. 110 with the free portion 
of the beam, the moment of the vertical chain is zero. The force 
P causes a counterclockwise moment P X (x — a) and the dis- 

tributed load causes a counterclockwise moment w rr X 2" The 

clockwise moment of the horizontal tension H must balance 
the resultant moment of these loads. Expressed as couples, the 
resultant of P and w x do wm ward forms a counterclockwise couple 
with the equal, upward force V exerted by the vertical chain. 
This couple is balanced by the clockwise couple formed by the 
equal, opposite horizontal forces H and C. Since these are 
couples, the moment of either is the same with respect to any 
axis perpendicular to their common vertical plane. It is con- 
venient to calculate the moment about any axis in the plane 
of the section, provided this axis is perpendicular to the plane of 
the external forces. 

Since the resisting moment and the external moment are equal, 
it is customary to speak of the moment at the section. Since an 
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element of volume between two transverse parallel planes, which 
are infinitely close together, is in equilibrium, the moment of the 
portion on one side of the section formed by this element must be 
equal and opposite the moment of the portion on the other side. 
Moment at any section of a beam may be calculated by taking 
the moment of all the reactions and loads to the left of the section 
or the moment of all the reactions and loads to the right of the 
section. 

Bending moment is considered positive when the forces to the 
left of the section tend to cause clockwise rotation about the sec- 
tion. The moment at every section’ of Figs. 109 to 113, inclusive, 
is negative. If any of these beams were partly cut off, the left 
portion would turn counterclockwise. The moment at every 
point in the two cantilevers of Fig. 116 is negative. If the second 
of these were cut off at F, the portion to the right of F would turn 
clockwise, which means that the portion to the left of F tends to 
turn counterclockwise and would turn this way if the moment 
of the load P were removed by cutting the beam at F. A 
horizontal beam bent by a negative moment has its center of 
curvature downward. A downward force on a beam 'produces 
negative moment. 

The moment at every section of Fig. 114 is positive. The 
left reaction tends to turn the left portion ia a clockwise direction 
about any section. It is true that the downward load of 3 0 pounds 
tends to turn every section at more than 3 feet from the left end 
in a coimterclockwise direction. However, the bending moment 
of the left reaction is numerically greater than the moment of the 
30 pounds at every section of the beam. At the right end these 
moments are numerically equal and the resultant moment is 
zero. By beginning at the right end and using the right portion 
of the beam, it is seen that the forces on this portion tend to turn 
it in a counterclockwise direction to an observer at the front 
of the beam. Counterclockwise rotation of the right portion or 
clockwise rotation of the left portion means positive moment. 
When the right portion of the beam is considered, it is convenient 
to imagine one’s self on the opposite side of the beam and facing 
forward. Clockwise then becomes counterclockwise, and right 
becomes left. 

The moment at any section of a horizontal beam is the same in 
magnitude and sign, whether calculated from the left portion or the 
right portion or viewed from the front or the rear. The shear cal- 
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culated from, the left end has the same magnitude as the shear 
calculated from the right end, but the sign is opposite. 

A horizontal beam bent by a positive moment has its center 
of curvature upward. An upward force produces positive moment. 
The simply-supported beam of Fig. 116 has positive moment 
throughout its length by any one of the following reasons: 

I. E\ndently the beam is con- 



moment. 


from the rear of the beam, the right reaction has the same effect. 

The lowest beam of Fig. 116 has n^ative moment outside 
the supports. The positive moment caused by the left reaction 
is added to the maximum negative moment over the left support. 
At A the sum of the positive and negative moments becomes 
zero. The positive moment increases from A to the load Pa and 
then decreases, on account of the negative moment caused by 
Pa, to zero moment at B. 

The sections at A and B, at which the moment changes sign, 
are called points of inflection or points of cordraflexure. 

When a beam is not horizontal, as in Fig. 117, the X axis |s 
taken parallel to the direction of its length and the Y axis at 
right angles to the direction of the X axis in the counterclockwise 
direction from that axis. The moment is positive when the 
ordinate of the center of curvature is positive, and negative when 
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the ordinate of the center of curvature is negative. In Fig. 117, 
the moment is positive from A to the point of contrafiexure at 
B and is negative from B to the right end. 

Bending moment is represented by M in formulas and equations. 

Example 

A beam 16 ft. long is supported at the right end and 4 ft. from the left end. 
It carries a uniformly distributed load of 60 lb. per ft. A load of 240 lb. is 



Fig. 118- — Beam for calculating reactions. 


on the left end and a load of 360 lb. is 6 ft. from the right end. Find the 
moment and shear caused by these loads at intervals of 4 ft. 

First make a sketch with dimensions and loads. 

Total distributed load = W ==tcZ==60Xl6 = 960 lb. 

For external reactions, this load may be regarded as concentrated at the 
middle of the beam. Its position may be represented by a cross on the 
sketch. If this force is represented by an arrow, there is danger of using it 
incorrectly as a concentrated load in the calculation of internal moment or 
shear. 

Taking moments about the right support: 

Force Arm Moment 
240 16 3,840 

960 8 7,680 

360 6 2,160 

1,560 12 = 13 , 680 ft.-lb. 

Ri= 1,1401b. 

Taking moments around the left support: 

240 -4 -960 

960 4 3,840 

360 6 2,160 

12 - 5,040 

= 420; 420 + 1,140 - 1,560, check. 

After the reactions have been calculated and checked, they should be written, 
on the sketch. Calculated numbers that are not part of the original data 
should be designated by a parenthesis or preceded by an equality sign. 

Figure 119 shows the sketch as it appears after the reactions are written. 
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^4^ 4 ft, from the left end: 


Force 

- 240 

- 240 


1 1 1 

3 

Moment 

960 

480 


- - 480 


3/4 — 

1,440 


Ai 8 ft. from the left €7id: 




- 240 

- 480 

1,140 

It* 00 

1 1 1 

1,920 

1,920 
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Fig. 119. — Distributed and concentrated loads. 


At 12 ft from the left end: 


- 240 

12 

- 2,880 


- 720 

6 

- 4,320 


1,140 

8 


9,120 

- 360 

2 

- 720 


Vis = -1,320 + 1,140 = -180 

3/12 - 

- 7,920 + 

9,120 = 1,200 

At 16 ft. from the left end: 

- 240 

16 

- 3,840 


- 960 

8 

- 7,680 


1,140 

12 


13,680 

- 860 ’ 

6 

- 2,160 


Vis- = -1,560 + 1.140 = -420 

3fl6 = 

-13,680 + 13,680 = 0 


The expression T^ 4 _ means the shear infinitely close to the left of the 
reaction at 4 ft. The shear infinitely close to the right of this reaction is 
designated by F 4 ^. This shear is —480 + 1,1*10 "= 


Problems 

1 . In the example above, find the shear and moment at 6 ft., 9 ft., 10 ft., 
and'’14 ft. from the left end. 

Jins. Fe = 540, Mq = -240; Fs = 3d0, - 1 , 110 ; Fio- == 300, 

= -60, If 10 == 1,440. ^ ^ 

2. A beam 12 ft. long, weighing 40 lb. per ft., is supported at the ends. 
Find the moment and shear at 4 ft. from the left end and at the middle. 

Ans. Ma = 640 ft.-lb., F 4 - 80 lb.; Me = 7^ ft.-lb., F® - 7 



156 


STRENGTH OF MATERIALS 


[Akt. 68 


3. A beam of length Z is simply-supported at the ends and carries a load P 
at the middle. Find the moment at the middle, at one-third the length 
from the left end, and at two-thirds the length from the left end. 

P I 

Ans. At the middle, ikf = — - 
^ 4 

4, A beam of length Z is simply-supported at the ends and carries a load P at 
the middle. Find the expression for the moment at a distance x from the 
left end when x is not greater than one-half the length. Find the expres- 
sion for the moment when x is greater than one-half the length. 


6 . 


6 


, P X P X 

Ans. M = M = 




I 


A simply-supported beam of length Z carries a uniformly distributed load 
of w per unit length. Find the moment at the middle, at one-third the 
length from the left end, and at two-thirds the length from the left end. 

'w P 

Ans. Moment at the middle = -g-- 

In Problem 5, find the expression for the moment at a distance x from the 
left end. Also find the shear. 

X ^ w x^ 

7. Solve Problem 5 by the formula of Problem 6. ' Solve also for the moment 
at one-fourth and at three-fourths the length from the left end. 

68. Shear Diagrams. — It is often convenient to represent 
the total shear at all sections of a beam by means of a diagram. 


Ans. Mx = 





Fig. 120. — Shear diagram for distributed load. 

Figure 120 is the shear diagram for a uniform horizontal beam, 
which is 12 feet long,, weighs 20 pounds per foot, and is supported 
at the ends. Each end reaction is 120 pounds. At any section 
of the beam, the shear is the algebraic sum of the left reaction 
upward and the weight of the portion of the beam between the 
left end and the section acting downward. Infinitely near the left 
support, the weight of the portion of beam to the left is negligible. 
The shear, therefore, is the left reaction of 120 pounds. Infinitely 
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near the right support, the shear is the reaction of 120 pounds 
minus the weight of practically all the beam, which is 240 pounds. 
The shear is, therefore, minus 120 pounds. A 1 foot from 
the left end, the shear is 

Vi = 120 — 20 == 100 pounds. 

At X feet from the left end, 

F, = 120 - 20 X. (1) 

Equation (1) is the equation of a straight line. To construct 
this diagram it is necessary only to find the shear at each end and 
draw the straight line which connects the extremities of these 
shear ordinates. 

Figure 121 is the shear diagram for a beam which is 10 feet long, 
weighs 60 pounds per foot, is simply-supported at the ends, and 
carries a load of 200 poimds 3 feet from the left end. By 
moments about the right support, the left reaction Ri is found to 
be 440 pounds. By moments alx>ut the left support, the right 
reaction is found to be 360 pounds. The sum of these reactions 
is 800 pounds, which checks the total load. 

The shear is 440 pounds infinitely near the left support. 
It drops 180 pounds in the first 3 feet and is 260 pounds infinitely 
close to the left of the load of 200 pounds. Under this load, the 
shear diagram drops vertically 200 pounds. The shear infinitely 
close to the right of the 200-poxind load is 60 pounds. Beyond 
the concentrated load, the shear drops at the rate of 60 pounds per 
foot for the remaining 7 feet. It is minus 360 pounds infinitely 
close to the left side of the right support. The right reaction of 
360 pounds raises the diagram to the initial line. The diagram 
crosses the initial line, or zero ordinate, 1 foot to the right of the 
concentrated load, which is 4 feet from the left support. 

The shear diagram of Fig. 121 is a vertical straight line at each 
support and at the concentrated load, and the discussion refers 
to points infinitely near the supports or the load. This method of 
treatment assumes that the loads and reactions act on mathe- 
matical lines. In reality, the mrface of contact is a band of some 
width extending across the beam, and the actual shear diagram 
is something like that represented by the broken curved lines. 

In Fig. 121, the shear decreases 60 pounds for every foot. 
With the origin of coordinates at the left end, the equation of 
shear for the first 3 feet is 

V = 440 — 60 X, 


( 2 ) 
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For the remainder of the beam, 

7 = 440 - 200 - 60 a; = 240 - 60 a:. (3) 

If the origin of coordinates is taken at the concentrated load, 
the equation of the shear for the beam to the right of that load is 

7 == 60 ^ 60 X. (4) 

It is frequently desirable to locate the point at which the shear 
is zero. This may be done by means of the equation of the shear 
diagram. If Equation (2) were used, the result would not be 



Fig. 121. — Concentrated and distributed loads. 

the point desired, since this equation applies only to the part 
of the beam to the left of the load. Equation (3) gives the point 
4 feet from the left end and Equation (4) gives it 1 foot from the 
load of 200 pounds. 

Generally, it is better not to think of the equation of the line. 
At 3 feet the shear drops to 60 pounds. It continues to drop at 
the rate of 60 pounds per foot. In what distance will it become 
zero? 


Problems 

1. Construct the shear diagram for the example of Art. 66 (Fig. 1 14) to the 
scale of 1 in. equals 2 ft. of length and 1 in. equals 20 lb, of shear. Find 
the point on the beam at which the shear is zero by an equation and 
compare with the graphical solution. 
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2. Construct the shear diagram for the example of Art. 67 (Fig. 118) to the 
scale of 1 in. equals 4 ft. of length and 1 in. equals 200 lb. of shear. Find 
the position of zero shear algebraically and graphically. 

3. A simply-supported beam 10 ft. long carries a load of 400 lb. at the middle. 
Draw the shear diagram to any convenient scale. The weight of the 
beam, which is not given, is neglected. 

4. Solve Problem 3 if the load is 4 ft. from the left end. 

P 

6. A beam of length I is supported at the ends and carries a load at one- 

third the length from the left end and an equal load at one-third the 
length from the right end. Construct the shear diagram to any con- 
venient scale. 

6. A beam 16 ft. long, supported at 4 ft. from the left end and 2 ft. from 
the right end, carries 120 lb. on the left end and 240 lb. on the right end. 
Construct the shear diagram to the scale of 1 in. equals 4 ft. of length and 
1 in. equals a shear of 100 lb . 

Shear diagrams are usually made up of straight lines. These 
lines are horizontal from one load to the other when the loads are 
concentrated and the weight of the beam is neglected. With 





uniformly distributed loads, the lines slope downward from left 
to right. (With distributed loads pushing up, as in. the bottom 
of a boat subjected to water pressure, the lines slope upward.) 
Where loads are distributed not uniformly, as in the case of the 
water pressure on a vertical dam, the shear diagram is curved. 

The student should become sufficiently familiar with the 
simpler shear diagrams to be able to recognize the character of 
the loading at a glance. 
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Problem 

7. Describe the loading and the character of support which give each of 
the shear diagrams of Fig. 122. 

69. Moment Diagrams. — Moment diagrams are constructed 
in the same way as shear diagrams. The abscissas represent 
p horizontal distances in the beam, 

j^ - - --j-- — 4 ■ and the ordinates represent the ex- 

- i ternal moments. In this book, posi- 


,'■■■ i' I ^"7 writers, however, prefer to draw the 

L !' moments opposite to the method here 

SHEAR D'AGRAV. I , 

Since shear diagrams usually consist 
of straight lines, they are easy to con- 
struct. Moment diagrams are curved, 
except when all the loads are concen- 
trated. 

MOMENT DIAGRAM 

Fig. 123 —Singly concentrated Figure 123 shows the shear and 

moment diagram for a beam sup- 
ported at the ends and carrying a load P at the middle. The 

p 

weight of the beam is neglected. The end reactions are The 

P X 

moment at any section at a distance x from the left end is 

provided x is not greater than one-half of the length. Under the 
P I 

load the moment is The moment diagram for the left half 


of the beam is a straight line through the points (0, 0) -j-J* 

Beyond the concentrated load, the moment caused by the reaction 
at the left end is diminished by the moment caused by the load 
at the middle. At a distance x from the left end, when x is 


greater than 


Moment = 


4-^)=v- 


Px P 

^ = ( 1 ) 


This also is a straight line. The last of the expressions for the 
moment may be obtained directly by using the portion to the 
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right of the section as the free body. The right reaction is ^ 

and its moment arm ibI — x. 

Figure 124 gives the shear and moment diagrams for a beam 
which is supported at the ends and carries a uniformly distributed 
load over the entire span. For the general c^se of a beam of 
length I with a load of w per unit length, the end reactions are 
w h 

— • At a distance x from the left end, the moment of the end 





MOMENTS 

Fig. 124. — Uniformly distributed load. 


'll) 1/ X * 

reaction is — 5 — ■ The uniformly distributed load over the length 
or is —wx. The moment arm of this distributedioad with respect 

X 

to the section at a distance x from the end is and the moment 

"W x^ 

of the distributed load about this section is Moment at 

any section is given by 



w X® 




( 2 ) 


Since x and I — x appear in the first degree in Equation ( 2 ), it is 
evident that the curve is ssunmetrical with respect to a vertical 

line through the middle; the line ^ 


Example 

A beam 12 ft. long weighs 20 lb. per ft. It is supported at the left end 
and 2 ft. from the right end and carries a load of 100 lb. 2 ft. from the left 
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end and a load of 80 lb. at the right end. Construct the shear and moment 
diagrams to the scale of 1 in, horizontal equals 2 ft. of length, and 1 in. verti- 
cal equals 100 lb. shear and 100 ft.-lb. moment. 

Figure 125 shows the curves for this example. Under the load 
of 100 pounds, the shear diagram drops from 120 pounds to 



20 pounds and the moment diagram has an abrupt change of 
curvature. At the right support, the shear diagram rises verti- 
cally and the moment diagram has a still more abrupt change of 
curvature and direction. The shear diagram crosses the X axis 
3 feet from the left end, at which point the moment is a maximum. 
The shear again crosses the X axis at the right support, where 
the moment is a minimum. 
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Problems 

{Construct all diagrams with shear directly below the sketch of the beam, and 
moment directly below shear.) 

1. Construct the shear and moment diagrams for a simply-supported beam 
of length I which carries a load P at six-tenths the length from the left 
end. Neglect the weight of the beam. 

2. A simply-supported beam is 10 ft. long and carries a uniformly distributed 
load of 200 lb. per ft. over 6 ft. adjacent to the left support, and no load 
over the remainder. Construct shear and moment diagrams to the 
scale of 1 in. equals 2 ft. of length, 1 in. equals 500 lb, of shear, and 1 in. 
equals 500 ft.-lb. Calculate the shear at only three points. Calculate the 
moment at intervals of 1 ft. for the first 6 ft. 

3. A beam 12 ft. long is supported at the right end and 2 ft. from the left 
end. It carries a uniforml}- distributed load of 20 lb. per ft., a load of 
80 lb. on the left end, and a load of 100 lb. 2 ft. from the right end. Con- 
struct the shear and moment diagrams to the scale of 1 in. equals 2 ft. of 
length and 1 in. equals 100 lb. of shear and 100 ft.-lb. of moment. 

4. Construct the moment diagram for Problem 5 of Art. 68, 

5. A uniformly loaded beam, 14 ft. long, is supported at the left end and 
4 ft. from the right end. Draw the shear and moment diagram. 

6. A uniformly loaded beam of length 2 I is supported at the ends and at the 

middle. It is known that the reaction at each end is * Draw the 

a 

shear and moment diagrams. 

70* The General Moment Equation. — In the examples which 
have been given, the origin of coordinates has been taken at 
the left end of the beam. But it is often desirable to be able 
to write the moment equation with any point as the origin. 
Figure 126 represents a beam of indefinite extent with the origin 



Fig. 126. — Genersd case of loading. 


of coordinates on a vertical line through 0. To the right of the 
origin, at distance ai, 02 , etc., there are concentrated loads Pi, 
P 2 , etc. There is also a uniformly distributed load of w per unit 
length. There may be any number of vertical loads and reac- 
tions to the left of the origin, but all the vertical loads may be 
replaced by their resultant Q at some definite distance 6 from 
the origin, and all the vertical reactions by a single reaction R 
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at a distance c from the origin. Writing the moment with respect 
to a section at a distance x from the origin: 

M = R(c + x) — Q(b + x) — Pi(x — ai) — 

PaCx — Ui) — ; (1) 

■M Rc - Qb + (R - Q)x - Pi(x - ai) - 

P,{x - a,) - (2) 

P c — Q b is the moment at the origin, which may be represented 
by Mo, and P — Q is the shear at the origin, which may be 
represented by Vo- 

M == Mq V qX — P lix P %{x 0^2) ^ J ( 3 ) 

V) 

M ^ Mo + Vox - XP(x - a) Formula XI 

in which IiP(x — a) represents the sum of the moments of all the 
concentrated loads between the origin and the section considered. 
When any point on a beam is taken as the origin of coordinates, 
the moment at any section at a distance x to the right of the origin 
is the moment at the origin, plus the shear at the origin multi- 
plied by the distance of the section from the origin, plus the 
moment with respect to the section of each load and reaction 
between the origin and the section. 

Example I 

For the beam of Fig. 119 (example of Art. 67), write the moment equation 
for the portion between the left support and the 360-lb. load from the 
general moment equation with the origin of coordinates infinitely close to 
the right of the left support. 

Fo - -240 - 240 -f- 1,140 = 660. 

Mo = -1,440. 

At any distance x from the origin, toward the right, 

M = -1,440 4- 660 a; - 30 xK (1) 

If X is greater than 6 ft., the 360-lb. load enters the equation and 

M - -1,440 -f- 660 a; - 30 - 360(a; - 6). (2) 

Equation (1) is limited to the region between the left support and the 
360-lb. load. Equation (2) is valid from the 360-lb. load to the right 
support. 
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Problem 

1 . Using Eq. (1) or Eq. (2), calculate the moment at 6 ft., 6 ft., 8 ft., 9 ft., 

11 ft., and 12 ft. from the left end of the beam of Fig. 119. 

The general moment equation is especially useful in the 
solution of problems of beams with more than two supports 
(indeterminate beams). The equations may be WTitten with 
Mo and Fo unknown quantities, the values of which are calcu- 
lated later from the deflection, slope, moment, or shear. Deflec- 
tion and slope, for which this method is most valuable, have not 
yet been studied. The examples here given, therefore, are 
limited to moment and shear. 

Example II 

A cantilever of length Z is fixed at the left end and carries a uniformly 
distributed load of w per unit length. Write the general moment equation 
with the origin of coordinates infinitely close to the wall (Fig, 127). 



Fig. 127. — Uniformly loaded cantilever. 


The shear equation is 

F = To — w X, 

At a; = Z, F =0; 

0 = Fo - tt' Z; 

Fo = w 1. 

M = M^+V^- 

At a; = Z, M = 0. Substituting in the general moment equation for 
Fo and x\ 

0 = Mo + wl^ - 



Example m 

Write the general moment equation for the beam of Problem 3 (Art. 69) 
with the origin of codrdinates close to the right of the left support. 

For a; greater than 8 ft. and not greater than 10 ft.y 

M = Mo 4- Foa; - ^ - 100 (a: - 8). 

At the right support ikf — 0 and x — 10. 

Over the left support Mo *=* —80X2 — 40X1 — —200; 
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0 = -200 H- 10 F« - 1,000 - 200; 
Vo - 140. 

To find the reaction Rij 

-80 - 40 + 7^1 = 140; 

Ri - 260. 


BQ^ 

lod*^ . 

^ 1 1 1 1 1 1 1 1 1 -J ■ i-L 1 1 t I,. U-l 1 1 > ■0.1 1- 


Tu 

ro _____ J 



1 .,y_- 

— 



Fig. 128. — Beam for Example III. 


Problems 

2. Calculate the moment for Example III by the general moment equation 
for X = 2, 3, 5, 6, 8, and 9. 

3. In Example III find the shear close to right support, starting with Vo. 
From the shear close to the support find the right reaction. 

71. Relation of Moment and Shear. — Differentiate the general 
moment equation with respect to x. 


M = Mo + Vox - Pi(x - ax) - P2(x - aa) - (1) 

Vo-P^-P,-wx. ( 2 ) 

The right member of Equation (2) is recognized as the shear at a 
distance x from the origin. 


= V. Formula XII 

The derivative, with respect to the length, of the moment eqiiation 
of a beam gives the shear in the beam. 

In Fig. 125, there is an abrupt change in the slope of the 
moment curve at the concentrated load and at the second support. 
At the concentrated load, the shear changes from 120 pounds to 
20 pounds and there is an equivalent relative change in the slope 
of the tangent to the moment curve. The shear at thi.'s point 
may be said to have any value between 120 pounds and 20 pounds. 
The derivative of the moment is not single valued and Formula 
XII does not hold. It does hold, however, infinitely close to this 
point on either side. 
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In reality, no load can be concentrated at a point or on a line 
extending across the beam. A so-called concentrated load is 
actually distributed over an area. If this distribution were 
known, the shear at any point would have a single value and 
Formula XII would be found to be valid at all sections. 

Since 


,r dM 
fVdx = f dM; 

fvdx ^ 2- Ml. Formula XIII 

The integral of T" dx between any two values of x gives the difference 
of the moments at the correspo7iding points. 

Figure 129 is part of the shear diagram for a beam which is sup- 
l^orted at the left end, weighs w pounds per foot, and carries a 



P 

1 « > 

w Pounds per Fbot j ^ 


E 



Fig. 129. — Relation of area of shear diagram to moment. 


load P at a distance a from the left end. The element of width 
dx at a distance x from the left of the diagram extends from the 
X axis to the line B C. The area of this element is V dx. The 
integral of T” dx between the limits Xi and x^ represents the area 
which is bounded by the shear diagram, the X axis, and the ordi- 
nates xi and re 2 . Since f V dx Mi — Mi, the area of the shear 

diagram between two points is the difference between the moments 
at these points. When the shear is negative, the area is below 
the X axis and, therefore, is negative. 
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At the ends of a beam, if all the loads and reactions are per- 
pendicular to the length, the moment is zero. It follows, 
therefore, that the moment at any section is the entire area of the 
shear diagram from the end of the beam of the section. 


Example 

In Fig. 125, find the moment at 2 ft., 3 ft., 4 ft., and 7 ft, from the left end 
by means of the area of the shear diagram. 

At 2 ft., the moment is the area of the trapezoid the base of which is 2 
ft., and the altitude is 160 units on one side and 120 units on the other side. 


M2 = 0 4- 


160 + 120 
2 


X 2 = 280 ft.-lb. 


At 3 ft., the moment is the moment at 2 ft. plus the area of the triangle 
20 units high and 1 ft. wide. 

M, = 280 + 10 - 290 ft.db. 


At 4 ft., the negative triangle is subtracted from the moment at 3 ft. 

= 290 - 10 - 280 ft.4b. 


At 7 ft., the negative triangle has a base of 4 ft. and an altitude of 80 units 
Jkfj = 290 - - - = 130 ft.-lb. 


Problems 

1. In Fig. 125, find the moment at 5 ft., 7 ft., 8 ft., and 12 ft. from the left 
end, assuming that the moment at 3 ft. is known. 

2. A cantilever of length I is fixed at the right end and carries a load P at the 
left end. Find the moment at the middle and at the right end by means 
of the area of the shear diagram. 

3. A cantilever of length I is fixed at the right end and carries a uniformly 
distributed load of w per unit length. Find the moment at the middle 
and at the right end by means of the shear diagram. Check by definition 
of moment. 

4. From the shear diagram of Problem 2 of Art. 69, calculate the moment at 
3 ft., 6 ft., and 9 ft. from the left end. Check by definition of moment. 

6. A simply-supported beam of length I carries a load P at six-tenths the 
length from the left end. Draw the shear diagram. Find the moment 
at the middle and under the load. Check by definition of moment from 
the sketch of the beam without reference to the shear diagram. 

72, The Dangerous Section. — A section in a beam where the 
moment has a maximum numerical value is called a dangerous 
section. The mathematical condition for a maximum or mini- 
mum value of M is that the derivative with respect to the length 

shall be zero. But since is the shear, this means that there is 

a dangerous section at every point where the shear becomes zero. 
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In Fig. 125, the shear diagram crosses the X axis at 3 feet from the 
left end. This is one dangerous section. 

The shear may pass through zero when the moment equation 
does not fulfill the mathematical condition that the slope of the 
tangent to the curve is zero. At the right support in Fig. 125, 
the slope of the moment curve 
changes abruptly from negative to 
positive. The negative moment at 
this point has the maximum numeri- 
cal value. This is evident from the 
shear diagram. The shear changes 
from negative to positive at the 
support, A positive area must, there- 
fore, be added to the negative moment 
after the support is passed. 

When the loading of a beam is given^ 
always find the dangerous sections by 
means of a sketch of the shear diagram. 

If the dangerous section does not come 
at a support or under a concentrated 
load, its exact position may be found 
algebraically. 


Problems 


1 . 



Fig. 130.- 


-1000 Foot JPtmnds 
-Cantilever fixed at 
left end. 


Am. M = 0.0882 u’ P. 


A simply-supported beam of length I 
carries a uniformly distributed load over 
six-tenths of the length adjacent to the 
left support, and no load over the 
remainder. Find the moment at the 
dangerous section. 

2 . A beam 16 ft. long, weighing 120 lb. per ft., is supported 3 ft. from the 
left end and 1 ft. from the right end. It carries 300 lb. on the left end, 
660 lb- on the right end, and 1,080 lb. 5 ft. from the left end. Draw the 
shear diagram and locate each dangerous section. Find the moment at 
each dangerous section algebraically and check by the area of the shear 
diagram. Write the equation of moments for the portion between the 
left support and the load of 1,080 lb. and solve for the position of zero 
moment. The equation has two roots- Which one should be taken? 
Why? Write the equation and find the other position of zero moment. 

3 . A beam 12 ft. long, weighing 60 lb. per foot, is supported at the ends and 
carries a load of 240 lb. 3 ft. from the left end and a load of 720 lb. 2 ft. 
from the right end. Find the moment at the dangerous section, 

4 - Wind the moment at the dangerous section for a cantilever 10 ft. long, 
wMeh carries a distributed load of ^ lb. per ft., including its own weight. 
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Figure 130 shows the moment and shear diagrams for a canti- 
lever, If there are no horizontal forces, the area of the shear 
diagram inside the wall must equal the area outside. The form 
of the diagram inside the wall is not known. If all the downward 
forces were concentrated at B, and all the upward force at A, the 
shear diagram would be the figure C D E F, Since the pressures 
are distributed, the shear diagram is that shown by the dotted 
lines, and the dangerous section is at (7', a little back of the face 
of the wall. 

The actual moment diagram inside the wall is something like 
that shown by the dotted line. 

Miscellaneous Problems 

1 . A cantilever of length I is fixed at the right end and carries a load of w 
per unit length over six-tenths of the length adjacent to the free end. 
Draw the shear diagram. Calculate the moment at each two-tenths of 
the length from the definition of moment. From the end of load to the 
fixed end the moment diagram is a straight line. Where does this line 
intersect the line Af = 0? WTiy? 

2. A beam of length I is supported at the ends and carries a load w per unit 
length over six-tenths of the length adjacent to the left end. Draw the 
shear diagram. Find the moment at the dangerous section and at the 
middle. 

3 . A simply-supported beam, 20 ft. long, carries a distributed load of 1,200 
lb. per ft.j a load of 3,000 lb. 4 ft. from the left support, and a load of 

6.000 lb. 6 ft. from the right support. Find the reactions and check. 
Draw the shear diagram. Find the dangerous section. Calculate the 
moment at the dangerous section by definition. Check by area of shear 
diagram. Find the moment 4 ft. from the left end by shear trapezoid. 
Find the moment 6 ft. from right end by area between that section and 
the dangerous section. 

4 . A beam 24 ft. long is supported 4 ft. from each end. It carries a dis- 
tributed load of 500 lb. per ft., including its own weight, and a load of 

2.000 lb. on the right end. Find the dangerous section. Calculate the 
moment at the dangerous section two ways. Write the general moment 
equation with the origin of coordinates just to the right of the left sup- 
port. Find the moment at the right support, at the dangerous section, 
and at the right end by this equation modified to suit each particular case. 

6. A beam 20 ft. long is supported 5 ft. from the left end and 3 ft. from the 
right end. It carries 360 lb. on the left end and 600 lb. on the right end. 
Draw the shear diagram. Draw the moment diagram. Locate the 
dangerous section. 

Ans. Dangerous section anywhere between supports. 
6 . A beam 20 ft. long is supported at the ends and carries 320 lb. 7 ft. from 
the left end, and 560 lb. 4 ft. from the right end. Draw the shear diagram 
and the moment diagram. Find the dangerous section. 
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7. A beam of length I is supported at the ends and carries a load P at a 
distance a from the left support and a load Q at a distance b from the 
right support. What must be the relation of the loads and distances in 
order that the diagram of the moments caused by these loads may be 
horizontal from one load to the other? 

Ans. P X a Q X h. Each reaction and the adjacent load form a 
couple. 

8. A beam 20 ft. long is supported at the ends. It carries 480 lb. 5 ft. from 
the left support and 600 lb. 8 ft. from the right support. Draw the 
shear diagram and calculate the moment at the dangerous section. 
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STRESSES IN BEAMS 

73. Distribution of Stress. — At any section of a bent beam, 
there is tension across the part adjacent to the convex surface 
and compression across the part adjacent to the concave surface, 
and there is usually shear parallel to the section. The method 
of finding the total vertical shear has been given in Chapter VI. 
The method of determining the unit shearing stress will be given 
later in Chapter X. The problem of the total tension and com- 
pression and of the unit tensile and compressive stresses will now 
be considered. 

If the external forces have no components parallel to the length 
of the beam, the resultant compressive stress across any section 
is equal to the resultant tensile stress, and these two forces form 
a couple, the moment of which is equal to the product of either 
force multiplied by the distance between them. This moment is 
equal and opposite to the bending moment. 

To calculate these forces {H and C of Figs. 108 to 113) it is only 
necessary to know the bending moment and the distance between 
the forces. This distance is easily measured in Figs. 108 and 110. 
In Fig. Ill, the compressive stress is distributed over the small 
block, and its law of distribution must be known in order to 
locate its resultant. 

In Fig. 113, the tensile stress is distributed over the entire upper 
portion and the compressive stress is distributed over the entire 
lower portion- In order to find the moment arm of the couple, 
it is necessary, therefore, to know the law of distribution of these 
stresses. 

The fibers on the convex side of a bent beam are elongated 
and those on the concave side are shortened. Between these 
there is a surface in which the fibers suffer no deformation in 
the direction of the length of the beam. This surface is called 
the neutral surface of the beam. The intersection of the neutral 
surface with any transverse section of the beam is called the 
neutral axis of that section. 
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It is customary to assume that the unit stress at any section 
varies directly as the distance from the neutral axis. The reasons 
for this assumption, and the conditions under which it is valid, 
wdll be given in Art. 78. Figure 131 represents graphically the 
variation of unit stress in a beam, the upper part of which is in 
tension. 

Figure 131, I, shows the forces from left to right and also the 
forces from right to left. Figure 131, II, shows only the forces 
vith which the portion of the beam to the right of the section acts 
on the portion to the left. It will be noticed that both sets of 
forces tend to turn the left portion clockvise about the neutral 
axis at 0. Figure 131, III, shows a convenient method of draw- 



I n ra 

Fig. 131. — Stress variation in a beam. 


ing the diagram to show the magnitude of the unit stress at any 
distance from the neutral axis. 

Since the unit stress varies as the distance from the neutral 
axis, it may be represented by two wedges cut from the beam by 
two planes which pass through the neutral axis. One of these 
planes should be normal to the length of the beam and, therefore, 
represent the section considered, and the other may make any 
convenient angle. Figure 131, III, may be considered as repre- 
senting two such planes. The volume of each wedge may be 
regarded as giving the total stress across its corresponding part 
of the section, and the distance between the center of gravity of 
the two wedges, measured parallel to the section, gives the 
moment arm of these total stresses. 

74. Fiber Stress in a Beam of Rectangular Section. — Figure 
132 shows the wedges representing the stress distribution of a 
rectangular beam section of breadth b and depth d. Since the 
total tension H is equal to the total compression C, the two 
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wedges which represent the total tension and compression must 
have equal volume. Since the slope and width of the wedges 
are the same and their volumes are equal, their heights must be 

equal, and the neutral axis B B' is at a distance ^ from the top or 

bottom of the section. If S is the unit tensile stress in the outer 



Fig. 132. — Solids representing stress in rectangular prism. 

fibers at the top of the beam, ^ is the average tensile stress over 

the upper half of the section. The total tension is the average 
stress multiplied by the area above the neutral axis. 


h = |x¥. 


Shd 

4 


Problems 

1. A beam of rectangular section is 4 in. wide and 12 in. deep. The unit 

stress in the outer fibers at the convex surface is 1,000 lb. per sq. in. 
What is the total tension? Ana, 500 X 4 X 6 = 12,000 lb. 

2. A beam of rectangular section is 6 in, wide and 10 in. high. The total 

tension is 4,800 lb. What is the average tensile stress? What is the 
maximum tensile stress? Ans. Maximum stress = 320 lb. /in.^ 

3. Figure 133 represents a T section with sides parallel. The neutral axis 
is 3 in. from the top of the flange. The unit stress at the top is given as 
240 lb. per sq. in. What is the unit tensile stress at the bottom of the 
flange? What is the unit compressive stress at the bottom of the stem? 
What is the unit compressive stress 1 in. from the bottom? 

Ans. at = SO Ib./in.^- Sc = 400 Ib./in.^; = 320 Ib./in.® 
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4. Calculate the total tensile stress in the beam of Problem 3. Calculate 
the total compressive stress in the lower 5 in. of the stem. 

Tension in flange — X 12 

^ . SO 4- 0 

Tension in upper inch of stem . , . — ~ — X 2 

Total tension 

_ . . 400 + 0 

Compression m stem — X 10 

6, The flange of a T-beam is 5 in. wide and 2 in. high. The thickness of 
the stem is 1 in. and the net height is 10 in. The neutral axis is 4 in. 
from the top of the flange or 8 in. from the bottom of the stem. The 
tensile stress at the bottom of the stem is 1/200 lb. per sq. in. What is 
the compressive stress at the top of the flange? Vliat is the average 
compressive stress in the flange? 'V\liat is the total tension in the lower 
8 in. of the stem? What is the total compression in the remainder of the 
section? Am?. Total tension = 4,800 Ib. 

6. A hollow box girder is 10 in. wide and 12 in, high outside and is 6 in. wide 
and 8 in. high inside. The maximum unit stress in the top and bottom 
fibers is 1,200 lb. per sq. in. Find the total tension in one-haK, 

Am. 26,400 ib. 


- 1,920 lb. 

= SO lb. 
= 2,000 lb. 
== 2,000 lb. 


The line of application of the resultant tension £7 of Fig. 132 
passes through the center of gravity of the wedge. Since the 
center of gravity of a triangle and, consequently, of a triangular 
wedge is two-thirds the height from the vertex, the distance of 

d d 

H from the neutral axis 3 ^ 2 ~ 3* manner the total 

d 

compression C is located at a distance ^ below the neutral axis. 

The total moment arm of the couple made up of the forces H and 
2d 
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Problems 


7, What is the moment about the neutral axis of the forces of Problem 1 ? 

Ans. 12,000 X 4 -f 12,000 X 4 = 96,000 in.-lb. 

8, What is the moment about the neutral axis of the tensile stress of Fig. 
133? Construct a three-dimensional sketch of the stress distribution 
solid. 

The middle 2 in. of the stress-distribution solid is a triangular wedge. 
The remainder makes two trapezoidal wedges. Regard the whole 
tension part as a triangular wedge 6 in. wide and 3 in. high. Subtract 
from the moment of this wedge the moment of two triangular wedges 
each 2 in. wide and 1 in. high. 

Total tension of triangular wedge 6 in. wide and 3 in. high is 


240 -h 0 
2 


X 18 - 2,160 lb. 


Total tension of two triangular wedges each 2 in. wide and 1 in. high is 


80+0 

2 


X 4 


160. 


Moment - 2,160 X 2 - 160 X H = 4,320 - 106.7 = 4,213.3 in.-lb. 

9. Find the moment about the neutral axis of the compressive stress of 
Problem 3. Find the total moment. 

Ans, 6,666.7 in.-lb.; 10,880 in.-lb. 

10, Find the total moment about the neutral axis of the forces of Problem 6. 

Ans, (36,000 X 4 - 9,600 X H) 2 = 236,800 in.-lb. 

11. Find the total moment about the axis of the forces of Problem 5. 

Ans. M = 25,600 + 14,400 == 40,000 in.-lb. 

The total resisting moment of a rectangular section is 


M = 


Shd 

4 


^ 2d __ Sld^ 
^3 6 ‘ 


Formula XIV. 


By means of Formula XIV, the maximum fiber stress in a beam 
of rectangular section may be calculated when the loads are 
known, or the load may be calculated for any given allowable 
stress. 


Example 

A +m. by 6-in. cantilever carries a load of 240 lb. on the free end. Find 
the unit stress in the top and bottom fibers at a section 5 ft. from the free end. 

Horizontal dimensions are given first. A 4-in. by 6-in. beam is 4 in. wide 
and 6 in. deep. Since unit stresses are required in pounds per square inch, 
the moment must be in inch-pounds. 


M 


Shd^ 


S - 


6Af 

bd^ 


6 X 14,400 
4 X 36 


= 600 lb. per sq. in. 
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Problems 

12. A 6“in. by 10-in. beam, 12 ft. long, is supported at the ends and carries 
a load of 2,400 lb. at the middle. Calculate the unit stress in the top 
and bottom fibers at the dangerous section caused by this load. 

Ans. St = Sc = 864 Ib./in.- 

13. If the beam of Problem 12 were placed with the 10-in. faces horizontal 

and the load were put 4 ft. from the left end, what would be the maxi- 
mum fiber stress? A7i.s*. >8 == 1,280 lb. in. ‘ 

14. An 8-in. by 12-in. beam is 15 ft. long and is supported at the ends. It 
carries 1,000 lb. 6 ft. from the left support and a distributed load of 
240 lb. per ft. Find the maximum unit stress. 

Ans. S = 630 ib./’in.- 

16. Solve Problem 14 if the distributed load is 400 lb. per ft. Calculate 
the moment by definition and check by the area of the shear diagram 
from the right end. Atzs. S = 903.1 ib./m.^ 

16. A 4-m. by 6-in. beam, 8 ft. 4 in. long, is supported at the ends and 

carries a load at the middle 'which makes the maximum stress 900 lb. 
per sq. in. Find the load. Atis. P = 864 lb. 

17. The beam of Problem 16 has the 6-in, faces horizontal. What is the 
stress for a load of 864 lb. at the middle? 


76. Fiber Stress in a Beam of Any Section. — ^The methods of 
Art. 74 are not convenient for sections which are not rectangles. 
There is a general method, however, which applies to any form 
of section. The moment of inertia and the center of gravity of 
plane figures are important factors in this method. As these are 
given in handbooks for many 
geometrical figures, a great 
saving of labor is gained by 
their use. 

Figure 134 may be regarded 
as representing a section of any 
form. B B' is the neutral axis. 

An element of area dA. is at a 
distance v from the neutral 
axis. (The letter v will be used to represent distance from the 
neutral axis in a section, and y will be reserved to reprint 
deflection of the axis from its original position.) The area dA 
may be infinitesimal in two dimensions or it may extend entirely 
across the section parallel to the neutral axis as shown by the 
broken lines. 

Since the unit stress vari^ as v, it may be represented by fc v, 
in which k is the unit stress at unit distance from the neutral 



Fig. 134. — Bbabi section. 
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axis. The total stress on the element dA is the unit stress times 
the area. 

Total stress = k v dA. (1) 

The moment of this stress on dA about the neutral axis, is 

dM - k v-dA. (2) 

Since v- is positive when v is positive or negative, the sign of 
increment of moment is the same whether the element is above 
or below the neutral axis. 

3/ = = it/, (3) 

in which I is the moment of inertia of the section with respect to 
the neutral axis. Since 


s = kv, k = (4) 

V 

which substituted in Equation (3) gives 

M = — ’ (5) 

V 

Equation (5) gives the unit stress at any distance from the 
neutral axis. The most important stress is the stress in the 
extreme outer fibers where is a maximum and the unit stress is 
the greatest. If the maximum unit stress be represented by S 
and the distance to the outer fiber from the neutral axis be repre- 
sented by Cj the equation becomes 

M = —■ Formula XV 

c 

This formula is so important that it is desirable to memorize it 
also in the form 


g — Formula XVI 

76. Location of the Neutral Axis. — The values of I and c in 
Formula XV depend upon the location of the neutral axis. This 
is found from the condition that the total tensile stress across the 
part of the section on one side of the neutral axis is equal to the 
total compressive stress across the part of the section on the other 
side of the axis. On an element dA, 
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Total stress = kvdA. (1) 

Total stress on entire section = k J v dA =0. (2j 

The constant k is not zero when the beam is bent; consequently 
J' V dA must be zero. 

The center of gra\’ity of a plane area is given by 


■V = 


/» 


dA 


A 


(3) 


V A = J’v dA = 0. (4) 

Since A is not zero, 

V = 0. (5) 

The neutral axis of a beam, of any section passes through the center 
of gravity of the section. 

77. Section Modulus. — ^The expression -> in which c is the 

G 

distance from the neutral axis to the extreme outer fiber, is 
called the section modulus or modulus of the section. If the section 
modulus is represented by Z, Formula XYI becomes 


8 = unit stress in outer fibers = 


M 

z' 


( 1 ) 


The section moduli for rolled shapes and for the principal geo- 
metric figures are given in the handbooks of the steel manu- 
facturers. The Carnegie Pocket Companion prints these under 
the title Elements of Sections. The A.I.S.C. Handbook classes 
them under Properties of Various Sections. Both of these 
handbooks use 8 for section modulus, and / for unit stress. 

Most modern American textbooks represent stress by 8 and 

s. Several use the combination - for the section modulus. 

c 


For a rectangular section, I = 

Z = 1 = ^-^. 

c 6 


hd^ 

12 


and c = 


d 

2 


When this value of Z is substituted in Formula XV, 


M = 


Shd^ 

7 

6 


( 2 ) 


which is Formula XIV. 
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Always use the section modulus as given in the handbook or 

hd^ I 

— for a rectangular section, instead of -■ Beams of unsym- 

metrical section, such as T-beams vdth stems vertical or channels 
vrith loads perpendicular to the web, have two different values of 
c and two corresponding values of section modulus* The hand- 
book gives the modulus for the larger c and the largest S in For- 
mula XVI. It is necessary, sometimes, to compute Z for the 
smaller c. 


1 . 


2 . 


3. 


4. 


5. 


6 . 

7. 

8 . 


9 . 


10 . 


11 . 


Problems 


Look up in the handbook the moment of inertia of a 12-in. 50-ib. 
standard I-beam section with respect to the axis perpendicular to the 
web. Calculate the section modulus. Solve also for the section 
modulus with respect to the axis parallel to the web. 

Look up the moment of inertia of a 15-in. 50-lb- standard channel 
section with respect to the axis perpendicular to the web. Calculate 
the section modulus. Solve also for the section modulus with respect to 
the axis through the center of gravity parallel to the web. 

Solve Problem 2 for a 12-in. 41.1-lb. ship channel. 

Look up the moment of inertia of a 6-in. by 4^in. by 1-in. angle section 
with respect to the axis through the center of gravity parallel to the 
4-in. leg. Solve for the section modulus. 

Look up the moment of inertia of a 4-in. by 5-in. by K-in. T-beam 
section wdth respect to the axis through the center of gravity parallel 
to the flange. Solve for the section modulus. Solve also for the section 
modulus with respect to the other principal axis. 

Calculate the section modulus of a 6-in. by S-in. rectangular beam with 
respect to the axis parallel to the 6-in. faces. Which dimension is h and 
which is d of the equation? Ans. Z == 64 in.® 

Solve Problem 6 for the section modulus with respect to the axis parallel 
to the S-in. faces. Ans. = 48 in.® 

A 6-in. by 8-in. beam, 12 ft. long, is supported at the ends and carries 
a load of 800 lb. on the middle. Find the maximum unit stress caused 
by this load. 

, ^ 400 X 72 , 

Ans. S ~ ~ 450 Ib./m.^ 

64 ' 

Solve Problem 8 if the beam has the 8-in. faces horizontal. 

A 6-m. by 10-in. beam, 15 ft. long, is supported at the ends and carries 
a load of 240 lb. per ft. Find the maximum unit stress caused by this 
load. 

A 16-in. 60.S-lb. standard I-beam, 20 ft. long between centers of supports, 
carries a uniformly distributed load of 1,200 lb. per ft. and a load of 
6,000 lb. 6 ft. from the left support. Find the maximum fiber stress 
caused by these loads. Check moment. 


Ans, 8 


952,200 

81.2 


- 11,726 lb./in.2 
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12. Find the unit stress in the outer fibers of the beam of Problem 11 under 
the load and at the middle. What is the stress at the dangerous 
section 1 in. from the top? 

Ans. 11,172 lb. in.2, 11.527 Ib./in.^ 10.163 lb. 

13, If the allowable unit stress for structural steel is 18,000 lb, per sq, in. 
and the compression flanges are held laterally, what is the minimum 
section modulus for the loads of Problem 1 1 in addition to the weight of 
the beam? 


Ans. Z = 


952,200 


^ 52.9 in.'-* 


18,000 

A 15-in. 42-9-lb. standard I-beam has Z = 5S-9, which is so much 
greater than 52.9 that it is not necessary to recalculate for the effect of 
the weight of the beam. 

A 12-in. 55-lb. standard I-beam has Z == 53.2. If the additional 
3 in. of head room is worth the extra cost of this heavier beam, it is 
necessary to calculate for the moment of the beam's weight. The 
dangerous section with the weight included is not exactly 162 in. from 
the end but it may be assumed not to have been changed for an approxi- 
mation. The additional moment is 27,852 in, -lb. 


952,200 -b 27,852 
18,000 


= 54.45 = Z. 


The 12-in, 55-lb. I-beam is too small. 

14. A 15-in. 70-lb. standard I-beam, 25 ft. long, has a 14-in. by 1-in. plate 
welded to the bottom. Find the distance of the center of gravity of 
the combined beam from the top. Calculate the moment of inertia of 
the combined beam with respect to the axis perpendicular to the web 
through the center of gravity. Find the section modulus with respect 
to the top fiber of the beam and the bottom fiber of the plate. 

, „ 1,189.3 1,189.3 3 

Ans. Z 10.758 ^ 5.242 — 


78. Relation of Stress to Deformation. — Figure 135 represents 
a bent beam which is concave upward. The amount of bending 
is greatly exaggerated. The deflection in a beam of these relative 
dimensions at stresses below the elastic limit would be so small 
as to be scarcely noticeable. E F G is b> plane section with 
neutral axis B S'. The broken lines ' If', iV' indicate the 
position^ before the beam was bent, of a plane section parallel to 
E F G SLt a, distance Al from that section. The section E F G may 
be regarded as fixed in position and direction and the parts of the 
beam on each side of this fixed section may be considered as bent 
upward. The plane Jf ' is rotated about its neutral axis 
C C' through an angle to the position K M N. (There is a 
slight shift upward, but this does not affect the problem.) 
Since there is no elongation in the neutral surface, the distan<^ 
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between the neutral axes B B' and C C\ measured along the 
curved surface, remains unchanged. 

It is assumed that a plane section in a beam remains plane 
when the beam is bent; therefore the plane section 
remains a plane section after it has been rotated into the position 
K M N. A filament of section c?A, at a distance v from the 
neutral surface, extends from the plane E F 0 to the plane 
K M N. ^"^Tien the beam is bent, and the plane K M N is 
rotated about the neutral axis C C' tlirough an angle d, this fila- 
ment is shortened by an amount v Ad. A similar filament at a 




Fig. 135. — Deformation of a bent beam. 


distance v below the neutral surface would be elongated v A6. 
The unit deformation of the filament is given by 


5 


vAe 

Al 


( 1 ) 


Under the condition that the deformations are such that no 
stress exceeds the proportional elastic limit , the unit stress 
varies as the unit deformation; and since the xxnit deformation 
vari^ as v, the unit stress varies as the distance from the neutral 
axis, as was assumed in Art. 73. 
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Since unit stress is equal to E5, the unit stress above the neutral 


surface is given by 


s^^E.Vji- 

(2) 

Below the neutral surface 


r. 

(3) 


In most cases it is assumed (and is practically true) that the 
modulus of elasticity is the same in both compression and ten- 
sion* With this assumption, 


(4) 

is the expression for the miit stress in the beam, at any element 
of area. 

On an element of area, 

Total stress on dA == E dA, (5) 

The moment of this stress with respect to the neutral axis B 
is the product of the total stress on dA by the moment arm v) 

dM = Ev^^dA = E^vHA. (6) 


The total moment of all the filaments which make up the beam 
is the integral of dM over the section E F G, Integrating over 

this area, ^ remains constant and 

A0 AS 

M = EfM v^dA=E^I, (7) 

Jci 

ia which ci, Cg are the distances of the upper and lower surfaces 
of the beam from the neutral surface, I is the moment of inertia 
of the cross section E F G ov K M N with respect to its neutral 
axis, and A9 is the change in slope, in the length AZ, of the normal 
to the beam or the equal change in slope of the tangent to the 
beam. 


Example 

A 6-in. by 6-iii. wooden beam rests on two supports, which are 50 in. 
apart, and overhangs each support 30 in. Equal loads are placed on each 
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overhanging end at 20 in. outside the supports. It is found that two 
sections between the supports, which are 40 in. apart and were parallel to 
each other before the beam was loaded, make an angle of 1° with each other 
after the loads are applied. Find the bending moment between the supports 
and find the loads, if E is 1.500,000 lb. per sq. in. 

By means of Eq. (7), find the bending moment between the supports and 
find the loads, ii E = 1,500,000 lb. per sq. in. 

1 = 108 in.^; NL = 40 in.; A0 = radian. 

M = ^^500,000^^108 ^ 22,600 ir = 70,686 in.-lb. 

Since the section of this beam is a rectangle, it may be solved without using 
Eq. (7). The deformation at the top fibers is ^ and the unit deformation 

is 2 "^q* stress at the outer fibers is = 1,963.5 lb. per 

sq, in. The average compression in the upper half of the section is one-half 

1 963.5 X 18 

of this and the total compression is — = 17,671 lb. The moment 

arm of the total compression is 2 in. The total moment of the tension and 
compression is 17,671 X 4 = 70,684 in.-lb. 

Problems 

1 . A 5-in. 10-lb- I-beam rests on supports 6 ft. apart and carries a load 
midway between the supports. Measurements are taken at the top 
and bottom of the beam on two 8-in. gage lengths. Gage length B 
begins 4 in. to the right of the middle, and gage length A starts from 
the right end of B. What is the stress in the outer fibers at the middle 
of the beam w'hen a load of 3,000 lb. is applied? What is the average 
stress in the outer fibers for gage length Bl For gage length A? 

Ans. 11,250 lb./in.% 8,750 and 6,250 Ib./in.® 

2. What is the maximum stress in the beam of Problem 1 when the total 

load is 6,200 lb.? Am, 23,250 Ib./in.^ 

3 . What is the change of average compressive stress in the upper fibers of 
gage length B when the load changes from 200 lb. to 6,200 lb.? In the 
lower fibers of B7 In the upper fibers of A? In the lower fibers of A? 

Ans. 17,500 lb. /in.® and 12,500 lb. /in.® 

4 . In the beam of Problem 1, when the load changes from 200 lb. to 6,200 
lb., the gage length B lengthens 0.00476 in. at the bottom and shortens the 
same amount at the top. Calculate E. Am, E = 29,410,000 lb. /in.® 

5^ In the beam of Problem 1, the gage length A shortens 0.00342 in. at the 
top and lengthens 0.00340 in. at the bottom when the load changes from 
200 lb. to 6,200 lb. Taking the average of these readings, calculate E. 

Am, E - 29,300,000 Ib./in.® 

6* Calculate B from the readings of Problem 4 and solve for E by Eq, (7). 

7. Calculate B from the average of the readings of Problem 5 and solve 
for E, 
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8. Through what angle may a steel plate be bent in a length of 20 in. if the 
plate is 0.1 in. thick, E is 30,000,000, and the ultimate strength is 90,000 
lb. per sq. in.? 

90,000 = 30,000,000 X 0.05 
^ = 0.6; A9 = 1.2 radians = 68° 45'. 


A steel hacksaw blade 0.023 in. thick was bent 45"^ in a length of 4 in. 
by a constant moment. Find the unit stress 
in the outer fibers. 

Elongation measurements are made on a 
beam to locate the neutral surface. If ie is 
the elongation of the lower gage lengthy and 
Ic is the compression of the upper gage 
length (Fig. 136), the neutral axis dhddes 
the vertical distance k between the gage 
lines in the ratio L:le* 


Problems 

10. The elongation of an 8-in. gage length at the 
bottom of a S-in. T-section is 0.00150 in. and 
the compression of an equal gage length 
directly above at the top of the stem is 
0.00453 in. How far is the neutral 



Neufraf 


Fig. 


136. — ^Location of neu- 
tral surface. 


surface from the bottom of the flange? Ans. y = 


3 X 150 
603 


= 0.746 in. 


11. A reinforced-coiicrete beam, 12 in. high, has one 20-in. gage length 1 in. 
from the top and another similar gage length 1 in. from the bottom. 
The upper gage shortens 0.0096 in., while the lower gage lengthens 

0. 0134 in. How far is the neutral surface from the extreme compression 

fibers? Ans. 5.18 in. 

12. A 4-in- by 5-in. by K-in. T-beam (Carnegie T57) rested on supports 
64 in. apart with flange down and carried a load at the middle- There 
were two gage lengths B and A on the east side of the middle and two 
equal gage lengths on the west side of the middle, arranged as in Problem 

1. The deformation of each gage length wras measured by two strain 
gages w^Hch were clamped lightly to the beam during each set of readings. 

When the load changed from 200 lb. to 4,200 lb., the lower strain gage 
on B east lengthened 91 divisions and the upper strain gage shortened 
201 divisions. How far was the neutral axis from the bottom of the 
flange? Compare with x of the handbook, 

1.558 in. 

13. In Problem 12, each unit of deformation was 0-00002 in. What was the 
unit deformation at the top? What was the average unit stress in the 
gage length at the top. Calculate E- 

Am. 0.0005025; Be = 15,484 Ib./in-S; E = 30,810,000, using the two- 
figure Z from the handbook. 
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14. In Problem 12, find the unit stress and the unit deformation at the 
bottom. Calculate E. Compute Z from the I and x of the handbook. 

Ans. 0.0002275; = 6,936; E - 30,380,000. 

15, In Problem 12, calculate AB and and find E by Eq. (7) of Art. 78. 


Arts. AB = 29^ X 0-00003 ^ 0.OOII68 radian; ^ = 0.000146; 
o At 


E = 


48,000 


10.8 X 0.000146 
Other measurements of the beam of Problem 12 were: 


= 30,440,000. 



A east i 

A west 

B west 

Tinner i 

63 

1 60 

94 

Lower . . . 


140 

133 

204 



16. Find the distance from the neutral axis to the flange for each gage 

length. Ana. A east, 1.552; A west, 1.554; B west 1.577. 

17. Find the unit deformation for each gage length and solve for E as in 
Problems 13 and 14. Calculate the section modulus for the stem instead 
of using 3.1 of the handbook. 

18. Calculate E for each gage length by means of Eq. (7) of Art. 78. 

Ans. A east, 29,360,000; A west, 30,830,000; B west, 29,520,000. 

79- Graphic Representation of Stress Distribution- — The unit 
stress in a beam, provided it does not exceed the elastic limit, 



Fig. 137. — Stress distribution in a rectangular section. 


varies as the distance from the neutral axis. Stress may be 
represented by the straight line G E (Fig. 137, I), in which the 
magnitude is proportional to the horizontal distance from the 
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vertical straight line D F. This straight line is really a part of 
the stress-strain diagram for the material in both tension and 
compression, vith the vertical line D F as the X axis. If the 
unit stress is carried beyond the elastic hmit, it may be repre- 
sented by the hne K G' E' L, which also is a stress-strain diagram 
with the vertical scale changed. 

In a beam of rectangular section, the total stress on an area 
dA, extending across the section, is proportional to the unit stress. 

The shaded area of Fig. 137, I, may represent the total force 
across a rectangular section, as weU as the xinit stress on a section, 
of any form. It is often convenient to represent total force 
across a rectangular section by a figure similar to the shaded area 



Fig. 138. — Stress-distribution solids for a rectangular section. 

of Fig. 137, II. This is equivalent to Fig. 137, I, -with the X 
axis oblique. The length of the line E F represents the breadth 
of the section and also the total force in the extreme upper fibers. 
It is evident from the similar triangles that the total force on the 
area dA, extending across the section at a distance v above the 
neutral axis, wdll be to the total force at the top as the length of 
M N is to the length of E F. 

If the unit stress in the top fibers is unity, the area of the 
shaded triangle OEF may represent the total force across the rec- 
tangular section above the neutral axis. In like manner the 
area of the shaded triangle O DG, may represent the total force 
across the rectangular section below the neutral axis. Since the 
stresses above and below the neutral axis have opposite signs, and 
the areas of the shaded triangles are equal, the total force across 
the section is zero. 

The shaded triangles of Fig. 137, II, may be regarded as solids 
of uniform thickness. Figure 138, I, represents the distribution 
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of stress in the same rectangular section by the stress-distribution 
wedges of Art. 74. This figure differs from Fig. 132 in one respect. 
Both tension and compression are on the same side of the vertical 
plane of the rectangle E F G D which represents the section of 
the beam. 

Figures 138, 1, and 138, II, show two forms of triangular wedges 
which may represent the unit stress and the total force in a beam 
of rectangular section. In Fig. 138, II, the width of the wedge 
varies as the distance from the neutral axis, while the thickness S 
is constant. In Fig. 138, I, the width is constant and equal to 
the vi-dth of the section while the thickness varies as the distance 
from the neutral axis. In either figure the volume of one wedge 

is > and its center of gravity, which is the location of the 


resultant force across that half of the section, is ^ from the neutral 


axis. The moment of 


neutral AXIS 



each wedge 

Sbd^- . 
— and 


about the neutral axis is 
the moment of the two 


Fiq. 139.- 


wedges representing tension and com- 
pression in the section is — g — Fig- 
ure 138, I, shows the actual 
distribution of stress in the section. 
It may be called the stress-distribu-- 
tion solid. The shaded area of Fig. 
137, II, represents a portion of the 
area of the section on which, if a uni- 
form stress should be applied equal to 

-Distribution m a T- stress in the outer fibers of the 
section. 

section, tiie total force and moment 
with respect to the neutral axis would be the same as that of the 
actual distribution. This is called the stress-distribution diagram 
or modulus figure. 

Figure 139 is the stress-distribution diagram for a T-beam 
section, in terms of the unit stress at the bottom of the stem. 
The lower triangle is drawn as in Fig. 137, II. The uni t stress 
at the top of the flange is to the unit stress at the bottom of the 
stem as »2 is to vi. For the graphical solution, a line is drawn 
above the flange at a distance »i from the neutral axis. The 
projection of the flange upon this line is C F. From the middle 
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of the stem, on the neutral axis, lines are drawn to C and F. The 
shaded trapezoid between these lines is the modulus figure 
for the flange. The small portion of the modulus figure for 
the stem above the neutral axis may be drawn by extending 
the lines which come up from below, or the v.idth of the stem 
might have been projected upon the line C F and ends of the 
projection connected with the middle of 
the stem at the neutral axis. 

Figure 140 is the stress-distribution 
diagram for an I-beam section. The 
thickness of the web projected on the top 
of the flange is J K, From 0, on the 
neutral axis at the middle of the stem, lines 
are drawn to J and K, The shaded area 
between these lines forms the modulus fig- 
ure for the web. To find the portion of the 
modulus diagram for an element S T in the 
lower flange, the line S T is projected on 
to the bottom of the flange, which is the 
same distance from the neutral axis as the 
top of the upper flange. From the ends of 
this projection, lines are dra^m to 0. The 
part of S T between these lines is the 
corresponding element of the modulus figure. 

A number of such elements must be constructed in order to 
complete the stress-distribution diagram. 



NEUTRAL AXIS 


T' 

—Stress distri- 
bution in an I-beam. 


Problems 

1. Construct the stress-distribution diagram for Problem 3 of Art. 74, 
similar to Fig. 139. Solve iu terms of the unit stress at the bottom of the 
stem. Calculate the area of the lower triangle. Calculate the area of 
the triangle and trapezoid above the neutral axis. Compare. 

2. Find the moment of the two triangles and the trapezoid of Problem 1 
with respect to the neutral axis. (Divide the trapezoid into two tri- 
angles.) Add these moments; multiply by the unit stress at the bottom 
of the stem. Compare with Problem 8 of Art. 74. 

3. Construct the modulus figure for Problem 1 in terms of the unit stress 
at the top of the flange. 

4. Construct the stress-distribution diagram for an isosceles triangle of 
base 4 in, and height 6 in. in terms of the unit stress at the base. Con- 
struct elements }'i in. apart, 

5. Solve Problem 4 in terms of the stress at the vertex. 
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80. Stress beyond the Elastic Limit. — In the discussion of 
beams, it has been assumed that the unit stress is proportional 
to the unit deformation. This assumption is correct for allow- 
able stresses, since these stresses are always considerably below 
the elastic limit. However, in order to limit more definitely the 
factor of safety, and to interpret correctly the results of tests in 
which beams are loaded to destruction, it is necessary to study 
the stresses and resisting moments in a beam when the stress in 
part of the beam exceeds the elastic limit. 

In Fig. 141, the horizontal lengths represent the unit stresses 
in a beam, while the vertical lengths represent unit deformations 
and distances from the neutral axis. The curved line from G 
to H is really a stress-strain diagram with the X axis vertical 
and the Y axis horizontal. Since the total stress in a rectangle 
varies as the unit stress, the shaded area of Fig. 141 may also 
represent the stress distribution, or modulus figure^ for a rectangu- 
lar section. The triangles of Fig. 141 may represent the stress 
distribution in a beam of rectangular section, in which the 
stress in the outer fibers is below the elastic limit. The shaded 
areas represent the distribution in another beam, which 
has the same cross section, the same deflection and unit deforma- 
tion, the same modulus of elasticity for small stresses, but has a 
lower elastic limit. For about one-half the distance from the 
neutral axis to the outer fibers, the two diagrams coincide and the 
unit stress is the same for both beams. In the extreme outer 
fibers, the unit stress in the first beam is CF and in the second 
beam is CH, With the same deflection, the total stress and 
the total moment are greater in the first beam than in the second. 

Figures 141 and 142 give comparisons of two beams which have 
equivalent sections and equal moduli of elasticity at small loads. 
For one beam, the stress in which is represented by a triangle, the 
elastic limit is above the unit stress in the outer fibers. In the 
other beam, represented by the shaded area, the stress in a 
considerable portion of the section is above the elastic limit. In 
Fig. 141, the unit deformations are the same for both beams, while 
the total force and the moment represented by the triangle are 
greater than those of the shaded area. In Fig. 142, the unit 
deformations are different, while the resisting moment of the 
curved area 0 M K H C is equal to that of the triangular area 
OF C, From the center of the section to the point X, the curve 
lies outside the straight line. The unit stress in the fibers near 
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the neutral surface is greater than it would be if the modulus of 
elasticity were constant and the resisting moment were the same. 
The moment of the dotted area OMK (or the shaded area 
O N L) is equal to the moment oi K F H or LG E. 

Figure 142 might apply to two steel beams which have the 
same section, the same modulus of elasticity of 30,000,000 pounds 
per square inch, but different elastic limits and unit deformations. 
The imit deformation in one of these beams may be 0.003 in the 
outer fibers and the elastic limit be above 90,000 pounds per 
square inch. The length would then represent the unit stress 




Fig. 141. — Stress-distribution Fig. 142. — Actual and calculated unit 
diagram beyond the elastic stress, 

limit. 

in the outer fibers and the triangle 0 F C would be the dis- 
tribution diagram for a rectangular section. The curve O M K H 
woxild represent the unit stress in the other beam for which the 
elastic limit is about 30,000 pounds per square inch. The unit 
deformation in the outer fibers of this beam would be over 0.004. 
At about one-fourth the distance from the neutral axis to the 
outer fibers, the stress would be proportional to the unit deforma- 
tion and would be one-third greater than that of the first beam. 
At the extreme outer fibers, the stress in this beam would be to 
the stress in the first beam as the length CH is to the length CF. 

81. Modulus of Rupture. — When a beam is broken by bending, 
the stress-distribution diagram O M K H of Fig. 142 is similar 
to the complete tension or compression stress-strain diagram 
of the material. The actual unit stress in the outer fibers is less 
than that obtained by the equation 



Formula XVI 
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in the ratio of CH to CF (Fig. 142). The calculated value of the 
stress in the outer fibers computed from Formula XVI is called 
the modulus of rupture, or the transverse ultimate strength 
of the material. It is called also the extreme fiber stress in bending. 

Another factor which makes the calculated modulus of rupture 
different from the actual unit stress is the shifting of the neutral 
axis. In sections which are not s^unmetrical vdth respect to the 
axis, the remote fibers on one side reach the elastic limit before 
those on the other. Figure 143 represents a T-section. Figure 
143, II, shows part of the stress-strain diagram for both tension 



Fig. 143. — Displacement of the neutral axis. 


and compression. Figiire 143, III, shows the distribution of 
stress for small deformation which produces no stress beyond the 
proportional elastic limit. The neutral axis passes through the 
center of gravity of the section. Figure 143, IV, shows the dis- 
tribution when the deformation is doubled, on the assumption 
that the neutral axis is not shifted. The lower half of the stem 
has passed the elastic limit and the unit stress in it is not propor- 
tional to the distance from the neutral axis. The shaded area 
below the axis is smaller than that above (which is equal to the 
triangle 0 B E) and consequently the neutral axis cannot pass 
through the point O but must be moved upward away from the 
center of gravity of the section. Figure 143, V, is the actual 
diagram with the axis shifted. The area above the a.yis is 
diminished and that below increased. With a still greater 
deformation the upper fibers will also pass the elastic limit, and 
it may happen that, with some forms of stress-strain diagrams, 
the neutral axis may move backward toward the center of 
gravity of the section. 

The neutral axis may be shifted in a symmetrical section, if the 
tension and compression curves are not afike. In cast iron, for 
instance, the stress-strain diagram for tension differs greatly 
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from the diagram for compression. The compressive strength 
of cast iron is three or four times as great as the tensile strength. 
Beams of this material should be made of T-section, or equiva- 
lent, and so loaded as to bring the stem in compression and the 
flange in tension. The remote fibers on the compression side 
should be two or three times as far from the center of gra\’ity 
of the section as those on the tension side. 

While the modulus of rupture does not give the actual unit 
stress in the outer fibers, it makes it possible to compare stresses 
in similar sections. If the modulus of rupture of a given ma terial 
is obtained from tests of beams of rectangular section, this 
modulus may be used in computing the ultimate strength of 
beams of this material of any rectangular section. The results 
may also be used ■nith little error for beams of other shapes, 
provided they are symmetrical with respect to the neutral axis. 
With uns3anmetrical sections, such as angles, it is better to make 
tests and obtain the modulus of rupture for each shape. 

The student will remember, however, that these statements 
apply to the stress beyond the elastic limit. Since allowable 
stresses are below^ the elastic limit, Formula XVI is strictly cor- 
rect for allowable loads. The change in the stress-distribution 
diagram when the stress passes the elastic limit affects the factor 
of safety only. 

Strictly speaking, ductile materials, such as soft steel, have no 
modulus of rupture, since beams of such material may be bent 
double without breaking. 


Problems 

1. A rectangular beam of western spruce, tested at the Bureau of Standards, 

was 1.75 in. wide and 1.78 in. high. The beam was on supports 24 in. 
apart and loaded at the middle. When the total load changed from 
31 lb. to 597 lb., the deflection at the middle increased 0.1326 in. The 
beam failed at a load of 973 lb. Find the unit stress at 597 lb. load, and 
find the modulus of rupture. 3,879 Ib./in.® and 6,304 Ib./in.® 

2. A rectangular bar of cast iron, 1.04 in. wide and 0.80 in. thick, was 
placed on supports 12 in. apart and was broken by a load of 1,635 lb- 
midway between the supports. Find the modulus of rupture. 

3. A cast-iron beam tested in bending had the same section as the T-beam, 
T87, formerly rolled by the Carnegie Company. Width of flange, 2 in.; 
stem depth (total), 1 in.; thickness of flange and stem, 34 hi- to Me bi-; 
moment of inertia, axis l-l, 0.16 in.^; distance axis 1-1 to back of 
flange, 0.42 in.; area, 0.91 sq- in. When this beam was placed on 
supports 20 in. apart, with flange down, and loaded with 2,400 lb. at 
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the middle, it did not fail. What was the calculated stress at the 
bottom of the flange and at the top of the stem at this load? 

Ans, St = 31,500; Sc = 81,000 Ib./in.^ 

4. Wlien the T-beam of Problem 3 was turned over to bring the stem to the 
bottom, it failed under a load of 1,510 lb. Find the modulus of rupture. 
Find the unit compressive stress in the flange. 

Ans, Tension modulus of rupture = 50,960 lb. /in.-; Sc = 19,820 Ib./in.^ 
The tension crack in the stem of this beam was perpendicular to the 
length. In similar tests the loading was stopped before the crack 
reached the flange. The beam was then turned flange down and loaded. 
It was found still to carr^' a load of 2,400 Ib- 

5. One-half of the beam of Problem 4 was placed flange down across a 
10-in. span. The load at failure was 7,610 ib. Find the modulus of 
rupture. Find the unit tensile stress in the flange. 

Ans. Compression modulus of rupture = 128,400 Ib./in.^; St = 49,940 

lb./in.2 

Caution: In these tests of brittle cast iron the test piece must be shielded 
to avoid injury from flying pieces. 

6. The other haK of the test piece of Problem 4 was tested flange up. The 
span was 10 in. and the load at failure was 3,170 lb. Calculate stresses 
and compare with Problem 4. 

The next problems have been taken from Bulletin No. 41 of the 
University of Illinois Engineering Experiment Station. This bulletin, 
by Prof. A. N. Talbot, describes tests of timber stringers, such as would 
meet the ordinary requirements for railroad use. These large beams 
were supported near the ends and symmetrically loaded at the ^Hhird 
points/’ Neglecting the weight of the beam, the moment of the con- 
centrated loadiag is constant over the middle third of the length. A 
small defect anywhere in this middle third will cause failure, while the 
same defect might not cause failure if the load were uniformly dis- 
tributed or concentrated at the middle, because the weak section might 
be so far from the middle as to be under much less than the maximum 
stress. 

All of these beams were 14 ft. long. They were supported 13 ft. 6 in. 
apart, and the t^wo loads w^ere 4 ft* 6 in. from the supports. 

7. Loblolly pine beam C-14, 6.87 in. by 16 in., had four knots xmder south 
load- It failed by tension when the total load was 48,860 lb. With the 
weight of the beam neglected, the modulus of rupture is given in the 
bulletin as 4,500 lb. per sq. in. Verify this calculation. 

8 . Shortleaf yellow-pine beam C-10, 7.12 in. by 16,25 in., was cross grained 
and had been creosoted. It failed in tension under a total load of 

55.000 lb. Calculate the modulus of rupture. Ana. 4,740 Ib./in.^ 

9. If the beam of Problem 8 had been turned over to make the 16.25-in. 
faces horizontal, about what uniformly distributed load would it have 
carried? 

10. Creosoted shortleaf yellow-pine beam C-11, 7 in. by 15.87 in., had one 
knot under south load point. It failed by tension under a total load of 

37.000 lb. Calculate the modulus of rupture. 
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11. The unit stress at the elastic limit for beam C~ll is given as 2,530 lb. 
per sq. in. What was each of the symmetrical loads at the elastic limit? 

13,770 lb. 

12. Longleaf yellow-pine beam A-16, 6.60 in. by 11.75 in., was a clear stick. 

It failed under a total load of 39,400 lb. Calculate the modulus of 
rupture. Ans. 7,005 Ib./iii.- 

13. If the beam of Problem 12 were supported at points 12 ft. apart and had 
8,000 lb. at 4 ft. from the left support and a uniformh' distributed load, 
what would be the maximum value of this distributed load with a factor 
of safety of 4? 

14 . Longleaf yellow-pine beam A-10, 7 in. by 14 in., was cross grained and 

knotty. It failed under a total load of 25,000 lb. Find the modulus 
of rupture. Ans. 2,952 Ib./in.- 

15 . Douglas-fir beam F-S, Yery knotty, cross grained. 7.7 in. by 15-60 in., 
failed under a total load of 35,000 lb. Calculate the modulus of rupture. 

Ana. 3,026 ib./in.^ 

16 . Douglas-fir beam F-16, 8.13 in. by 15.88 in., had numerous small knots. 
It failed under a total load of 61,350 lb. Find the modulus of rupture. 

17 . A stoneware rod, average diameter 0.949 in., was supported at points 

4.2 in, apart and carried two equal loads, each 4.2 in. outside the adjacent 
support. It failed under a total load of 102 lb. Find the modulus of 
rupture. Am. 2,553 Ib./in.^ 

82. Allowable Bending Stress. — ^Table XX gives some allow- 
able bending stresses which, are to he memorized. Some of these 
are from oflficial specifications. Since the allowable stresses for 
timber vary greatly with the qualityj one stress, which applies 
to good (but not select) material is given as an approximate value 
for the structural timbers in most common use. For other timber 
the student vdll use the handbook. The bending stress in 
compression in the extreme fibers of reinforced concrete applies 
to material which has an ultimate strength of 2,000 pounds per 
square inch at 28 days. 

Table XX. — Bending Stresses in Extreme Fibers 

Pounds per 


Material Square Inch 

EoUed structural steel (A.R.E. A.) 16,000 

Rolled structural steel (A.I.S.C.) 18 , 000 

Structural-steel pins (A.R.E.A.) 24,000 

Cast steel.. 16,000 

Wrought iron 12 , 000 

Cast iron, tension in extreme fiber 3,000 

Cast iron, compression in extreme fiber 10,000 

Douglas fir, red and white oak, redwood, southern 

yellow pine 1 » 200 

Concrete, compressive stress in outer fibers caused by 
bending ♦ * 700 
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Problems 

{For material not given in Table XA, and for material of designated quality, 

use the handbook,) 

1 . Find the allowable loady nniformly distributed, on a 12-in. 50-lb. standard 
I-beam, which is 15 ft. long, center to center of supports (A.R.E.A. stress). 

2. Southern yellow-pine joists, 2 in. thick and h in. high, are used to carry 

a load of 120 lb. per ft. Find h for a span of 12 ft. 

3. Solve Problem 2 if the pine is dense, select. 

4. Solve Problem 2 for common Norway pine. 

5 . A trapezoidal cast-iron beam is 3 in. wide at the bottom, 1 in. wide at the 
top, and 4 in. high. It spans 5 ft. and carries a load 2 ft. from one end. 
Find the total safe load. 

6. A Carnegie T-section, 5 in. by 3 in. by % in. is supported at points 5 ft. 
apart and carries a load at the middle. Find the ma.ximiim safe load. 

Y. Solve Problem 6 if the beam were made of cast iron and used stem down ; 
also -when used flange down. 

8. A box beam is made of 2-in. select Douglas fir. It is 12 in. high and 
10 in. wide outside. What is the maxirQum safe span for a load of 360 lb, 
per ft.? 

83. Neutral Axis for an TJnsymmetrical Section. — Figure 144 
shows an angle section which is unsymmetrical with respect to all 
vertical axes. Figure 144, 1, shows the usual construction of the 
stress-distribution diagram on the assumption that the beam 
bends about the horizontal axis through the center of gravity. 
Figure 144, II, diflfers from. Fig, 144, I, in that tw^'o centers, 0 and 
0% on the neutral axis are used in the construction. One center 
O lies on the vertical line through the center of the vertical leg 
and the other center O' lies in the vertical line through the center 
of gravity of the portion of the horizontal leg which lies to the 
right of the vertical leg. Each method gives the total stress in 
terms of the unit stress in the fibers at the bottom of the beam, 
and each shows the true distance of the resultant forces from the 
horizontal axis. The true position C of the resultant force in the 
upper portion is at the center of gravity of the triangular and 
the trapezoidal areas of Fig. 144, II. It is at the center of gravity 
of the upper wedge of the stress-distribution solid of Fig. 144, III. 

The forces H and C perpendicular to the plane of the paper 
form a couple, which is the resisting moment- The plane of 
this couple is not vertical. To bend the beam in a vertical 
plane the external moment must lie in the same plane as the 
resisting moment, A vertical load will not bend a beam of this 
form in a vertical direction. If there were two equal angles 
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fastened together with their vertical legs back to back, then the 
combination would be s^nnmetrical with respect to a vertical 
axis, and the neutral axis for vertical loads would be horizontal. 



1 11 m 


Fig. 144. 


In Fig. 145, A B C D is a, rectangular section ■n'ith diagonal 
horizontal. It may be regarded as the end of a cantilever 
perpendicular to the plane of the paper. If a vertical load P is 
placed on the end of this cantilever, the deflection will not be 
vertically downward, but the section will be displaced into a 


position such as shown in the figure. 

84. Bending Moment about a 
Secondary Axis. — Figures 144 and 
145 are special cases of the general 
problem in w’-hich the bending moment 
does not lie in the plane of one of 
the principal moments of inertia. In 
other w'ords, the bending moment is 
not about an axis for which the 
moment of inertia is a maximum or a 
TninimuTin - If an axis perpendicular 
to the plane of the bending moment is 
a principal axis of the cross section, 
then the beam wiU bend about this axis. 


A 



C 


Fig. 145. — Rectangular beam 
with load perpendicular to 
diagonal. 

and the deflection will be in 


the direction of the applied forces. For instance, if an I-beam is 
placed with the web vertical, or a rectangular beam is placed with 
the long sides of the rectangle vertical, the axis of maximum mo- 
ment of inertia is horizontal, and a vertical load will deflect the beam 


vertically downward. If the I-beam or rectangular beam were 
turned 90 degrees, to make the axis of minimum moment hori- 
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zontal, the beam again would deflect vertically downward under 
a vertical load, and the neutral axis would coincide vnth the 
principal axis of inertia. hen the section of the beam is an 
equilateral triangle, a square, or any other regular polygon, the 
moment of inertia is the same for every axis through the center 
of gravity. Such beams deflect in the plane of the bending 
moment, no matter what the position of the section may be. 

The method of finding the unit stress when the bending 
moment is not in the plane of a principal axis of inertia is very 
simple. Resolve the bending moments or the applied forces into two 
components perpendicular to the two principal axes of inertia, and 
compute the stress separately for each component. The actual stress 
at any point is the algebraic sum of the stresses caused by the two 
components. 

The proof of this proposition is given in Art. 232. 


Example 

A cantilever beam of rectangular section is 4 in. by 3 in. and is 5 ft. long. 
The beam is placed with the 4-in. faces at 30° with the horizontal and a 

load of 120 lb. is put on the free end. Find 
the unit stress at each corner, and jfind the di- 
rection of the neutral axis. 

The load of 120 lb. is resolved into 103.9 lb. 
perpendicular to the 4-in. faces and 60 lb. per- 
pendicular to the 3-in. faces. From the first 
component, the stress zn A B and in (7 D of Fig. 
146 is 


(03,9 lb. 



SOIL 


Fig. 146. 


„ 103.9 X 60 - ,, 

g _ ~ 1,039 lb. per sq. m. 


From the second component, 


„ 60 X 60 

^ ^ ~ 450 lb. per sq. m. 

o 


At B both stresses are tensile and at D both are compressive- The unit 
stress at these corners is 1,039 -j- 450 = 1,489 lb. per sq. in. At A the stress 
caused by the 60»lb. component is compressive, while that caused by the 
other component is tensile. The tensile stress at A and the compressive 
stress at C are 1,039 — 450 = 589 lb. per sq. in. 

The location on the line C B of the point F at which the stress is zero is 
found by dividing the distance from C to B in the ratio of 689 to 1,489. 


CF 


589 X 3 __ 1,767 

589 + 1,489 2,078 


0.850 in. 


At G on the line AD at a distance of 0.850 in. from A, the unit stress is zero. 
The line G F through the center of the section is the neutral axis. 
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The angle d between the neutral axis G F and a line parallel to the 4-in. 
faces is given by 

n 

tan e = ~ = 0.325; d - 1S% nearly. 

The neutral axis makes an angle of 12° with the horizontal. 

Problems 

1. A rectangular cantilever, 6 in. by 10 in., is 6 ft. long. The 10-in. faces 
make an angle of 20° with the vertical. The beam carries a load of 
1,200 lb. on the free end. Find the unit stress at each corner and the 
angle which the true neutral axis makes with the horizontal. 

Arts. 1,304 lb./in.2; 320 Ib. /in.s, 25° 16^ 

2. A rectangle of sides h and d is placed with one diagonal horizontal and 
subjected to a vertical load. Find the fiber stress at the corners A and 
C (Fig. 147). 



C 

Fig. 147- — Rectangular beam. 


3. Show that the result of Problem 2 is the same as would be found if the 
neutral axis coincided with the horizontal diagonal D B. 

4. A lO-in., 40-lb. standard I-beam, 10 ft. long between supports, carries a 
uniformly distributed load of 900 lb. per ft. The web makes an angle of 
7° to the right of the vertical upward. Find the unit stress at each 
comer at the middle of the span. 

Am. Upper left, 8,687 Ib./in,^ compression; upper right 207 Ib./in.® 
tension. 

5. At what angle with the vertical will a 12-in, 31.8-lb. I-beam have zero 

stress at two comers? .4ns. Arc tan 0.10556 == 6° 02^ 

6. An 18-in- X TK-ni* 47-lb., wide-flange section is 20 ft, long between 
supports and carries 12,000 lb. 8 ft. from one support. The web makes 
an angle of 6° with the vertical. Find the unit stress at the upper 
comers caused by this load. 

Ans. 16,380 lb. /in.® compression; 326 lb. /in.® compression. 

7. A lO-in. 15.3-lb. standard channel, 12 ft. long between supports, carries 
a load of 400 lb. per ft. The web mak^ an angle of 5° to the right of 
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8 . 


10 . 

11 . 


the vertical upward. The fianges are on the right. Find the unit stress 
at each corner at the dangerous section. 

Ans. Upper left, 8,518 compression; upper right, 147 compression; 

lovrer left, 4,328 tension; lower right, 12,699 tension. 

A 6-in. by 6-in. timber cantilever, 5 ft. long, carries a load of 180 lb. per 
ft. Find the maximum unit stress when the faces are vertical. Find 
the maximum unit stress when one diagonal is vertical. 

Ans. 750 lb./in.2; 1,061 Ib./in.^ 
Solve Problem 8 if two faces make an angle of 30'’ with the horizontal. 
Solve by resohing the load into components. Solve also by calculating 
the distance c for this position. Ans. 1,024 Ib./in.^ 

In Problem 9 find the unit stress at the other corners. 

A cantilever beam 4 ft. long carries a load of 200 lb. on the free end. 
Each section is an equilateral triangle 4 in, on each side. Find the 
stress at each vertex if the lower base is hori- 
zontal. Ans. 4,800 lb. /in.®; 2,400 lb. /in.® 

12. Solve Problem 11 if the lower base makes 
an angle of 20° with the horizontal. 

13. A 6-in- by 6-m. by 1-in. standard angle, 10 ft. 
long, is used as a beam supported at the ends. 
The angle is placed with legs horizontal and 
vertical and a load of 1,000 lb. is applied at the 
middle, over the center of gravity of the section. 
Find t*he unit stress at the corners. Here the 

principal axes are 1-1 for which the moment inertia is 14.78, and 2-2 for 
which the moment of inertia is 56.14. The bending moment for each 
axis is IdjOOOV?. 



Unit stress at E 


15,000 X V2 X 1.86 X 
14.78 


3,775 lb. per sq. in. 


Am. Unit tensile stress at C = 3,329 + 1,336 = 4,665 lb. /in.® 

86. Bending Moment in Different Planes. — It frequently 
happens that a beam is subjected to forces not aU of which are 
parallel. If the sections are circles or regular polygons so that 
the moment of inertia is the same in aU directions, the resultant 
moment may be calculated at any section, and this moment may 
be used to find the fiber stress. If the two principal moments of 
inertia are not equal, the forces or moments should be resolved in 
the directions of the principal axes, and the stress at any point 
calculated as in Art. 84. 


Example 

A horizontal cantilever 5 ft. long carries a load of 120 lb. per ft. and is 
subjected to a horizontal pull, perpendicular to its length, of 400 lb. at the 
free end. Find the expressions, in inch-pounds, for the moment at any 
section. Am. My “ 5 a:®; Mz == 400 a;; resultant M « + 6,400, 
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in which My is the moment in the vertical plane and Mz is the moment in 
the horizontal plane. 


Problems 

1. In the foregoing example, find the direction and magnitude of the resultant 
moment at the fixed end. 

Ans, 30,000 in.-lb. in a plane at an angle of 36° 52^ wnth the horizontal. 

2. If the cantilever of Problem 1 is of circular section, 4 in. in diameter, 

find the maximum fiber stress. 4,775 lb. 'in.® 

3 . In Problem 1 find the magnitude and direction of the resultant moment 
at 30 in. from the free end. 

Ans. 12,816 in.4b. at angle of 20° 34^ with the horizontal. 

4 . A horizontal shaft 10 ft. long, weighing 24 lb. per ft., is supported at 
the ends and carries a vertical load of 60 lb. 2 ft. from the left end and a 
vertical load of 40 Ib. 3 ft. from the right end. A horizontal force of 
160 lb., perpendicular to the shaft, is applied 3 ft. from the left end. 
Find the resultant moment at 3 ft. from the left end and at the middle. 

Am. 501 ft. 4b. at 3 ft.; 484 ft. 4b- at 5 ft. 

5. Write an expression for the moment in each plane and for the resultant 
moment between 3 ft. and 7 ft. from the left support. Differentiate 
the expression for the resultant moment to derive an equation for finding 
the position of maximum moment. 

Figure 149 shows the diagram for the moment in the vertical 
and horizontal planes for Problem 4. The maximum moment in 
the vertical plane is at 5 feet, and the maximum in the horizontal 


; » 60+ 
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plane is at 3 feet. The maximum r^ultant moment is between 
3 feet and 5 feet. The resultant moment at any section may 
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be determined graphically from the diagonal of the right-angled 
triangle, the legs of which are the horizontal and vertical moments. 

Problems 

6. A 6-in. by 10-in. beam, 15 ft. long between vertical and horizontal 
supports, carries a load of 240 lb. per ft. and resists a transverse force of 
720 lb. 5 ft. from one end. Find the maximum stress for each 10-in. 
interval between the dangerous section for the vertical load and the 
dangerous section for the horizontal force. 

Ans. 1,200 lb./in.2, 1,210 lb./in.2, 1,200 lb./in.2, 1,170 lb./in.2 

7, A 20-in. 75-lb. standard I-beam, 24 ft. long, is supported vertically 3 ft. 
from each end and carries 2,400 lb. per ft. between the supports. It is 
held horizontalh^ 1 ft. from each end. A force of 3,000 lb. at an angle of 
60® below the horizontal, in a transverse plane perpendicular to the 
length of the beam, is applied 9 ft. from one end. Find the maximum 
stress at 10-in. intervals in the region of maximum moment. 

Ans. Maximum stress = 18,950 Ib./in.^ 



CHAPTER VIII 


DEFLECTION OF BEAMS 

86. Relation of Moment to Curvature. — In Equation (7) of 
Art. 78, it was shown that 


M = EI^ = EI^’ 
AZ dl 


( 1 ) 


for infinitesimal lengths measured along the neutral surface 
of the bent beam. The angle dO is the change in slope of the 
tangent to the neutral surface in the length dL In Figs. 150 



and 135, two lines F G and M N are drawn perpendicular to the 
neutral surface at a distance dl apart. The broken line which 
intersects ikf JV at the neutral surface is parallel to F G, The 
lines F G and M N make an angle dd with each other, since they 
are normal to the neutral surface and intersect at some point 
beyond the drawing, at a distance p from the neutral surface. 
This distance p is the radius of curvature of the neutral surface. 

By geometry: 

pdd ^ dl, 

^ ^ 1 
dl ~p 


Substituting in Equation (1) : 


( 2 ) 

(3) 
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If M is constant, or if J varies as M, p is constant, and tlie curve 
of the beam is an arc of a circle which may be computed by 
trigonometry. 

Problems 

1. A 3~in. by l-in. steel beam, 10 ft. long, rests on two supports, each 
30 in. from an end, and carries a load of 200 lb. on each end (Fig. 151). 
If the weight of the beam is neglected, what is the bending moment for 
the portion beWeen the supports? If the modulus of elasticity is 
30,000,000 lb. per sq. in., what is the radius of curvature? How much 
is the middle of the beam deflected upward above the supports? Solve 
for the deflection by geometry, assuming that the chord is equal to the 



arc. Solve also by trigonometry. If tables do not give the cosine with 
sufficient accuracy, calculate it by the series. 

Ans. M = 6,000 in.-lb.; p = 1,250 in.; y = 0.36 in. 

2. A steel plate, 1 in. wide and 0.1 in. thick, is bent through an angle of 

45® in a length of 30 in. by a constant moment. If E is 30,000,000, what 
are the moment, the radius of curvature, and the deflection at the middle 
of the 30 in.? Ans. M = 65.45 in.4b.; p = 38.2 in.; y = 2.90 in. 

3. A A-in, by 6-in. timber beam, 18 ft. long, rests on supports 10 ft. apart 
and overhangs each support 4 ft. Calculate the radius of curvature for 
the portion between the supports when a load of 500 lb. is placed on 
each end. The modulus of elasticity is 1,600,000 lb. per sq. in. 

Ans, 400 ft. 

4. In Problem 3, what is the difference in the slope of the beam at the 
supports? What is the deflection of the middle upward? 

Am. 6 = 0.025 radian = 1® 26' in a length of 10 ft. y — 0.384 in., 
using five place cosines = 0.375 in., using two terms of cosine series. 

87. Change of Slope in Rectangular Coordinates. — When 
Equation (1) of Art. 86 is integrated with d and I as the vari- 
ables, the integral gives the change of slope in radians. For most 
purposes, it is desirable to express the slope in rectangular 
coordinates. The curved line of Fig. 162 represents the neutral 
surface of a bent beam with the deflection greatly exaggerated. 
In a floor beam for instance, the deflection should not be more 
than 1 inch in 30 feet. A deflection as great as would be per- 
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missible in an engineering structure would not be noticeable in 
a drawing. For this reason, in the discussion of deflection which 
follows, a beam has been drawm in each figure as it would appear 
to the eye, and then a hea'ry line has been drawn below to repre- 
sent the position and slope of the neutral surface with all vertical 
distances magnified. 

In Fig. 152, dl is a small length measured along the neutral 
surface, and dx is the projection of this length on the horizontal. 


1 ^ ^ ^ — — 

1 

Ijl BEAM 

0 

H 


surface ^ 

^FLECiToN EXAGgSvTEO 



Fig. 152. — Slope and deflection. 


dx = dl cos d, in which 6 is the slope of the tangent to the beam. 
With the small deflections allowable in an engineering structure, 
cos 6 is nearly unity and dx is practically equal to dl. For 
instance, if the slope were 1 part in 100 (which is relatively 
large) a triangle could be drawn with a base of 1 unit and an 
altitude of 0.01 unit. The hypotenuse of this triangle is V 1-0001, 
which is 1.00005, and the error in the assumption that dx equals dl 
is 1 part in 20,000. When dx is substituted for dl. Equation (1) 
of Art. 86 becomes 


( 1 ) 

Since 0 is a small angle, its value in radians is practically equal 
to its tangent: 

( 2 ) 

(3) 

Formula XVII 

This formula may be derived in a slightly .different m a nn er, 
which will show the magnitude of the approximations. From 


B = tan B 


= 

dx’ 


dx^’ 


dx 
M = 

dx^ 
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the calculus, the reciprocal of the radius of curvature’ is 


[Aet. 88 


1 

P 



(4) 


AVhen this expression is substituted in Equation (4) of Art. 86, 
the result is 


M 



(5) 


When ^ is small 
ax 


(dyV . 

’ \dxj 


is much smaller and may be neglected. 


The denominator of the second member of Equation (5) then 
becomes unity, and Equation (5) is equivalent to Formula XVII. 
Mathematically, Equation (5) is reduced to Formula XVII by 

dv 

multiplying by sec® 6 or dmding by the cos® 8, -vf-hen tan ^ 

In some problems in ■which the deflections are large,* the exact 
formula of Equation (5) is required. The application of this equa- 
tion ■was considered in Appendix D of the Third Edition. For all 
ordinary problems of beam and column deflection. Formula XVII 
is ample. In the application of the formula the X axis is taken par- 


allel to the imbent beam, and the deflection is so small that 


IS 


negligible compared "svith unity. 

88. Solution of the Differential Equation of Deflection. — 
Before solving Formula XVII for the deflection of a beam or 
coltunn, all the factors must be expressed in terms of x, y, and 
constants. The modulus of elasticity is constant, provided the 
unit stress does not exceed the proportional elastic limit. The 
formulas for deflection are valid only below this limi t. For beams 
of uniform section, I is constant; for beams of variable section, it 
is expressed as a function of x. The moment is expressed as a 
function of x and y. In beams it is usually a function of x only, 
as in equations of Art. 69. 

When the expressions for M and I do not depend upon the 
deflection y, Formula XVII becomes 
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— function of x. 
dx“ 


( 1 ) 


The first integration of Equation (1) gives ^ as a function of 

X with the addition of an integration constant. If ^ is known 

for any one value of x, these values may be substituted in the 
integral and the integration constant determined. 

The second integration gives the deflection y as a function 
of X with the addition of a second integration constant. If 
y is known for some one value of x, these values may be substi- 
tuted in the second integral and the second integration constant 
determined. The final integral with the integration constants 
given in terms of the loads and dimensions of the beam is called 
the equation of the elastic line, 
o/u 

If ^ is not known for any one value of x, the first integration 

constant must be carried through the second integration, and the 
value of y must be known for twro values of x to complete the 
solution. 

89. Cantilever Loaded at Free End. — Figure 153 represents a 
cantilever beam fixed at the right end and loaded at the left end. 



Fig. 153. — Cantilever with load on free end. 


The beam was horizontal before the load was applied and remains 
horizontal at the wall when loaded. The origin of coordinates is 
taken at the position of the left end before the load was applied. 
The moment at any distance x from the origin is — P x. The 
differential equation is 


eA = -P X. 

ox® 





+ Cx. 


CD 


2 


( 2 ) 



No 
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dt/ 

At the wall, where x = I, the beam is horizontal and ^ — 0; 


EL 


Cl = 

dy 


Pl^ 


dx 


Px^ PP 
■ 2 2 ■ 


pr- . 


2BI 


is the slope of the beam at the left end, where z = Q. 
„ ^ P , P Px , ^ 

Ely + Ca. 


6 2 

At the wall x = I, y = 0; 

PP , PP 


(3) 

(4) 

(5) 


0 = 
c, = 


6 +^ + ^-25 


PP 


2 , 


is the deflection at the left end, where x — 0. 


„ _ P . P Px 

Ely ^ + 


6 

P 


PP 
3 ’ 


(2P -3 Px + x^). 


" 6EI 

The maximum deflection is at the free end, where z — 0; 

PP 


( 6 ) 

(7) 

( 8 ) 


2/n 


3EI 

If a: = A; Z, in which A; is a fraction less than unity, 

PP 


Formula XVIII 


y = 


6EI 


(2 -3k + k^). 


(9) 


Problems 

{Memorise no equations except Formula XVIII.) 

1* A 4-in. by 6-in. cantilever^ 10 ft. long, carries a load of 240 lb. on the 
free end. Find the deflection at the free end if 1,500,000 lb. per 
sq. in. Find the maximum unit stress. 

Ans^ Vzoax = 1*28 in.; = 1,200 lb. /in.® 

2. What would be the deflection at the end and the maximum stress for 
the beam of Problem 1 if it were turned 90® to bring the 4-in. faces 
vertical? 

3. A 10“in. 30-lb. standard I-beam, as a cantilever 8 ft. 6 in. long, 

is deflected 0.357 in. at the free end by a load of 4,000 lb. Find F and 
the maximum stress. Ans. E = 29,170,000; S = 16,280 lb. /in.® 
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4. A 2-in. by S-in. timber cantilever, 6 ft. 8 in. long, is deflected 1.24 in. at 
the end by a load of 40 lb. on the end. Find E and the maximum stress. 

Ans, E = 1,220,000; 8 = 1,067 lb. , in.® 

5. Find the deflection of the cantilever of Problem 1 at 20 in. from the 
free end and at 40 in. from the free end. Solve by Eq. (8). Solve again 
by Eq. (9) and the answer of Problem 1. 

6. Find the deflection of the beam of Problem 3 at 30 in. from the free end. 

Alls, y = 0.204 in. 

7. Derive the expression for the deflection of a cantilever of length I at 
one-third the length and one-half the length from the free end. 

, 14 F 23 5 p ^3 

Ans. 81 48 £-/ 

8. For Problem 1, find the slope at the free end, at one-fourth the length 
from the free end, and at one-half the length from the free end. 

Ans. ^ = 0.016, 0.015, and 0.012. 

9. At what distance from the end of a cantilever loaded at the end is the 

slope one-half the slope at the end? Ans. x = 0.7071 1. 

10. A cantilever of length I and depth d, with sections symmetrical with 
respect to the neutral axis, is deflected by a load at the end. Derive an 
expression for deflection at the end in terms of the maximum stress S, 
the modulus of elasticity, and the dimensions I and d. 

Ans V - 

11 . If ^ = 29,000,000 lb. per sq. in., and the allowable stress is 18,000 Ib. 

per sq. in., find the deflection at the end of any lO-in. I-beam or channel 
as a cantilever 6 ft, 8 in. long. Ans. ym&x = 0.2648 in. 

12. A beam in the form of an isosceles triangle 6 in. high has a modulus of 

elasticity of 1,400,000 lb, per sq. in. and an allowable stress of 1,100 lb. 
per sq. in. The length is 6 ft. Derive a formula and find the maximum 
deflection at the end. Ans. yxma. = 3.3394 in, 

13 . A cantilever of length I is fixed at the left end and carries a load F at the 
right end. With the origin of coordinates at the fixed end and x positive 
toward the right, derive the equation of the elastic line. 

Ans. M = -F(2 - x) = --F 2 + F x; (10) 

EI^£ + = 0 ]; ( 11 ) 

Ely^ + [C* = 0]. (12) 

14 . Why are Ci and Ct equal to zero in Problem 13? Find the slope at the 
right end and at the middle. Compare with Problem 8. Find the 
deflection at the middle and at one-third the length from the free end. 

16 . Solve Problem 13 using the first expression for M in Eq. (10). 


Ans. El 


dy F(^-x)® Fl\ 
dx " 2 2 * 


Ely g 2^6 


(13) 

(14) 



[Art. 90 


210 STRENGTH OF MATERIALS 

16. Expand Eq. (13) and compare with Eq. (11). Expand Eq. (14) and 
compare with Eq. (12). Find the slope and deflection at the free end. 
How do the signs of the slope compare with those from Eq. (4)? 
Explain. 

90. Cantilever with Load at Any Point — Figure 154 shows a 
cantilever, which is fixed at the right end and carries a concen- 
trated load P at a distance a from the left end. The portion to 



the left of the load remains straight (if the weight of the beam 
is neglected) . The portion to the right of the load is a cantilever 
of length I — a which is loaded at the end. The deflection of this 
portion is 


2/1 == 


P{1 - ay 
ZEI 


( 1 ) 


The additional deflection of the portion to the left of the load is 
yz = —a sin B, in which B is the slope at the load. For a small 

angle, sin B — tan 9 = From Equation (4) of Art. 89, 

the slope under the load is 


dy _ P{1 - ay 
dx~ 2E I ' 

P a{l - ay 
2E1 

PQ.-ay Pail-ay 
ZEI 2E I 


( 2 ) 

-^i2P-ZPa + a^). (3) 


Problems 

1. A cantilever of length I has a load P at one-third the length from the free 
end. Find the deflection at the free end and under the load. 

. 14 F P gpiz 

An$. 81 £ ^ “ WB~I 
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2. Solve Problem 1 if the load is at the middle. 

4 __ OFF _ FF 

48 ^ “ 24 E'l' 

3. A 6-m. by 4-in. loiigleaf yellow-pine cantilever, 6 ft. long, carries 200 lb. 
1 ft. from the free end and 120 ib. 2 ft. from the free end. Find the 
deflection at the free end HE — 1,200,000. 

4. In Problem 3 find the deflection under each load. Find t!i(‘ maxinium 
stress. 

5. Solve Problems 3 and 4 if the beam were turned 90® to make the thin, 
faces vertical. Use answers of preceding problems. 

91, Maxwell's Theorem, — As long as the stress remains below 
the proportional elastic limit, the deflection caused by several 
loads is equal to the sum of the deflections which would be caused 
by the loads acting separately. This statement, which is called 
the principle of supei'position, may be regarded as an axiom 
amply verified by experiment and by theoretical investigation of 
special cases. In Art. 203, starting from the principle of super- 
position, Maxwell's theorem is derived. This law of the equiva- 
lence of reciprocal deflections is; 1/ A and B are two points on a 
beam {or any elastic structure) ^ the deflection at A caused by a given 
load at B is equal to the deflection at B caused by the same load as A, 
If X is substituted for a in Equation (3) of Art. 90, the result is 
Equation (8) of Art. 89. In order to find the deflection at the 
end of a beam which is caused by a load at a distance x from the 
end, simply assume that the load is applied at the end and find 
the deflection at a distance z from the end by Equation (8) or 
Equation (9) of Art. 89. 


Example 

A 5-in. 14-75-lb. I-beam as a cantilever 7 ft. 6 in. long carries 1,000 lb. 
6 ft. from the fixed end and 500 lb. 5 ft. from the fixed end. Find the deflec- 
tion at the free end which is caused by these loads if = 30,000,000 lb. 
per sq. in. 

»- - - mS - 1 + la) + ‘ J ■ 

= - 0.00027 (1,000 X 1.408 + 500 X 2 ?^ 7 ) = 0.52016 in. 
Problems 

1. Find tbe deflection under the 1,000-lb. load of the example above. 

2 . Find the deflection under the 500-lb. load of the example above. Find 
the maximum unit stress including the weight of the beam. 

3. Calculate the deflection at the end of the cantilever of Problem 1 of 
Art. 89 if an additional load of 300 lb. is placed 3 ft. from the free end. 
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92. Cantilever with Load Uniformly Distributed. — Figure 155 
show^s a cantilever which is fixed at the right end and carries a 




Fig. 155. — Cantilever with distributed load, fixed at right end. 

load of w per unit length. The oz'igin of coordinates is taken at 
the position of the free end before the load was applied. 

The moment at any section at a distance x from the free end is 
w 

T 


11 

'13 N 

w 

2 ■ 

1 



(1) 

eA = 

ax 

w 

6 

+ 

Cl. 


(2) 

bA. 

ax 

w x® 
6 

+ 

w Z® 

6 ' 


(3) 

Ely = 

w 

24 

+ 

w Px 
6 

Ci, 

(4) 

Ely = 

W X* 

+ 

w Px 

wP 

(5) 

24 

6 

8 ■ 

y = 

w 

ME 

7 

(3 P - 

- 4 Z®a: + x^). 

(6) 


which is the equation of the elastic line. 

If a; = Z, in which A; is a fraction smaller than unity, Equation 
(6) may be written 

^ ~ ~24 El (3 — 4 A: + ^ j. (3 — 4 A: + A;^). (7) 

At the free end 


w I* WP 

8BI " 8Wl‘ 


Formula XIX 


In these equations W — w I, which is the total distributed load. 

Since modulus of elasticity is expressed in pounds per square 
inch, and moment of inertia in inches^ w must be in pounds per 
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inch. To find the total load TT", pounds per foot may be used 
with length in feet. 

Probiems 

1. A 6~iii. by 10~in. timber cantilever, 10 ft. long, is subjected to a load 
of ISO lb. per ft. hat is the deflection at the free end if E' = 1,600,000 
lb. per sq. in.? What is the maximum fiber stress at the fixed end? 
Use the total load IF. Ans. - -0.4S6 in.; = 1,080 ib./in.^ 

2. In Problem 1, what is the deflection 3 ft. from the free end? Solve by 

Eq. (6) and also by Eq. (7). Ans. - -0.2929 in. 

3. A 2-in. by 3-in. timber beam, weighing 24 lb., has 2 ft. of its length 
clamped between horizontal steel plates and projects 10 ft. as a canti- 
lever. The deflection caused by its weight brings the lower edge at the 
free end 0.48 in. below the plane of the upper surface of the lower steel 
plate. Assuming that the beam was originally straight, find E. 

Aui^, E = 2,000,000 IK/mA 

4. Assuming that the beam of Problem 3 is turned ISO® and the deflection 
of the free end is apparently 0.52 in., calculate the corrected E, 

6. If a load of 25 lb. on the beam of Problem 3 at 1 ft. 8 in. from the free 
end produces an additional deflection of 0.81 in., find E. 

6. If a given cantilever is deflected 1.2 in. at the end by a uniformly dis- 
tributed load, how much would it be deflected at the end if an equal 
total load were placed on the end? Solve without writing. 

7. A cantilever, uniformly loaded, is deflected 1.2 in. at the end w^hen the 
maximum unit stress is 800 lb. per sq. in. How much would, this 
cantilever be deflected by a load on the end which would cause the same 
maximum stress? Solve without writing. 

8. Find the slope at the free end, at one-third the length from the free end, 
and at the middle of a uniformly loaded cantilever. 

. WF IZWr- 7wl^ 
^EFWWl^ASEr 



WiGt. 156. — Cantilever with imiformly distributed load. 

9. A cantilever with uniformly distributed load is fixed at the left end, as in 
Mg, 156. Show that 



m 
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(9) 

aa: 6 6 

w{l — xY wl^x , wY 

EIy= 24 6-+'24- 

10. Expand the expression for M in Eq. (8) and integrate for the equation 
of the elastic line. 

, wFx^ , w I x^ wx* 

Ans. Ely = j 1 g (H) 

93. Simply-supported Beam, Uniformly Loaded. — In a beam 
supported at the ends and uniformly loaded, each reaction is 


w Pounds Per Unit Length 



Fig. 157. — Supports at ends, load uniformly distributed, 

one-half the total load w 1. The moment at a distance x from the 
left support is 

, , wlx w x^ 

M - -2 2-’ 

and the differential equation becomes 

^^d?y__wlx wx^ 

2 " 

_wlx^ wx^ , ^ 

^^Tx-~1 ^ + 

From symmetry it is evident that the maximum deflection is 
at the middle 

^ = 0 when x = 
dx 2’ 


\jSI 


is the slope of the elastic line at the left support. 
„ ^dy wlx^ wx^ wV 
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EIy = 


W I W X"* w Px 


12 


24 


24 


+ Co. 


At X = 0, ?/ = 0; ^2 = 0; 

Ely 


w I x^ 

IT' 


W X* 

24 


w Px 

~2r' 


When ^ = 2 deflection is a maximum, 

1? T — wl^(l 1 l\ _ oip ?■*_ 

12 \8 32 4/ ~ 384 ’ 


2/mal 


5 w I* 
"384 E I 


5 W P 
'384 E I 


(5j 

(&} 

( 7 ) 


Formula XX 


Substituting x = Z in Equation (7), the deflection at the right 
support is found to be zero. This condition might have been 
used to determine one of the constants. 

This beam might be regarded as fixed at the middle where the 

slope is zero, and to consist of two cantilevers of length ^ which 

are bent do'wnward by the distributed load and bent upward by 
the end reactions. The deflection at one end is 


Downw'ard, 


Upward, 


W)' 


BE I 

Wi 

T 

3EI 


( 1 . 


WP 
128 E r 


WP . 
48 E 7’ 


Total deflection upward, 


384 E 7'' 


(8 -3) 


5 WZ=* 
384 E I 


The deflection at any point, measured upward from the tangent 
at the middle, may be calculated in a similar way. 


Problems 

1. A 2-iii. by 12-in. floor joist is 15 ft. long between supports and carries a 

distributed load of 180 lb. per ft. 11 E = 1,600,000 lb. per sq. in., what 
is the deflection at the middle and at 5 ft. from each end? What is the 
maximum fiber stress? Ans. yam = —0.444 in. 

2. The floor of a room 30 ft. wide is carried on 24-in. I-beams spaced 12 ft. 

apart. The total live and dead load is 210 Ib. per sq. ft. Using A.I.S.C. 
Specifications, select the I-beam. Calculate the maximum deflection 
HE = 29,000,000. Ans. = -0.688 in. 



216 


STRENGTH OF MATERIALS 


[Abt. 94 


3. A 10-in. 30-lb. standard I-beam, 12 ft. long, is supported at the ends and 
carries a load of 1,740 lb. per ft., including its ovra weight. If A? = 
29,000,000 lb. per sq. in., what is the deflection at the middle and at 4 ft. 
from each end? UTiat is the slope at the left end? 

Ans. = -0.2097 in.; y = -0.1822 in.; ^ = -0.00466. 

4. Write an expression for the deflection at a distance k I from the left end 
from Eq- (7). 

Ans. ij + k^). 

5. If the beam of Problem 3 extended 5 ft. to the left of the left support, 
how much would the free end be elevated when the span between the 
supports is loaded? 

6. A beam of length I and depth d has its neutral surface midway between 
the top and bottom. The beam is supported at the ends and carries a 
uniformly distributed load which makes the maximum stress equal to S, 
What is the deflection at the middle? 

Ans. yr^:, - 2iWd‘ 

7. If jE 7 ~ 29j000,000 and S = 17,400, find the maximum deflection for a 

12-'in. I-beam 16 ft. long. Ans. 2/max = — 0.384 in. 

8. A l-in. by J^-in. steel bar, 10 ft. long, supported at the ends, is deflected 
5 in. by its weight. Find E* Find maximum stress. 

Am. S = 12,240 Ib./in.^ 

94. Simply-supported Beam, Loaded at Middle. — If P is 

p 

the load at the middle, each reaction is and the moment 

P X 

from the left end to the middle is (see Fig. 123). For the 
portion of the beam between the left end and the middle, 

( 1 ) 

( 2 ) 

dti 

At the middle, from the symmetry of the sides, ^ = 0; 


El 


d^y 

dx^- 


Px 

-2’ 


jg I'k.i^ + c,. 


dx 

Ely 


PZ®. 

(3) 

16 ' 

P X* P l\ 

(4) 

4 16 ’ 

P X® PPx . ^ 

12 16 

(5) 
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At the left support, where x = 0, y = 0; 


Ely 


Ci = 0 . 

P x® P Z“X 

' ~w ~w' 


( 6 ) 

(7J 


At the middle, where z 


2 


Pl^ PP 
mE I 32 El 


PP 

iSEl' 


Formula XXI 


Since the moment equation applies only to the left half of 
the beam, the formulas derived from this equation are not valid 
beyond the middle. From the middle to the right end, the 

p 

moment is (I — x). 




c. 


pp- 

16 


Ely 


P(Z - x)« , P Px 


12 


+ 


16 


+ Ci. 


At the right support, where x = I, y = 0 ; C 4 = - 

P{l-xY,PPx PP 

12 +-W-TS" 


' 16 ’ 


(8) 

(9) 

( 10 ) 


( 11 ) 


A beam supported at the ends and loaded at the middle may 
be regarded as two cantilevers, each of length which are bent 

upward by reactions 

Formula XXI is largely used in the determination of the modu- 
lus of elasticity. 


Problems 

1- A 4-in. by b-in. beam, 5 ft. long between supports, is deflected 0.0600 in. 
at the middle when the load changes from 200 lb. to 1,400 lb. Find E 
and the maximum str^s. 

Am. B == 1,250,000 Ib./inA; B - S75 lb./m,« 
2. The spruce beam of Problem 1 of Art. 81 was deflected 0-1326 in. when 
the load changed from 31 lb. to 597 lb. Calculate E. 



[Abt. 95 


218 STRENGTH OF MATERIALS 

3. A yeliow-pine beam, 1.63 in. by 1.94 in., resting on supports 20 in. apart 
and loaded at the middle, deflected 0.0517 in. when the load changed 
from 100 lb. to 600 lb. and deflected 0.0520 in. when the load changed 
from 300 lb. to 800 lb. Find E for each reading. The beam failed 
under a load of 2,400 lb. Find the modulus of rupture. 

Ans. 1,625,000 lb./in.2; 1,615,000 Ib./in.^; 11,740 lb. /in . 2 

4. A cast-iron T-beam, similar to that of Problem 3 (Art. 81) and loaded 
and tested in the same way, was deflected 0.0332 in. at the middle when 
the load changed from 300 lb. to 800 lb. Find E, 

Ans. E = 15,800,000 Ib./in.^ 

5. A 7-m. 204b. I-beam, 20 ft. long, rests on supports 12 ft. apart and 
overhangs the left support 5 ft. W hen a load of 5,000 lb. is placed 
midway between the supports, 'what is the deflection under the load, 
and how much are the ends elevated? E == 29,000,000. 

Ans. 0.256 in.; 0.320 in.; 0.192 in, 

6. In Problem 1, find the total deflection 20 in. from the left support when 

the load was 1,400 lb. Ans. y = —0.0596 in. 

7 . Derive an expression for the deflection at a distance k I from the left 
support if k is not greater than yi. 

U = - k -i 

8 . Derive an expression for the deflection at a distance k I from the left 
support if k is greater than }4- 

Ans. y = — j. (^4(l - k)^ ASk- 3^- 

9. Derive expressions for the deflection at one-fourth the length and at 
one-third the length from the left end, and for the deflection at two- 
thirds the length and three-fourths the length from the left end. 
Compare. 

10 . If S is the allowable unit stress in a beam, d is the depth, and I is the 
length, and if the neutral surface is midway between the top and bottom, 
what is the expression for the maximum allowable deflection when 
the beam is loaded at the middle. By means of this formula find the 
maximum allowable deflection in a steel beam 20 ft. long and 18 in. 
deep, using the A.I.S.C. allowable stress. 

96. Beam witt Constant Moment. — Figure 158 shows a beam 
which is supported at two points at a distance Z apart, overhangs 
each support, and carries a load on each end. The moment at 
the left support is — P a, and the moment at the right support 
is —Q 6. li P a — Ql, the left reaction is equal to P and the 
right reaction is equal to Q. The loads and reactions then form 
two equal and opposite couples, and the moment between the 
supports is constant and equal to —-P a (or --Qb). With the 
origin of coordinates at the left support^ 
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E I y ^ — + Cix + C«. 



At the left support, where x = Q, y = Q; hence = 0. 
At the right support, where x = I, y = 0. 


0 = 


Pal' 

2 




Cl = 


Pal 

2 


(2; 

!3) 


When this value of Ci is substituted in Equation f2), 


EI^ = -Pai + 
ax 


Pal 


(4) 


At the point of maximum deflection, ^ ~ ^ ar = — The 

maximum deflection is at the middle of the span. 

The equation of the elastic line is 


Pa., 

^ ~ 2 E 7 ^ ^ 
__PaP_ M'l\ 
y^^-~ SEI & El’ 


fir" - ">■ ® 

Formula XXII 


in which Af' is a positive, constant moment. 

If P and Q are equal and a and 5 are equal, it is evident that 
the elastic line is symmetrical with r^pect to the middle of the 

dv 

span. Under these conditions, it could be assumed that ^ is 


zero when x is and th6 value of Ci could be obtained from the 

first integral. If P and Q are not equal, but the product P a 
equals Q b, the symmetry is not self-evident, and it is better to 
determine both constants from the second integral. 
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Problems 

1. A board, 6 in. wide and 1 in. thick, rests on two supports 80 in. apart. 
A load of 80 lb. is placed 16 in. to the left of the left support and a load 
of 20 lb. is placed 24 in. to the right of the right support. If E is 
1,200,000 lb. per sq. in,, what is the deflection upward midway between 
the supports? What is the slope at each support? 

Ans, y = 0.64 in.; ^ = 0.032. 

2. In Problem 1, find the deflection at 20 in. to the right of the left support. 

3. In Problem 1, find the radius of curvature of the portion of the beam 
between the supports and calculate the deflection at the middle arid the 
slope over the supports geometrically. 

The overhanging ends of Fig, 158 are cantilevers. The 
deflection of each load /rom the tangent at the support {yz of Fig, 
158) is given by Formula XVIII. The deflection of the tangent 
at the support from the horizontal line through the supports 
(ya of Fig. 158) is the distance from the load to the support 
multiplied by the slope at the support. 


2/2 + yz 


P aH P a^ 


2EI SET 


Pa^ 

~dEI 


(3 Z -|- 2 <x). (6) 


Problems 

4. In Problem 1, find the deflection of the load of 30 lb. downward from the 
horizontal line through the supports. An$. 0.512 + 0.068 == 0.580 in. 

5. A beam of total length I is supported at two points, each of w-hich is ^ 

P 

from one end and carries a load of -g at each end. How much is the 

middle deflected upward and how much is each end deflected downward 
from the supports? 


{Artide 96 may he omitted. Compare with Arts. 101; 111.) 

96. Simply-supported Beam, Loaded at Any Point. — Since the moment 
equation changes at the concentrated load, two diflerential equations of 
the second order must be solved to obtain the equation of the elastic line 
for the entire beam. For a beam supported at the ends with a load at the 
middle, the symmetry made it possible to obtain the integration constants 
from the single equation of the left half. Where the load is not at the 
middle, the slope is known neither at the middle nor under the load. If 
the moment equation for the portion of the beam between the left support 
of Fig. 159 and the load were integrated alone, the only known condition 
would be that ^ = 0 when ^ = 0. If the equation for the portion between 
the load and the right support were integrated alone, the known condition 
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would be y = 0 when x — 1. Since the solution of these two equations 
introduces four integration constants, two other relations must be known. 
When the two moment equations are integrated together, these two addi- 
tional relations may be found from the fact that under the load, where 

X — a, the slope ~ is the same for the two first integrals, and the defied ion y 

is the same for the two second integrals. Since the principle of this method 


P 



Fig. 159. — Beam with single concentrated load. 


is important^ it will be carried through, although briefer solutions are given 
in Arts, 101, 111, and 206. 

Figure 159 represents a beam of length U which is supported at the ends 
and carries a load P at a, distance a from the left support and a distance 

P b 

h from the right support. The left reaction is — p* For the left portion of 
the beam 


and to the right of the load 


For cM points from x 
X = a, inclusive, 

■ ^ 


El 


dx^ 


I 


p r% Pbx^ . p 


- _ P b X ^ , 

If = — 5 p(x — a). 


0 to 

( 1 ) 

(3) 


I 

For all points from x = a to 
inclusive. 


E 

dx^ I 
dx 21 


Fix 

Pix 


a). 

a)® 


+ C,. 


( 2 ) 

(4) 


The curve is continuous under the load with no abrupt change of slope. 
When X = a, the value of ^ calculated from Equation (3) is the same as 

when calculated from Equation (4). This makes the first members of the 
two equations equal and, consequently, the second members are equal when 
a is substituted for x. 


C\ «= Cj. 


P{a - 0)2 
2 


+ C3; 


21 
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Substituting Cl for C3 in Equation (4) and integrating both equations: 

Ely ~ h i-r + C 2. {5} i E I y — —— h CiX + 

When X = 0, y — 0; | C4. (6) 

hence C2 = 0. I 

When X = the values of y from Equations (5) and (6) are the same and 
the second members of these equations are equal, from which 

0 = C2 = C4. 

^\^len X = Z in Equation (6j, y = 0; 

^ _ PhP , PH-ap _ 

^ ^ 6Z 61 

Substituting the value of Ci from Equation (7) in Equation (5) : 


Ely = 


Phx^ P HP - H)x 


Substituting Ci in Equation (3) and equating to zero, 
, P - H _ a{a + 26) 


gives the point of maximum deflection, provided b is less than a. Substi- 
tuting x from Equation (9) in Equation (8), 

P hip - 6=)V'3(J= - 6*) _ 

Jfna. - 27 Ell 

P b a{{i -f- 2b')\/S aioL -f- 26) /ir\\ 

27 Ell ^ 


The deflection under the load is 


Pa^h^ 
Z Ell 


Problems 

1. A beam of length I is supported at the ends and carries a load P at six- 
tenths of the length from the left support. Find the deflection under the 
loadj the deflection at the middle, and the maximum deflection, 

Ans, E ly = -0.0192 P P, -0.01967 P P, -0.01975 P P. 

2. Find the deflection at 0.3 I and at 0.4 I from the left support of Problem 1. 

Ans, E ly = -0.0150 P 1% -0.01813 P P. 

3 . A 3-in. by 2-in. simply-supported rectangular beam, 10 ft. long, carries 
a load of 36 lb. 6 ft. from the left end. Find the maximum deflection if 
E — 1,500,000 lb. per sq. in. Find the slope at the left support. Find 
the slope at the right support and the deflection under the load. 

Ans. = -0.4096 in-; ^ = -0.009677 at left 

^ = 0.010169 at right; y ~ —0.3981 in. under load. 



CHAPTER IX 


INTEGRATION BETWEEN LIMITS 

{This chapter may he omitted, or this chapter may he studied and any or all 
of Chapter \T[II, except Art. 91, jna?/ be omitted.} 

97. Fundameiital Operations. — Chapter TUI gives the 
accepted method for derivation of the equations of the elastic 
line for beams. For each integration there is an arbitrary 
constant, which must be evaluated from a known condition 
of slope or deflection. When the moment throughout a span 
is represented by a single equation, only two constants are 
needed. If two equations are required to express the moment of 
different portions of the span, as in Art. 96, four constants are 
necessary. With more than two equations, the method is 
impracticable. 

The fundamental deflection formula of Art. 78 is 

dl ax 


in which x is taken parallel to the unbent beam. Since the 
deflection of beams is small, it is customary to assume that 

dl = dz, and that 9 = tan ^ These appr mations are 

used in the derivation of deflection equations by all methods. 
After the first integration for the slope in terms of z, 6 is 

replaced by and a second integration is performed to obtain 


the equation of the elastic line in rectangular coordinates. 

When the moment curve is draTivn "with the moment as the 
ordinate, Af dz is an element of the area between the curve 

and the axis of z and Jm dx between two limits gives the area 

under the curve between these'limits. The area under the moment 
diagram between two ordinates, divided by E I, gives the change of 
slope in that interval. 

98. Cantilever Loaded at End. — Figure 160, I, shows a 
cantilever which is fixed at the right end and loaded at the left 

223 
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end. The moment diagram is a negative triangle of base I, 

P P 

altitude — P I, and area 

M = -Px; Side = -Px dx] (1) 


Ble = E I Si 


rp rr- 
2 


in which 6 is the slope at a distance x from the origin, di is the slope 
I P 

at the origin and — ^ is the quantity which, divided by P /, 










Pig. 160 . — Moment and slope of cantilever. 

gives the change of slope in the interval x. Since the integral 

, Px^. . Pz^ 

of g— from 0 to a: IS g-j 


El e = Eldi 


is the slope equation for the span. 

Since the slope is 0 at the fixed end, the value of 6i may be 
obtained by substituting I for x in Equation (3), or by using I in 
place of X as the upper limit in Equation (2). 

0-EIe 6 - 


(4) 
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Equation (3) now reads 

Eie 


Pl- 

2 


Px" 

2 


( 5 ) 


Equation (5) might have been written without formal integra- 

p p 

tion. The area of the entire triangle of Fig. 160, II, is 

which added to E I di gives the first equation of (4). The area 

P X- 

of the triangle of base x is which is P 7 times the difference 

in slope between x = 0 and x = x. 

dv 

With 6 replaced by ~ ? Equation (5) now reads 


ax 



Px- 
2 ’ 


Ely = E I yi -{• 


[PPx 

2 



( 6 ) 

(7) 


in which y is the deflection at any point at a distance x from the 
free end, and yi is the deflection at the origin. Since y — Q 
when X — I, substitution of / as the upper limit in Equation (7) 
gives 


P P 

0 - + 


Vl l/rtuac 


PP 

3Ef 


Formula XVIII 


Since the value of each term in the bracket of Equation (7) is 
zero at the lower limit, the expression retains its form when x 
is taken as the upper limit, and 


Ely 


PP PPx Px" 

3 2 6 * 


( 8 ) 


Problems 


1 . 


2 . 


For a cantilever with a load on the free end, what is the ratio of the 
deflection at any point to the slope at that point? 


Atm. 


- lx - 
^ a + x) 


At what point on a cantilever loaded at the free end is the ratio of the 
numericcd value of the deflection to the slope equal to one-half the length? 


Ana. * = - = 0.186 1 . 

4 


3. Mnd the deflection and slope when x — 0.4 I from Eqs. (6) and (8). 
Calculate the ratio of these quantities and check by the answer of Prob- 
lem 1. 
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{The remainder of this article may he omitted,) 


While the equation of the elastic line for a cantilever with a concentrated 
load on the end has been fully developed in the preceding discussion, the 
principles would be better understood if the investigation should include a 
beam fixed at the left end. 

If the right portion, of length I ~ x, of the beam of Fig. 161 is taken as the 

p free body, the moment at a distance 
I 11^1 j: from the fixed end is 





.V = -P{1 - Z)] 


EH. Elf .'"S- 

dx 


X)2 


(9) 

( 10 ) 

P V- 
2 

( 11 ) 


-PI 


moment 


HI 

Fig. 161. — Cantilever fixed at left end. 


The integral of Equation (10) at the 
P P 

lower limit is g-, and Equation 

(11) is not the same as Equation (10). 


Ely 

Ely 


-[- 


P{1 - x)^ 
6 


J^x 

2 




P{1 - x)^ PP 
6 6 


Pl^-x 


( 12 ) 

(13) 


From the general moment equation, or from the expansion of Equation 
(9K 


3 / = -PI 


(14) 


This equation is represented by Fig. 161, III. The negative rectangle of 
altitude —PI gives the first term. The positive triangle gives the second 
term. The resultant diagram, of course, is the same as Fig. 161, II. 


Ele ( 15 ) 

ETe=EI^==-Plx+ ?—■ ( 16 ) 


Since both terms of Equation (15) are zero at the lower limit, Equations (15) 
and (16) are identical in form. After the student has acquired sufficient 
experience to recognize this condition, it will not be necessary for him to 
write both equations. 


Ely = 
Ely = 


[- 


P^- 
2 

Plx^ 


2 £^3 

6 

P X^ 




( 17 ) 


2 


6 


( 18 ) 
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Problems 

4, Derive Eq. (17) geometrically from Fig. lt>0, MI. 

6. Find the deflection at the end by Eq. (19 , j and by Eq. \lSj. Find the 
deflection at the middle and at one-third the length from the free end by 
these equations and by Eq. (9). 

99. Cantilever Uniformly Loaded. — Figure 162 shows a uni- 
formly loaded cantilever which is fixed at the right end. The 
moment diagram is a negative parabola which has a maximum 



Fig. 162 . — Uniformly loaded cantilever fixed at right end. 


zo lA 

altitude of Since the area under a parabola ■which is 

convex toward the base is one-third the product of the base 

zc 

by the altitude, the area of the entire parabola is g~ A 

portion of the parabola which has a base of length x has an area 

'll} 

of ^ — Sohdng for the slope from these areas without 

b 

integrating: 


Eie = EIdi- 
0 == El $1- 


w 

w P 




w P 

qWi' 


^ ^ wx\ 

6 6 ’ 


r w Px 

w x^ 

L 6 

24 

w Px 

UD X* 

6 

24 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 
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When I is taken as the upper limit in Equation (4) or sub- 
stituted for X in Equation (5), 

0 = E I yi -\ — ^ ; ( 6 ) 


' E I yi = E I ymax = — g-; 

„ ^ wP , w Px w 

EIy = -X+-6 W’ 


'24: El 
wP 

'8EI' 


(3P - i Px + X*). 

WP 
■ 8Ef 


Formula XIX 


in which W = wl = total load. 

Problems 

1, A 4-in. bj’' 6-in. cantilever, 10 ft. long, carries a uniformly distributed load 
which makes the ma.ximum stress 1,200 lb. per sq. in. Find the deflection 
at the end and at 40 in. from the free end if jB = 1,600,000. 

2. At what point on a uniformly loaded cantilever is the slope one-half the 

slope at the free end? 

^ ' \ Am. X = 0.5H I = 0.794 1. 

{The remainder of this article may he 
A' ■>i< l-y — ■ ->1 omitted.) 

Figure 163 shows a uniformly 
^ loaded cantilever which is fixed at 

V ^ 

_ , , , , the left end. If a portion of length 

IG. can le-ver ^ g^d, 

is taken as the free body ^ the moment 
at a distance x from the fixed end is found to be 


w{l ~ a;)^ 

2 " 
r xc (I ~ 

L 6 Jo’ 

w(l — x)^ 

6 6 ’ 
r xdQ — x)^ w 

I 24 6 Jo' 


B I y 


w(l ~ x)* w¥ w Px 


When I is taken as the upper limit in Eq. (12) or substituted for x in Eq. (13), 


B I ymsFX 


wl^ wl^ 
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From the general moment equation or from the expansion of E(|. (9j 

M = ^ lx g-. , 1^14] 

which may be represented by a negative rc^ctangle, a positive triangle, and a 

negative parabola. 

Problems 

3. Sketch the separate figures of Eq. (14) with the positive triangle above 
the rectangle and the negative parabola below, l ind tiie expression for 
the slope at a distance x from the origin by means of the areas of these 
diagrams. Integrate this expression between limits to get the defiection 
at the free end and the equation of the elastic line. 

4. Bj" Eq. (8) and by Eq. (13) find the deflection at the middle and at 
one-third the length from the free end. 

17 If 17 If P 

384 E 243 E V 

6- WTiat is the ratio of the deflection at the middle to the deflection at one- 
third the length from the free end? Ans, 81 :12S. 

100. Simply-supported Beam, Uniformly Loaded. — Figure 164 
shows a uniformly loaded beam which is supported at the ends. 

'U) Z 

The reaction of each support is 


The moment diagram consists of a positive triangle and a 
negative parabola. The resultant moment diagram is a parabola 



FiO- 164. — Simply-supported beam uniformly loaded. 


which is convex upward and has its maximum altitude at the 
middle of the beam. 

Using the area of the diagrams instead of integrating: 



w 


( 2 ) 
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It is evident from symmetry that the beam is horizontal at the 
middle where x = ~ 


Q E I 01 + 
0 El di + 
El 01 = 


w P 
16 

ivP_ 
24 ' 
w P _ 


w P 
48'’ 


wr- 


24 


Ely 

y = 




w Px , wl 


24 


_ 

24 Jo’ 


W X 


yms.lL 


24: El 
5 wP 


{P -21 X- + x^). 
■ 5 W P 


384 El 


384 El 


(3) 

(4) 

(5) 

( 6 ) 

Formula XX 


The slope at the right end may be found from the slope at the 
left end and the area of the moment diagram. 


El 02 = 


wP w P 


24 


w P 

~Q~ 


w P 


(7) 


in which 02 is the slope at the right support with x in the positive 
direction. In the negative direction, from the support toward 

w 

the spaiij E I $21 — “^ 4 "* book, toward the right slope 

will be designated by the subscript of the support. Toward 
the left, the slope will be designated by the subscript of the sup- 
port followed by the subscript of the preceding support. 

Problems 

1. A 12-in. by 10-in. 64-lb. wide-j3ange beam rests on supports which are 
15 ft. apart and carries a uniform load of 3,000 lb. per ft. over the entire 
span. Find the deflection at the middle caused by this load if E is 
29,400,000. Find the maximum unit stress. 

Am. ymax = 0.220 in.; S = 11,800 Ib./in.s 

2. Find the deflection of the beam of Problem 1 at 5 ft. from the left support. 

3. The beam of Problem 1 overhangs the left support 5 ft. How much is 
the free end deflected upward when the load is applied to the span? 

Ans, 0.235 in. 

4. A horizontal push of 3,000 lb. is applied at the free end of the beam of 
Problem 3- Find the maximum stress caused by this force. 
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6. A 6-in. by 10-in. beam of select dry oak. 20 ft. long between supports, 
carries a uniformly distributed load which makes the unit stress the 
maximum allowable in bending. Find the deflection at the middle and 
at 5 ft. from each support. Find the slope at the left support. Use 
the handbooks for all other data.) 

101. Simply-supported Beam Loaded at Any Point. — Figure 
165 shows a beam which is supported at the ends and loaded at a 



point which is at a distance a from the left support and a distance 
b from the right support. The left reaction is -j— 


0 - - Z a I 

M = ^ - F (x - a). (1) 


The broken line from 0 to I over the first term indicates that 
this term applies the entire length of the span. The line from 
a to Z over the second term indicates that this term is valid from 
the load to the right support. 


EI9 = EI 01 + 


'F b X*' 

X 

'F(x - a)2‘ 

2Z , 

0 

L 2 J 


0--1 


- Z 


- FJfl = El 01+ 

Ely - Eldx + Y 6Z Jo L 6 J,.‘ 


( 2 ) 

( 3 ) 

(4) 
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Whea I is used as the upper limit in Equation (4), 

(5) 

( 6 ) 

(7) 

I 

Ely = -x^) - ay (8) 

The terms of Equation (8) under the first line apply to the entire 
span. These terms give all the deflection between the left end 
and the load, and part of the deflection between the load and the 
right end. The last term must be added to get the entire deflec- 
tion on the right of the load. 



Problems 

1. If the load is to the right of the middle of the beam, derive an expression 
for the position of maximum deflection. Use the slope expression of 
Eq. (3). 


Arts, = 


Find the 


2. A beam 100 in. long carries a load 40 in. from the right end. Find the 
location of the lowest point. 

Ans. X = V^2800 = 52.915 in. from the left end 

3. A 5-in. by 6-in. timber beam rests on supports 100 in. apart and carries a 
load of 1,200 lb. 30 in. from the right support. If = 1,000,000 lb. per 
sq. in., find the deflection at 20 in., 40 in., 50 in., 60 in., and 70 in. from 
the left support. 

Ans. 0.116 in.; 0.200 in.; 0.220 in.; 0.220 in.; 0.196 in. 

4. Find the deflection of the beam of Problem 3 at 80 in. from the left support 
by Eq. (9). Check by Eq. (8) starting from the right end. 

Arts. 0.1462 in. 

6- Find di for the beam of Problem 3. Add the area of the moment diagram 
to find ^ 2 - Calculate d^i with the origin of coordinates at the right 
support. 

6 * Find the maximum deflection for the beam of Problem 3. 


102. Deflection in Terms of Left Reaction. — It is desirable, 
sometimes, to find the equation of the elastic line of a beam in 
terms of the reaction at one end. When the beam is supported 
at the left end, the equations are the same in terms of iSi no matter 
what may be the conditions at the right support. In the follow- 
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ing illustrations, the left reaction is i?i and the moment is zero 
at the left end. 

Load Uniformly Distributed. 


El 


do „ w X- 


E I 0 = E I di + 


Rix"- 

2 


w 

~w 


( 1 ) 

( 2 ) 


Substitution of the limits 0 and x in Equation (2) makes no change 
in the form of the expression. 


Ely = EId,x + ^ 


U' 


(3) 


Since y = 0 when x = I, substitution of the limits 0 and I in 
Equation (3) gives 


E I Oi 


RiP ^ 
6 ■*"24” 


(4) 


which substituted in Equations (2) and (3) gives 


El 9 = 

Ril- Rix" w 

6 24 2 ”6~’ 

(5) 

Ely = 

RiPx wPx . RiX^ wx*^ 

6 24 ^ 6 24’ 

(6) 

Ely = 

- J-*) + - **)■ 

(7) 


Load Concentraied . — For a beam supported at the left end with 
a load F at a distance a from the left support and at a distance b 
from the right end of the span, the equation is 


Jo 0-1 a - - - - I 

EI^ = Rx - P(x - a); 
dx 

EI6 = EI^ = EIBi + 
ax 


Fx* 

2 


r \P{x - a)®?. 

Jo L 2 Jo’ 


TPjdy pro , ^ - a)®. 


( 8 ) 

( 9 ) 

( 10 ) 


Ely 
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When I is used for the upper limit in Equation (9), 

. P¥ 


0 = El 01 + 


Ely = 


(P - X-) + 


6 6r 

— I a - - 
P¥x Pb 


(x — a)^ 


Problems 

1. A beam is supported at the left end and at a distance I from the left end. 
It carries a load of iv per unit length between the supports. What is 
the left reaction if the beam is horizontal over the second support? 
W rite the slope equation and the equation of the elastic line. 


An6‘- Ri 


8 dx 48 


0 I 


E I y = ~{2x^ -Zlx^ A- Px) 

•iO 


2. Find the position of maximum deflection for the beam of Problem 1 
from the slope equation. Since the slope of the beam is zero over the 
second support, :r == f is a solution and a: — Hs a factor. Divide by this 
factor and solve the quadratic. Ans. x = 0.4215 I, 

3- A uniformly loaded beam is supported at the left end and at a distance 
Z from the left end. It overhangs the right support 0.4 I and carries a 
concentrated load of 0.3 wl on the right end. Find the slope at each 
support. 

. dy _ IV P w P 

dx ~ 120 E r ~WeT 

4t. In Problem 3, what is the deflection at x = 0.8 I? 

5. A beam is supported at the left and at a distance I from the left end. 
It carries a load P at distance k I from the left support. Find the left 
reaction if the beam is horizontal over the right support. 


Ans. Ri = — (2 


3 


103. Cantilever Partly Loaded. — Figure 166 shows a beam which is fixed 
at the left end and subjected to a load F at a distance b from the fixed end and 
a distance a from the free end. If the portion of the beam to the right of 
any section is taken as the free bod^q 


M = -P(h - x) 

(1) 

Beyond b the moment is 0. 



(2) 

0 h 0-1 


P(b-x)^ Pb^ 
dx 2 2 • 

(3) 


When X == 0, F J ^ — 0; when x = 5, i? / ■ 
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and remains unchanged throughout the remainder of the beam 

For the first integral x cannot exceed h. For the second term x may extemi 
to L The general equation is 

0 b 0 - / 0 - / 

^ y. P{h — J P 6‘X 

EIy= +_ t5, 


When x = b, Ely = 0 + 


Pb^ Pb^ 


f T ^ J-J J. y V/j ^ 2 g ^ 

which is the deflection of a beam of length h which is loaded at the frt^e end. 

When X is greater than h. only the last two terms of Equation '5 * are used. 

Ph^ Phn P¥ P¥a 

B I ymsAt = -Q — = — 3 

The last form of Equation (6) represents the deflection under the load plus 
the slope at the load times the length of the portion which is not loaded. 



Fig. 166. — Cantilever variously loaded- 

Kgure 166, II, giv^ the moment diagram, for the beam with the portion 
to the right of the section taken as the free body. Figure 166, III, giv^ the 
components of the diagram with the portion to the left of the section taken 
as the free body. By the general moment equation 

M ^ -Ph +Px - P{x - h), (7) 
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which are represented by a negative rectangle, a positive triangle, and a 
negative triangle. The resultant of these, of coursej is Fig. 166, II. 



0 

1 t 1 


E Id ^ 

—P b X 

Px^ P{x - 6)2. 

^2 2 ' 

(8) 


0 

1 b 1 


Ely = 

Pbx^ 

2 

p P{x - by 

■^6 6 * 

(9) 


Since inspection shows that substitution of the limits does not change the 
form of the expression, one step is omitted at each integration. 


E I ym&x — 


PbF 

2 


PP 

6 


P 

“ 6 "' 


( 10 ) 


When 5 + a is substituted for I in Equation (10), the result is 


E I 2/max — 


P¥ 


P¥a 
2 * 


( 6 ) 


Figure 166, V, shows a cantilever fixed at the right end with two con- 
centrated loads. 


C". — "Z 

M - -p {x - a) - Q(x - c) 


( 11 ) 


Since substitution of limits makes no change in the expression, substitution 
is omitted in the derivation which follows. 


Ele =Ele^ 

2 2 
Pb^ Qd\ 

2 2 ’ 

a I c 

^ ^ ^ ^ 0 P(x - a)2 Q(x ™ c)2 

cbc 2 ^ 2 2 2 ^ 


I 


0 


I a I 


i 2 6 6 ’ 

B.r., _ QdH , Pb^ , Qd^ 

2 2 "6" “6“’ 

0 — I I 

WT,, QdKl-x) Qd^ P(x-aP 

^ 9. 7 J g i a B 
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( 12 ) 

(13) 

(14) 

( 15 ) 
( 10 ) 


6 

c I 

Q(x — c)® 
6 


(17) 


Problems 

1. A 4-hi. by 6-in, timber cantilever is 10 ft. long and carries a load at 30 in. 
from the free end which makes the maximum unit stress 1,080 lb. per sq. 
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in. Find the deflection at the middle, under the load, 10 in. from the free 
end, and at the free end, if ^ = 1,500,000 lb. per sq. in. 

Am. -0.336 in.; -0.64S in.; -0.864 in.; -0.972 in. 

2 . A 3-in. 6.5-Ib. I-beam, as a cantilever fixed at the right end, projects 

10 ft. and carries 200 lb. 4 ft. from the left end and 300 lb. 2 ft. bin. from 
the fixed end. If FJ = 29,400,000, find the deflection at the free end 
which is caused by these loads. Find the maximum fiber stress including 
the weight of the beam. Ann, Jjamx = 0.814 in. 

3. In Problem 2, find the deflection 20 in. from the free end and at the 

middle. Am. 0.649 in.; 0.321 in. 

Figure 167, I, shows a cantilever fixed at the left end, which carries a 
uniformly distributed load over a length b adjacent to the fixed end. When 



! 





Fiu. 167, — Cantilevers partly loaded. 


a portion of length Z — x, to the right of a section at a distance x from the 
origin, is taken as the free body, the moment is 


M == 


w(b — x)^ 


from a; = 0 to = 5. 


Eld 


r w(b — x)®“l* 

I 6 




B 

Ely 

BJy 



0 - 

- - 5 

0 

1 


- 

- xY 

w 5® 

dx 


6 

6 ' 

_r 

w(b — 

xyi^ 


L 

24 

Jo ^ 

L 6 Jo’ 

0 



h 0 ■ 

1 

1 

o 


w(& — x)* . wh^ w Wx. 

_ +-^ g 


( 18 ) 

( 19 ) 

( 20 ) 
( 21 ) 

( 22 ) 
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To get the first term of Equation (22) is not used, since this term 

applies only to x == 5. 


F 1 2/iMJt 


w 

24 


w bH 


u' w a 

-g g~"- 


(23) 


Figure 167, III, shows a cantilever fixed at the right end which carries a 
uniformly distributed load over a length b adjacent to the fixed end. 


M 


w(x — a)~^ 
2 ^ 


E I 6 ^ E I 6i 

IV 


w(x — a) 2 


6 


E I 6i = 


6 ^ 


- I 


a — 

rp rdy __ IV b^ iv(x — 

dx 6 6 ' 


Ely =EIyi + 

0 ^ EI7JI + 


0 - - Z 

IV b^ X 
~6~' 
IV b^ I 


a - - 
IV (x 


- - I 


E I 2/max — E I yi 


6 

tv b^ 


24 
w b^^ 

w b^ a 


Ely--^ + 


8 6 ^ 

0 I a I 

w h* , w &’ (s — a) w{x — a)* 

6 24 


(24) 

(26) 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 


The method of Fig. 167, II [Equations (18) to (23)], in which the canti- 
lever is fixed at the left end, is not so good as that of Fig. 167, III [Equations 
(24) to (31)], in which the cantilever is fixed at the right end. The lower 

tv b^ 

limit of the integral of Equation (19) gives a value of g— which somewhat 


complicates the problem. All the integrals in Equations (24) to (31) have 
zero as the value at the lower limit. For integration between limits^ it is 
best to set up the equations in such a way that each expression will have its 
upper limit at the right end of the span and will have its value zero at the 
lower limit. When a load does not extend to the end of the span, it may be 
assumed to go that far and to be balanced by an imaginary upward force. 


Problems 


4. A cantilever of length Z carries a uniformly distributed load over 0,6 Z 
adjacent to the fixed end. Find the maximum deflection. 


. 0.0306 w ¥ 

AtIS^ 2/max — j ■ 

5. A cantilever of length Z carries a uniformly distributed load over 0,4 Z 
adjacent to the free end- Find the deflection at the free end by means of 
the answer to Problem 4. 
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6 . 


7. 


la Problem 4, find the deflection 0.2 I from tin* free end. S<dre by one 
equation and check by another. 


Ans. y = - 

Find the deflection at the middle of the beam of Problem 4. 

An.i, ^ — 


0.0234 fr 
El 
Cheek. 
0.0r>fM)4 jr P 
El 


8- A cantile%*er of length I carries a load of tr per unit knigtii over 0.5 i which 
begins 0.2 I from the fixed end. Find the deflection at the free end and 
at the middle. Check. Imagine that the load is (xtendc^d to the fixed 
end. 


104. Contmued Integrations. — It has been shown in preceding 
articles that the derivative of the deflection is the slope, the 
derivative of the slope is the moment, and the derivative of 
the moment is the shear. 


dj/ _ . d-y _ moment dhj _ shear 
S ~ eT dF^'^ E I 


To these may be added E I ^ = ~ 


u\ in which w 


is the load per unit length. 

In order to differentiate or integrate an expression, the function 
must be continuous. A concentrated load is, apparently, not 



continuous. It is customary to represent a concentrated load by 
a line. In reality, a concentrated load or reaction is distributed 
over an area. The concentrated load of Fig. 168 is represented 
on the load diagram by a rectangle (which, of course, it is not). 
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If it were a rectangle, the shear diagram would be the diagonal 
broken line of the figure. It is customary to use a vertical line on 
the shear diagram in line with the resultant ^^concentrated'’ 
load. At any rate, the shear after passing the load is equal to the 
total load or the area of the actual load diagram ^vhatever its 
form may be. Figure 168 shows a uniformly distributed load, 



for which the shear diagram B'C is an inclined straight line. A 
uniformly increasing load is shown on the right end of the beam of 
Fig. 168. If 2 ^ 5 is the load per unit length at a distance b from 
the beginning, the equation of the load diagram is —ux\ The 
additional shear caused by this load at a distance x' from the 
beginning is the area of the load triangle of length x', which is 

. For most deflection problems, the moment equation 


2 
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may be written from the loads and reactions. For some problems, 
it is convenient to begin with the shear, and for others it is neces- 
sary to integrate from the load. 

Figure 169 shows a cantilever with uniformly increasing load. 

which might have been calculated by graphic integration, from the 
area of the load triangle. 


fw r ? 

_ _j 


which might have been calculated by graphic integration from the 
area of the load parabola. 


E I S = E I $1 


24 Jo ■ 
ME I 


= El B, 


TP ^ _ux* 

dx~ M 24 ’ 


EIy = EIyi + 
EIy = EIyi + 

T 7 I r 

EIyi= — 57r; ? 


r u Px _ u 

L 24 120 Jo’ 

u l^x _ u 
24 120’ 

_ uP _ 

307 " 


Wl» 

'ibEf 


in which W 


the total load on the beam. 


u 7- uP , v,l*x u x^ 

Problems 

1- A cantilever of length I carries a load which increases uniformly from the 
free end to the feed end. Find the defiection at the middle. 

Am t/ - - 

^ 3,840 El ^ l^E 1 

2. A cantilever of length I carri^ a load which increases uniformly from the 
feed end to the free end. Find ihe deflection at the free end, using Eq. 
(7). 

. 11 WP 

Ana. 607' 
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105. Method of Area Moments. — When a beam is fixed at 
one end or at both ends, making the slope zero at these points, the 
calculation of deflection by '^area moments^’* has some advan- 
tages. Where there is more than one load on a span, the method 
is better than successive integration with arbitrary constants but 
is not superior to successive integration between limits, as given 
in Chapter IX, Most calculations of area moments may be made 
by graphic integration/^ This is the determination of the 
areas and the moment of the areas of moment diagrams. Since 
moment diagrams are triangles, parabolas, or rectangles, or 
combinations of these figures, most of these calculations can be 
made vuthout the use of calculus. 

From the equation M = — El when ^ is a small 


angle 


^ dx; (1) 

e = ^^J.dx + C = ^ J Mdx + C-, (2) 


when I is constant. 

Since J*M dx is the area of the moment diagram, the difference 

in slope between two points on a beam of uniform section is the area 
of the moment diagram between these points divided by E I, If 
the moment of inertia varies, the difference of slope is the area 
M 

of the ~Y diagram divided by E. 

In Fig. 170, AoRo represents a portion of a beam. The line 
AiJBijBoy which straight from At to Bt and curved from Bt to 


^ This method was devised by Mohr and independently in America by 
Prof. Charles E, Greene, who began to teach it in 1873. See paper by A. E, 
Geeene in the Michigan Technic of June, 1910. 

242 
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Ba, represents the same beam after the portion from to jBq has 
been bent by a moment M. If the short portion between Bi 
and wBo is now bent by a moment M, the point Ai moves to A^. 
The angle between the tangent J-i^i and the tangent A2B2 
(or the angle between the normals at Bi and B^) is dB. tit 
is assumed that the angles are so small that the angle 6 is practi- 
cally equivalent to tangent of B, and the points AoAiA- lie on 



a straight line which is approximately vertical.) The deflection 
dya, from Ai to Az, when the infinitesimal length B1B2 is bent, is 
AzBzdd (or AiBidB, since BiBz is infinitesimal). Since 6 Ls 
small, A2B2 is practically equivalent to its horizontal projection 
AoB'z, the length of which is — Za- 


dya = (x — Xa)de; 

dya = — Xa)dx. 


( 3 ) 

( 4 ) 


The total deflection of the point A is 


Va 

For a uniform beam 



— Xa)dx. 


Formula XXIII 


E 


lya — J* M{x — Xa) 


dx. 


Formula XXIV 


When the origin of coordinates is taken at the point /lo, 


E lya = JMx dx. Formula XXV 

Since Jlf dr is an element of the moment diagram, (x — Xa) 
M dx is the moment of this element with respect to the line 
AoAiAz. The integrals of Formulas XXII V and XXV give the 
moment with respect to A of the entire moment diagram from 
A to jBq. The distance ya is the deflection of the point A from the 
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taivgent at Bq, This is called the Area-Moments Method, the Slope- 
Deflection Method, or the Integral of M x dx Method, 

For a concentrated load or reaction, the moment diagram 
is a triangle; for a uniformly distributed load it is a parabola. 
Since the area and location of the center of gravity of these 
figures are known, the moment is usually computed geometrically 

without integration. This method of replacing Jxf(x)dx by 
the moment of the area ^f(x) do; is a form of graphic integration. 

J* X fix) dx == X J fix) dx. 

If J* fix) dx may be represented by a plane figure, of wliich the area 
and the location of the center of gravity are known, xjf(x) dx may 

be evaluated arithmetically. When Jf(x) dx cannot be rep- 
resented by a simple plane figure, it is best to integrate. 

106. Cantilever Loaded at Free End. — Figure 171 shows a 
cantilever with a load P on the free end. The figure shows also 




rea;->z 


Fig. 171. — Area moments for cantilever. 

the elastic line with deflections magnified, the shear diagram, and 
the moment diagram. The moment diagram is a negative 
triangle. The maximum ordinate is — P I, which is the area of 

the shear diagram. The area of the moment triangle is 
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2 I 

and its center of gravity is from the left end. The deflection 

of the left end from the horizontal tangent at the right end is 
given by 

P Z- I 

Ely^. = Xy 

P/3 

ymax - g ^ 

The change in slope from the free end to the fixed end is the area 
of the moment diagram divided by E I. Since the beam is 
horizontal at the fixed end, the slope at the free end is 


2EI 

fl = II. 

2 El 

(Compare with Art. 89.) 

Figure 172 is given to find the equation of the elastic line. The 
deflection is found for any point at a distance a from the free end. 


( 2 ) 

(3) 


pp 


( 1 ) 


Formula XVIII 



Pig. 172. — Moment diagram for equation of elastic line. 

The coordinate is expressed by a instead of ar since x is used for 
the element of the diagram. Formula XXIII is written 

E I ya= — Pj^x(x — a)dx-, (4) 

Elya^- Pjy - = -^(2 P-Bal^ + 5a»). (6) 

When o is replaced by a: in. the parenthesis of Equation (5), the 
result is Equation (8) of Art. 89. 

Figure 173 is the diagram for finding the deflection at a distance 
X from the free end by graphic integration. The trapezoid to the 
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right of the point B may be broken up into the rectangle of base 
I — z and altitude — P x, and the lower triangle of base I — x and 

I ^ X 

altitude —P(l — x). The moment arm of the rectangle is — g — 
and that of the triangle is ^ 



Moment of rectangle = —P x{l — x) X — g — ' ~ 

-~(l - z)K ( 6 ) 

Moment of triangle = — ^ x ?(L.~ = 

-^)2. (7) 

p 73 p 72^ p ^3 

Total moment = E I y = — 5 — 1 — (8) 

O 2 D 

V = - 3 + arS). (9) 

Instead of the sum of the moments of the triangle and the 
rectangle to the right of B, the difference of the moments of 
the entire triangle and the small triangle to the left of B may be 

P p 

used. The area of the large triangle is and its center of 

. 21 

gravity is -g x to the right of B, The area of the small triangle 

. P , X 

IS and its center of gravity is g to the left of B. 


PP 

2 



PP P Px^ 
3 


2 ’ 


( 10 ) 
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2 . 


-(-¥).< {-S 


Px^ 


y 


QE 


j(2 P - Z l-x + x-’). 


(Hi 

(9) 


Problems 

Derive the equation of the elastic line for a cantilever by dividing the 
trapezoid of Fig. 173 into two triangles. 

Find the slope of the elastic line at a distance x from the free end by 
means of the area of the trapezoid. 

3. Differentiate Eq. (9) to find the slope of the tangent to the elastic line. 
Compare with answer of Problem 2, 

4. A beam of length I carries a load P on the free end. Find the deflection 
at 0.4 I from the free end by the moment of the moment diagram. Divide 
trapezoid into a triangle and a rectangle. Also divide trapezoid into two 
triangles. 

5. A 4-in. by 6-in. beam, 15 ft. long, is fixed at the right end. It carrier a 
load on the free end which makes the maximum stress l.OSO Ih. per sq. in. 
Find the deflection at the middle if E = 1,200,000 lb. pew sq. in. Solve 
by area moments from the numerical moment diagram. 

17,496,000 -f 0"9,984,0tX) 


Ans. y = 


1,0125 in. 


72 X 1,200,000 

6. A cantilever 5 ft. long is deflected 2.4 in. at the free end. How much 
is it deflected 20 in. from the free end? Solve by moments of moment 
diagram without use of formulas. 

107. Cantilever Loaded at Any Point. — Figure 174 shows a 
cantilever of length I, which carries a load P at a distance a from 

P(l — a)- 

the free end. The area of the moment triangle is 2 — - ■ 

The moment arm for finding the deflection at the free end is 


a + 


2(1 


— > which reduces to 


Ely = X = -^(2 P - Z Pa + a»); (1) 

(2P -Z Pa + a*). (2) 

When X is substituted for a in Equation (2), the r^ult is identical 
with Equation (9) of the preceding article. This identity is an 
illustration of Maxwell's theorem. 

The slope imder the load, or at any point to the left of the 
load, is equal to the area of the moment diagram with the posi- 
tive sign divided by E I. This slope miiltiplied by a gives the 
vertical distance of the end of the beam below the load. 



248 


STRENGTH OF MATERIALS 


[Art. 107 



Fig. 174. — Cantilever with load at any point. 


Problems 

1. A 4-in. by 4-m. cantilever, 15 ft. long, carries a load of 40 lb. 6 ft. from 

the free end and a load of 60 lb. 10 ft. from the free end. Find the 
deflection at the free end if is 1,350,000 lb. per sq. in. Solve from the 
two moment triangles without using Eq. (2). Ans, 2/max ~ 2 in. 

2. Derive Eq. (2) for the deflection at the end caused by a load P at a 
distance a from the end by integrating M x dx between the proper limits. 


108. Cantilever Uniformly Loaded. — Figure 175 shows a 
cantilever with uniformly distributed load of w per unit length. 
The shear diagram is a triangle of maximum altitude —wl and 

area — ^ • The moment diagram is a parabola, the equation of 

which is M g-- The maximum ordinate of the moment 

w 

diagram is — The area of a parabola which is convex 

toward the base is one-third the product of the base by the 
maximum height. 

Z ^uo 

Area of moment diagram = — ^ X 5 = — k-' (1) 

Since the slope at the fixed end is zero, the slope at the free end is 

, . wV - 

given by = 0; 
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.’erafr 







Fig. 175. — Cantilever with uniformly distributed load. 




W P 
6E I 


( 2 ) 


The distance of the center of gra\'ity of this parabola from the 
3 I 

vertex is which corresponds to the center of gravity of a 
pyramid or cone. 

To find the deflection at the free end, 

EIyr^ = X y (3) 

Mjn J4t TIT' 

Vnmx = -g ^7 = Formula XIX 

in which W = wl = total distributed load. 

To derive the equation of the elastic line by Formula XXIII, 
moments are taken about any point at a distance a from the 
free end. The vertical element of area of the moment diagram 
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(not shown in Fig. 175) is ^ high and dx %vide. Its moment 

arm with respect to the point at a distance a from the free end is 


Ely =- “1 J* ■ 

. . w[ a x^y 

2[4 3 \j 

(4) 

EIy=^ 

iPa + a*). 

(5) 

Substituting a; for a: 




To find the deflection at any point by graphic integration, the 
moment of the parabola to the left of B (Fig. 175) is subtracted 
from the moment of the entire parabola A D E. The area of the 

w 

entire parabola is g-' and its moment arm with respect to 

3 Z w 

B C is — X. The area of the small parabola A 5 C is g— ) 

and its moment arm, measured from B C toward the left is 


/ w P\i 

^31 \ 

^ wV^^w Px 

(7) 

( 6 )( 

T “ ^ 

) 

f 8 6 ’ 

/ W X 


w 

24 ’ 

(8) 

Ely = 

-a®'* 

— 4 Px 

(9) 

y = 

w 

24: E I 

(3P - 4 Px + x^), 

(10) 


which is the equation of the elastic line (compare Art. 92), 

In Fig. 173, the trapezoid is divided into a rectangle and a 
triangle. It might have been divided into two triangles. The 
truncated parabola of Fig. 175 may be divided into a rectangle, a 

*Tiie positive direction of moment arm is from the point about which 
moment is taken toward the point of tangency of the line from which 
deflections are measured. The direction from B toward D of Fig. 175 is 
ix>sitive. 
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triangle, and a parabola, which are not shown on the drawing. 
The base of each of these areas has the length I — x, which is 
equal to 5 D of the figure. These terms may be derived from the 
general moment equation 

M = Mo + TV - —■ 

If the origin of coordinates is taken at the line C B, 

= to — — itx; 

and X of the general moment equation is replaced hjl — x to give 
the entire ordinate E D at the end of the truncated parabola. The 

w x^d — 

area of the rectangle is ; the area of the triangle is 

2 ’ parabola is — - . To 

find the deflection at B from the fixed tangent at the fi.ved end, 


„ _ WX^.j X — X n V, 2(1 — x) 

Ely ^(1 - x) X w x(l - z)—^- X — - - 




w(l ^ x)^ 

2 

(Z 

- a-) V 

3 ^ 

3(1 

- 

4 ' 

(11) 

Ely = 

—w(l — xY\ 

f x^ , x(l — x) , 
3 + 

a 


J 


(12) 

y = 

w(l — x)^ 
24 El 

(6 X- + 8 Z X — 8 


+ 3Z® ■ 

- 6 

Zx 4- 3 

x=); 








(13) 

y = 

24 E 

- 4 Z®x + 3 Z^). 





(10) 


Problems 


1 . 


2 . 


A cantilever 12 in, long carries a load of 6 lb. per in. Find tbe deflection 
4 in. from the free end. Solve by means of moments of areas of moment 
diagram without using Eq, (6). 


Ans.EIy = -1,728 X 5 - (-64) (-1) = -8,704; y = 

An 8-in. cantilever carri^ a load of 24 lb,, uniformly distributed. Find 
the deflection 3 in. from the free end from the diagram without using 
Eq. (6). 


Am. p 


778.125 


El 
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3. A 6-iii. by 4^in. timber cantilever, 10 ft. long, carries a distributed load 

of 36 lb. per ft. If jB = 1,500,000, find the defl.ection at the free end and 
find the maximum stress. Ans. y — 1.62 in,; S = 1,350 Ib./in.® 

4. In Problem 3, find the slope at the left end and at the middle from the 
moment diagram. 

Ans. ^ = 0.018; 0.01575. 

dx 

6. A 3-in. 6-lb. standard channel, with web horizontal, projects 100 in. 
horizontally from a vertical wall. If .^ = 29,400,000 lb. per sq. in., how 
much is the free end deflected by its own weight? TMiat is the slope at 
the end? Solve from the moment diagrams without using formulas. 

Ans, y “ 0.6857 in.; slope — 0.00914. 

6. Find the deflection at 0.4 I from the free end of a uniformly loaded canti- 
lever by subtracting the moment of the small moment parabola of length 
0.4 Z from the moment of the large moment parabola of length 1. Check 
by substitution in Eq. (10). 

7. Solve Problem 6 by means of the rectangle, triangle, and parabola which 
make up the moment diagram from x = 0.4 I to the fixed end. 

109. Cantilever Partly Loaded. — Figure 176 shows a cantilever 
which carries a distributed load over a portion of its length adja- 


^ 

Lenatk , ^ 

: 

1 ' 


< l-a ^ 





PiG. 176. — Cantilever with distributed load over part of length. 


cent to the fixed end, while the remainder, of length a, is not 
loaded. To find the deflection at the free end, the area of the 

w{Ji — aY 


moment diagram is 
respect to the end is 


6 


and the moment arm with 


a + I a a) 


E I ynmx = 


- 


6 


^ S I ^ cc 

I ' 

aY ^ SI + a 

X ^ J 


( 1 ) 

( 2 ) 
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24 ^ ® ® 

yD^I, — - £|, 1 ^ 

The slope of the straight-line portion of length a is — „ ’ 

To get the deflection in any part of the length a this slope is 
multiplied bj’" a — a: and the product added trtth the proper sign 
to the deflection at x = a or multiplied by x and added to v — 
It is better, usually, to solve by area moments t\ithout use of 
formulas, as in Example I. 


Example I 

A cantilever of length I carries a load of w per unit length over 0.6 of its 
length adjoining the fixed end. Find the deflection at the free end^ at 0.2 I 
from the free end, and at 0.4 I from the free end by the moment diagram 
without the use of formulas. Make a sketch of the beam^ the moment 
diagram, and the elastic line similar to Fig. 176 for a = 0.4 L 

Maximum moment = — 0.18 ir Z®. 

Area of moment diagram = —0.036 ir 1^. 

0.036 ir (0.4 I 4- 0.45 1) _ 0,0306 w I* 

- Yl El ' 


At 0.2 I, 

Ely = -0.036 u’ P X 0.65 1 = 0.0234 w IK 

At 0.4 I, 

E ly = -0.036 «■ P X 0.45 1 = -0.0162 w IK 
Problems 

1. Check the deflection at 0.4 I by Formula XIX. 

2. Check the deflection of the beam of Example I at 0.2 I by adding the 
product of the slope times distance to the deflection at the free end. 

3. A beam of length L fixed at the right end, carries a uniformly distributed 
load over 0.8 I adjacent to the fixed end. Find the deflection at the 
free end, at 0.2 1 from the free end, and at 0.4 I from the free end. Solve 
each directly from the moment of the moment diagram. 

Example n 

A cantilever of length I carries a load of w per unit length over 0.6 the 
length adjacent to the free end and no load over the remainder. Find the 
deflection at the free end and at 0.6 Z from the free end. 

Figure 177 shows the loaded beam; Fig. 177, 11, is the moment diagram. 
The negative parabola from A to has a maximum moment of —(hlSwP 
at 0.6 1 from the free end. The remainder of the diagram is a straight line 
which is the moment of the load 0.6 w I concentrated at 0.3 I from the end 
of the beam. The maximum moment at the wall is —0.6 wl K 0.7 I = 
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—0.42 IV I'. The trapezoid B E G C is divided into two triangles. To 
find the deflection at the free end. 

Parabola — 0.036 w P X 0.45 I —0.0162 iv ¥ 

Triangle BCE - 0.036 ic ¥ X 22-30 I -0.0264 ¥ 

Triangle C EG - 0.084 ir ¥ X^Hol -0.0728 ¥ 

Elyr^^ - - 0 . 1154 ^^ 2 ^ 

At 0.6 from the end, 

Ely 0.036 w X - 0.084 w X |g = -0.0272 w IK 

Figure 177, III, represents the cantilever loaded uniformly throughout 
its length, with an equal upward force on the last four-tenths of the length. 
Figure 177, IV, shows the corresponding moment diagrams. 


w per und length 



Fig. 177-— Partly loaded cantilever. 


Problems 

4. Find the deflection of the beam of Example II at 0.6 Z from the left end 
by the moment diagram of Fig. 177, IV. 

6 . Solve Example II for the deflection at 0.2 Z from the free end by both 
forms of the moment diagram. Am, E I y = —0.084267 w IK 

6 , A cantilever1>eam carries a uniformly distributed load over 0.3 Z adjacent 
to the free end and 0.2 Z adjacent to the fixed end. Find the deflection 
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at the free end. Consider the beam uniformly loaded over entire length, 
with equal upward force over 0.7 I to the fixed end, and an equal addi- 
tional force over the last 0.2 1. 

.Ins. Ely = (-0.1250 + 0.04716 - 0.00127) w I*; y = 

L / 

110. Simply-supported Beam, TTniformly Loaded. — The 

t€ i X W 

moment at a distance x from the left support is g — 

The diagrams for these terms are shown separately at the bottom 
of Fig. 178. The moment of the left reaction ^ is The 


te JPer Unit Length 



Fig. 178. — Beam supported at ends, distributed load. 


moment dia^am is the positive triangle. Its maximum, ordinate 
is its area is and its center of gravity is at x = -g-- 

Any smaller triangle cut off by an ordinate at x from the left 

Z X If 

vertex has a maximum ordinate of — s— » an axea of — ^ — t and its 

2 4 



256 


STRENGTH OF MATERIALS 


[Abt. no 


^ Qi* 

center of gravity at - 5 - from the origin of coordinates. The 
moment diagram for the uniformly distributed load is the 

. , , W -r. . T j. • 

negative parabola 1/ Its maxunium ordmate is — 

Since the area of a parabola convex toward the base is one-third 
the base times the altitude, its area is — g-- Its center of 
37 

gra\uty is -7- from the origin of codrdinates. An ordinate at a 
4 : 

distance x from the origin cuts off a parabola of altitude ^ • 

'VO 

The area of this parabola is g- and its center of gravity is at 

3 X 

from the origin. 


The combined moment diagram is E F D oi Fig. 178. The 

%D If^ 

maximum ordinate at the middle is Since the area of a 

parabola concave toward the base is two-thirds the product of 
the base by the altitude, its area is Its center of gravity 


I wP 

is at 5 = 2 * One-half of this parabola has an area of and its 

5 I 

center of gravity is at from the origin. When part of the 


triangle or parabola of the separate diagrams is cut off by an ordi- 
nate at a distance x from the origin, this portion is another 
smaller triangle or parabola for which the area and the location 
of the center of gravity are known. For the combined diagrams, 
only the entire figure or one-half of it can be used conveniently. 
For this reason, separate diagrams are preferable when the equa- 
tion of the elastic line is required. On the other hand, in the 
solution of indeterm i nate beams, which employ the moment of 
the entire span to find the reactions and moments at the supports, 
the combined diagram has many advantages. 

From symmetry, it is evident that the beam supported at the 
ends and uniformly loaded (Fig. 178) is horizontal at the middle. 
It is possible, therefore, to find the deflection of any point from 
the tangent at the middle, and then find the equation of the 
elastic line by subtracting from this the deflection of the end 
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from the tangent at the middle. It is better, however, to begin 
with a general method, which is applicable to all beams supported 
at the ends of a span. This method consists of finding the slope 
of the tangent at the origin fgenerallj* the left end), multiplying 
this slope by x to find the negative deflection of the tangent 
{N K of Fig. 178), finding the deflection upward of the elastic 
line from the tangent (K L of Fig. 178), and finally adding these 
deflections algebraically to find the deflection (y) of the elastic 
line from the line ^4 B which connects the fixed supports. The 
slope of the tangent might be found from the area of one-half the 
combined diagram. The general method consists in finding 
the deflection of the right support from the tangent at the left 
support. This tangent makes an angle 6 with the fluxed line 

A B. To correspond to the positive 6 of Fig. 178 is negative. 


BC dl. 


(I) 


To find the deflection upward of the right end of the elastic line 
from the straight line wliich is tangent at its left end, the moment 
of the separate moment diagrams about the right end gives 


E I CB = 

dl = 


wP I _ w P I _ wP 
T" ^ 3 "6" ^ 4 ~ W’ 

CB ^ w P 
I 2AEI’ 


( 2 ) 

(3) 


To find the equation of the elastic line, 


y 


NL = NK + KL = NK + y'. 


NK = B X 


w Px 

WWf 


(4) 

(5) 


The deflection of the elastic li n e upward from the tangent A C 
at a distance x from the left end is 


Ely' = 
y' = 


X3 


wlx^ 

4 

wlx^ 

WWl 24: El 


w x^ x _ wlx^ 
~ 6 ~ 12 


W X* 

~w 


W X* 


( 6 ) 

(7) 


The deflection y from the line of the supports is the algebraic 
sum of NK and y" 


y = NK + y' = 


wPx w I x^ 


W X* 


24:E I ^ 12E I 24 E I 
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y= -2lx^- + x^). (8) 

If X = kl, Equation (8) is 

-2F + P). (9) 

olvl* oWP 

“ 384 5/ “ 384 E / Formula XX 

These defection formulas have been derived from the tangent at the left 
support. With x positive toward the right, the areas from the point of 
tangency to the section are a triangle and a parabola, which are convenient 
for graphical integration. The moment arms of these areas from the section 
toward the point of tangency are positive toward the left. The deflections 
might have been calculated from the tangent at the right support. The 
moment areas would then be a trapezoid and a truncated parabola, which 
are not convenient for graphical integration. Algebraic integration with 
the tangent at the right support may be employed profitably for some 
problems. 


Problems 

1 . Find the slope at a distance x from the left end by diflerentiating Eq. (8). 
Compare with Eq. (4) of Art. 93. 

2. Find the deflection at one-fourth the length from the left end and at 
three-fourths the length from the left end from the value of $ and the 
moment of the moment diagrams without using any other equations 
from the text. 

3. Since the beam is horizontal at the middle, find the slope at each end 
from the area of one-half the combined moment diagram. Check by 
means of the separate diagrams. 

4. Find the deflection of the left end upward from the tangent at the middle 
by means of the moment of one-half the combined moment diagram. 
Check means of the sum of the moments of the corresponding portions 
of the separate diagrams. 

6. A 6-in. by 12-in. timber beam, 16 ft. long between supports, is deflected 
0.375 in. at the middle by a uniformly distributed load of 6,912 lb. 
Find SI and the maximum unit stress. 

6 . The deflection at the middle of a uniformly loaded beam is 0.2 in. What 
is the deflection 10 in. from the middle if the length is 5 ft.? 

7. The deflection at the middle of a uniformly loaded beam is 0.6 in. The 
deflection at 2 ft. from the middle is 0.48 in. How long is the beam? 

8. A 6-in. by 3-in. T-beam, 11.5 lb. per ft., is supported with flange hori- 

zontal. How much will it bend with its own weight when the supports 
are 30 ft. apart, if M ^ 29,400,000 lb. per sq. in. ? What is the maximum 
fiber stress? Ans. yn^x = 2.97 in.; — 14,000 Ib./in.^ 

111. Simply-supported Beam, Load at Any Point. — In Fig. 179, 
the moment diagram consists of a positive triangle of base I and a 
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negative triangle of base b. The slope at the left end is found by 
dividing CB by the length. 




Fig. 179. — Simply-supported beam, load at any point. 


The deflection y at any point is the algebraic sum of the deflec- 
tion of the tangent at that point (which is negative) and deflec- 
tion if of the elastic line from the tangent. 

Under the load, 

( 4 ) 

( 5 ) 

( 6 ) 


At a distance x from the left support (if x is less than a), 

, Pbx^ _Pbx\ 

21 ^3 Ql ’ 


„ - f Pba- a 

- 21 ^3 

y = ad + y' = 


&EII 


Pba^ 
Gl ’ 
Pba 
'GEIl 


&*) + 


Pba^ 


¥ - a^) = 


' ‘ GEir 
P 0*6* 

ZWTl 


( 7 ) 
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y = 


Pbx 


V - 


QEII 
Pbx 
'^E II 


{I- — h-) + 


Pbx^ 


<r- 


QEir 

h- - X-). 


( 8 ) 

(9) 


Equation iO) applies from j- = 0 to .r = a. Beyond the load the 
moment of a small moment triangle, of length x — a and altitude 
—pt.x — a), must be divided by E I and the quotient added to 
Equation !9). 


y 


P 'x — a)- V/ -f — o _ P(^ — a)® 
El 2 ^ ~ QEI ' 

-U^iP _ ht _ 0 - 2 ') _ ~ 

QEIl‘ ^ &EI 


( 10 ) 

( 11 ) 


At the point of maximum deflection the slope is zero. Since 
the area of the moment diagram di\’ided by E I measures the 
change in slope, 


Pb 


QEII 

r- - b'‘ 


(1- - 6*) 


Pbx" 

2EII 


0; 


X- = 




2 _ 


( 12 ) 

.(13) 


Equation (12) gives the abscissa of the point of maximum deflec- 
tion, provided b is less than one-half the length. If 5 is greater 
than one-half the length, the point of maximum deflection falls 

P 

to the right of the load, and another term — a)^ must be 

added to the slope equation. 

The point of maximum deflection always lies between the load 
and the middle and is much closer to the middle than to the load. 
When X from Equation (13) is substituted in Equation (9), 

_ P 6(f* - h^) VS{1- - &*) 

27 Ell 

Pba(a + 2 6) V3 a(a + 2 &) ,,,, 

27 Ell 


Problems 


1. A beam is supported at points 100 in. apart and loaded 40 in. from the 
right support. Find the deflection imder the load by Eq. (6) and by 
Eq. (9). 


Aws. y = 


19,200 P 
BI 
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2. Find the location of the maximum deflection of the beam of Problem 1, 
and calculate maximum deflection. 


3. 

4. 


6 . 


6. 


7. 


8. 


X- = 2,800, X = 52.915 in.; i/mas 
Find the deflection at the middle of the beam of Problem L 


19,755 P 
El 


y = 


19,667 P 
EJ 


Find the deflection 30 in. from the right end of the beam of Problem 1. 
For a check start from the right support. 


, 16,500 P 

Anx. y yj — 


Find the slope of the beam of Problem 1 at 30 in. from each end. 
slope at SO in. from the right end by working from that end. 


Am, d 


380 P. 
El ' 


Check 

STOP 
El ‘ 


A 6-in. by 5-in. timber beam rests on supports which are 6 ft. 2 in. apart 
and overhangs each support 4 ft. 2 in. If P = 1,000,000 lb. per sq. in., 
how much is each end elevated when a load of 1,776 Ih, is applied 2 ft. 
2 in. to the left of the right support? 

Ana. yi — 0.3994 in.; yr = 0.4872 in. 
Find the deflection of the beam of Problem 6 under the load and at the 
middle. Find the point of maximum deflection and calculate the 
deflection at that point. 

Ana. y = 0.19935 in. under load; y = 0.21124 in. at the middle; max, 
y = 0.21299 in. at 40 in. 

Find the slope of the beam of Problem 6 at 20 in. from each end. Check. 

Am, ---0.005990 radian; 0,006058 radian. 


112. Simply-supported Beam, Load at Middle. — A beam which 
is supported at the ends and loaded at the middle is a special case 
of Art, 111. From symmetry of Fig. 180, it is evident that the 
beam is hori25ontal under the load. 


Example I 

Since the beam is horizontal at the middle, show that the slope at the left 
end is 


01 - - 


PP 
16 P/ 


( 1 ) 


from the area of the moment diagram to the left of the middle. Solve also 
by the deflection of the right end from the tangent to the beam at the left 
end. Solve again by substitution in a suitable equation of Art. Ill, 

Example n 

From Formula XVIII, find the deflection of one end upward from the 
tangent at the middle. Solve also by the moment of the moment diagram. 
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Example III 

Derh’e the equation of the elastic line for the left half of the beam by the 
methods of the preceding articles. Solve also by substitution in some 
equation of Art. 111. 


Ans. y 


mE I ^ V2EJ 


PP 

•^SEI 


Fonnuia XYIII 


This type of Iieam support and loading is the most used for 
testing. It is difficult to apph" a unifomily distributed load 




’ Fiu. 180.— Simply-supported beam, load at middle. 


except by actual weights. This is equivalent to two cantilevers 
which are fixed at the middle and bent upward by the end 
reactions. 


Example IV 

From the moment diagram show that the equation of the elastic line 
from X I to X = I is 


FPz Fx^ V 

^ ~ 16 E I 12 El 6E I ’ 

y == — j (— p + 9 1%: — 12 la:* + 4 a:*). 


( 3 ) 
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Problems 

1. A 6-iii. by 6-in. beam, supported at points SO in, apart, was deflected 
0.252 in. when the load changed from 20i} lb. to 4,200 lb. It failed 
under a load of 9.S00 lb. Calculate E and the riioduliLS of niptiire, 

would have been the deflection for the same change of load if 
the beam had been 20 ft. long between supports? 

Ans, E ^ 1.5GT.OOO; .S = 5,444 y = ? 

2. A stick of longleaf yellow pine, 1.54 in. by 1.60 in., rested on supports 
20 in. apart and carried a load at the middle. Part of the readings were 


Load, pounds 

j Deflection, inche; 

100 

0.0195 

200 j 

1 318 

300 1 

' 435 

400 

560 


Load, pounds . Deflection, inches 

1,100 ! 0.14SO 

1,200 i 0.1G05 

1,300 0.1740 

1,400 0.1880 


The stick failed under a load of 10,750 lb. Calculate the modulus of 
elasticity for four 1,000-lb. inter\’’als and calculate the modulus of 
rupture, ^liat was the section modulus? 

3. A second stick of longleaf yellow pine, 1.52 in. by 1.70 in., gave the 
following readings: 


Load, pounds 

Deflection, inches i 

j! 

Load, pounds 

Deflection, inches 

i ... - - 

50 

0.0761 1 

850 

0.1765 

150 ! 

847 1 

950 

1 0.1904 

250 1 

980 

1,050 

' 0.2064 

350 

i 0.1098 ; 

1,150 

0.2215 


The stick failed under a load of 3,340 lb. Find E and the modulus of 
rupture. 

In the solution of Problems 2 and 3, and all similar problems, com- 
pute the terms which are common once for ail, and divide this result 
by the individual deflection differences to get the separate values of 

4. In Problem 3, if an error of 0.01 in. were made in the breadth measure- 
ment, what would be the percentage of error in El How much would 
this error change the average El What would be the effect of an error of 
0.01 in- in the depth measurement? What would foe the effect of an 
error of 0.0001 in. in the deflection reading? Of an error of 1 lb. in 
the load readings? 

■ Am. 1 4 - 152 = 0.0066 = 0.66 per cent; 3 170 == 0.0176 = 1.76 per 

cent; 1 1,000, approximately; 1 ^ 800, 

6. In Problems 3 and 4, what would be the perrontage of error of E and of 
the modulus of rupture if there were an error of 0,1 in. in the reading 
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of the span? In Problem 4, whafc would be the percentage of error in 
modulus of rupture if there were an error of 0.01 in. in the depth? 

0. ’\\liat would be the percentage of error in the defection of a beam 
supported at the ends and loaded at the middle if both the load and the 
deflection apparatus were displaced 5 per cent of the length from the 
middle? T\Tiat would be the error if the load were at the middle and 
the deflection apparatus were displaced 5 per cent of the length? 

Am. 2 per cent; 1.45 per cent. 

7. Solve Problem 6 for a displacement of 1 per cent of the length. 

Am. O.OS per cent; 0.06 per cent. 

8. Find the deflection at one-third the length and at two-thirds the length 
from the left end of a beam which is supported at the ends and loaded at 
the middle. Use Eqs. (2) and (3). 

, 23 P P 

^ 1,296 E I 

9* A 20-in. I-beam rests on supports 25 ft. apart and carries a load at the 
middle which makes the maximum stress 16^000 lb. per sq. in., neglecting 
the weight of the beam. What is the deflection at the middle and at 
10 It. from each load if jSJ == 29,000,000 lb. per sq. in.? 

Am. yma.x = 0.413S in.; y « 0.3906 in- 
10 . A 20-in. 75-lb. standard I-beam with web horizontal is supported at 
points 25 ft. apart. Find the deflection at the middle caused by a load 
which makes the total stress, including that caused by the w’eight of the 
beam. 16,000 lb. per sq. in. E « 29,000,000. = 0.6875 in. 

113* Beam of Constant Moment. — If Af is a constant moment, 
the moment diagram is a rectangle of height M. By using the 
method of Arts. Ill and 112, to find the slope at the left end by 
means of the zero deflection at the right end, 


Ely = 

0 = E I + M IX^ 

( 1 ) 

Eldi = 

Ml 

2 

( 2 ) 

Ely = 

Mix , ,, X 

2 -h M X X-x; 


Ely - 

1 

( 3 ) 


Equation (3) shows that the curve is syminetricaL At the 
middle, 

l/max — g jgf j' (4) 

Problems 

1 . An 8-in. 23-lb. standard I-beam resf® on supporte ^ ft. apart. It 
carricss a load of 4,^)0 lb. 5 ft. from the left end, and an equal load 5 ft. 
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from the right eEci. Find the deflection of the middle tieiow the load>. 

Am, y == —0-27S4 in. 

2. In Problem 1, find the deflection of the left s^upport from the tangent at 
the left loach as a cantilever. Find the deflection of the tangent upward, 
at 5 ft* from the load and get the deflection of the load downward below 
the line of the supports. Find the total deflection of the middle below 
the supports. 

Ans. “0.556S ~ 0.1S56 in., support to load. = —0.7424 in.; = 

-1.0188 in. 

114. Beam Symmetrically Loaded. — Figure 181 shows a beam 

P 

which is supported at the ends. It carries a load ^ at a distance 
a from the left support and an equal load at the same distance 



Fig. 181 . — Moment constant between loads. 


from the right support. If the we^ht of the beam is negligible, 
the moment is constant between th^ loads, which makes it 
possible for the beam to fail at any point throughout this range, 
instead of at a single section of maximum moment at the middle. 
For this reason symmetrical loading is frequently used in careful 
beam testing. 

From the area of one-half the combined moment diagram of 
F^. 181 , the slope of the tangent is given by 

E I Bi -\ — -g — 1 — ^ (I — 2 a) — 0; 

P ail — a) 

4 


E T 01 ~ 


( 1 ) 
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The deflection of the point of application of the left load is 

a) 


Ely = 


y = 


Pail 


Pa- 


12 El 

The deflection at the middle is 
P ail — a) 


X a + ^' X |: 


(3 f - 4 a). 


( 2 ) 


K ^ 2/max 




Pa 


iSEI 


('3 P - 4 a^). 


Pa (1 -2 ay- 
— ^ 4 ' 

( 3 ) 


Problems 


1. l^nul t!it‘ (lefiei'tion under the load and at the middle when the loads are 


at the third points. 

, 5Pl^ _ 2ZPP 

Ans. ija - 224 E V 1,296 E 1 

2. In Problem b deflection of the middle below the concentrated 

loads by an equation of Art. 113. Check from the answers of Problem 1. 

3. Shortleaf yellow-pine beam, C4, tested by Prof. A. N. Talbot, w’as 
6.75 in. by 16 in. It was supported at points 13 ft, 6 in. apart and 
loaded at the third points. The modulus of elasticity was 1,585,000 lb. 
per sq. in. At the elastic limit the total load was 52,500 lb. Whsit 'was 
the <ieflection at the middle and under each load at the elastic limit? 
What was the elongation of the middle 40 in. at the bottom? 'What was 
the radius of curvature of the middle third? 

Ana. = —0.9432 in.; = —1.0847 in.; elongation = 0.1242 in.; 
p = 214.7 ft. 

4. Find the deflection of the left end of the beam of Fig. 181 from the 
tangent at the middle. Find the deflection of the left load from the 
tangent at the middle. 

5. A beam 100 in. long carries 80 lb. 30 in. from the left support and 60 lb. 
40 in. from the right support. Find the deflection at the 80 lb. load. 
Solve from a diagram similar to Fig. 181. 

Am^ Ely = -81,200 X 30 -f 36.000 X 10 = -2,076,000. 

6. Find the deflection under the 60 lb. load for Problem 5. 


Ans. y = — 


2,352,000 

El 


7. What would be the deflection of the beam of Problem 5 if the two loads 
were placed together at the middle? 


115. Combined Moment Diagrams. — ^For a beam supported 
at the ends and uniformly loaded, the combined diagram is a 
parabola, which is concave downward. This parabola (Fig. 178) 
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is the sum of the positive triangle - ■' and tlie negative parabola 


u' :r- 


The maximum ordinate of the combined parabola is 


w I" 


the area, which is two-thirds the base times the altitude, 


w P I 

is the center of gravity is from each support. The 

center of gravity of each half of tliis parabola is tliree-sixteenths 
of the length from the middle, or five-sLxteenth the length from 
the adjacent end. 

For a beam supported at the ends and subjected to a single 
concentrated load at a distance a from the left support and a 
distance b from the right support, the combined diagram is a 

Pb X 

positive triangle. This is the sum of the positive triangle — j— 

of Fig. 179, and the negative triangle —P(x — a). The maxi- 

. P ab ,,, .Pah 

mum ordmate is — ^ — and the area is — 

The center of gra\’ity of any triangular area is located at 
the center of gra\'ity of three equal masses at the vertices of this 
triangle, since the center of gra^i.ty in each case is at the inter- 
section of the medians. The center of gravity of the combined 

triangle is from the left support, or — from the right 

support. 

These combined diagrams for the reaction and load of a simply- 
supported beam may be called the combined simple-support dia- 
grams. These diagrams are convenient for operations which 
involve the entire span. For example, to find the slope at the left 
support of a uniformly loaded, simply-supported beam, 




0 ; 


( 1 ) 


Si = 


w P 


[Compare Equation (3) of Art. 110.] (2) 


24 .BJ 

For a beam supported at the ends with a load P at a distance a 
from the left end and b from the right end, the slope at the left 
end is obtained by 

, P ab I b 

+ X^^ = 0; 


2 


3 


( 3 ) 
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_ p h{i - b) a + b) ^ p biP - b-) 

" ~ &E II QE II ' 

116^ Stijffness of Beams. — The stiffness of a beam is the recip- 
rocal of the deflection. The stiffness of a beam may be defined 
as the load which will produce unit deflection. It is not cus- 
tomary to express stiffness in this way; it is generally used as a 
relative term. 

In the exprt‘Ssion for the maximum deflection of all the beams 
which have been considered, the terms E and I occur in the 
denominator. The stiffness of a beam varies directly as the 
modulus of elasticity and directly as the moment of inertia of its 
cross section. The moment of inertia of a rectangular section 
varies as the cube of the depth; consequently the stiffness of a 
rectangular section varies in the same ratio. All the expressions 
for the maximum deflection contained the cube of the length 
in the numerator. The stiffness of beams of the same cross 
section varies inversely as the cube of their length. 

Problems 

1. How does the stiffness of a 4-in. by 6-in. beam compare with that of a 
4-in. by 4-in. beam of the same material f 

2. How does the stiffness of a 4-in. by 6-in. beam with the 6-in. side vertical 
compare with that of the same beam with the 4-m. side vertical? 

3. How does the stiffness of a 2-in. by 12-in. beam 15 ft. long compare with 
that of a 2-in. by 8-inch beam 10 ft. long? Which is the stronger? 



CHAPTER XI 


INDETERMINATE BEAMS 

{To the teacher: Chapter XI is intended for a brief course or for a rather 
complete course. In Ar#**. 119 to 123, inclusive^ reactions and moments are 
Jirst derived in the simplest manner by means of deftction formulas which the 
student has mastered in preceding chapters. These results are then applied 
in the first group of problems of each article. The remainder of each of these 
articles may be omitted or reserved for later study. Area moments and success^ 
ive integration between limits are used in the advanced portion: either or both may 
be studied. 

A brief course will omit all of the chapter after Art. 128 or Art. 130. The 
arrangement of the text is such that the entire subject of indeterminate beams 
may be deferred until after the completion of Chapter A"T"/ or XVI I. \ 

117. Determinate and Indeterminate Beams. — A beam or 
structure is statically determinate when it is possible to compute 
external reactions and resisting moments by elementary statics 
without reference to deformations or elastic constants. A beam 
on two supports is statically determinate. A beam on three 
supports in the same plane is statically indetermmate. If the 
beam is assumed to be absolutely rigid and the supixirts perfectly 
inelastic, any infinitesimal displacement of one support will 
throw all the load on two supports. For an actual beam, which is 
always flexible, it is possible to calculate the reaction on any 
number of supports by means of deflection equations. 

Much space is allotted in this book to the deflection of beams. 
Since stress is more important, it might seem that deflection has 
received undue prominence. However, for indeterminate beams, 
external reactions and moments, which are necessary for the 
calculation of stress, may be found only by means of deflection 
formulas. 

118. Diagram of General Moment Equation. — ^The general 
moment equation for a uniformly loaded span between tw^o points 
A and B 


M = Jkf. + (1) 

in which is the moment at the left support, and is the shear 
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on the side of the left support toward B of Fig. 182. To find J/* 
at the second support, 

3/6 = Ma + Tad - ( 2 ) 

jCt 

Formula XX3T 

When this value of T’' is substituted in Equation (1), 


3/ 


= 3/o + 



^ + 


wl X 
~2~ 


w x" 

~T 


(3) 


The terms 


wl X 
“2~ 


— together give the moment of a simply- 




Fig. 182 .^ — Separate and combined moment diagrams. 

supported beam which is uniformly loaded. These may be called 

'tJO Ii 3^ 

the simple-suppori moment expression. Graphically is 

represented by a positive triangle, and ^ by a negative 

parabola. Together, they form the positive simple-support 
parabola A C B ot Fig. 182 , I. The rem aining terms may be 
represented by the trapezoid A B of which the left end is 3fo 
and the right end is Mb. This diagram may be called the end- 
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moment trapezoid. For graphic integration this trapezoid may be 
divided into two triangles. 

Figure 182, II, shows a portion (of length x) of Fig. 182, L 
The positive part of the simple-support diagram is drawn sepa- 
rately at the top and the negative part is placed at the bottom. 
The combined diagram is useful for calculations which involve 
the entire span. The separate diagrams are necessary for the 
deflection at intermediate points. 

Figure 183, I, shows a span with a concentrated load at a 
distance a from the left support and at a distance b from the 






I 



Fig. 183. — Separate and combined diagrams for concentrated load. 


right support. From the general moment equation the moment 
at the right support is 

Mt, = Ma + - Pb; 

y _ Mj, — Alg P b ^ 

from 0 to a. Beyond the load the moment equation is 

M = M„ + ~ X + - P(ar - a) (7) 


(4) 

C5j 

(6) 


Figure 183, II, shows the separate moment diagrams for Ma, 
VaiX, and —P(x — a). Figure 183, III, shows the combined 
end-moment trapezoid and the simple-support triangle. If the 
span were a simply-supported beam with the load P, the left 
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reaction would be 


Ph 

I 


and the moment at each end would be 


zero. The area of this triangle is ' The center of graiity 

of a triangular area is located at the center of gratuty of three 
equal loads at the three vertices (since the center of gravity of 
any pair of these loads is at the middle of the line which joins 
themi. Measured from the left end, 


_ I o 

X g— 

Measured from the right end, 


I - X 


I + b 
3 


( 8 ) 

( 9 ) 


These expressions are useful for area-moment calculations. 

119. Uniformly Loaded Span Fixed at One End. — Figure 184 
.shows a beam which is fixed at the right end and supported at the 



left end. The beam is supposed to touch the support under no 
load. (If the support has an initial reaction, the equations which 
follow give the additional reaction and moment caused by the 
additional load.) This beam may be regarded as a cantilever 
which is bent downward by the distributed load of w per unit 
length and bent upward by the concentrated reaction at the free 
end. Since th^e deflections are equal and opposite, 
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3 ir I ^ 3 jr 
S 8 


(2,. 


A uniformly loaded beam of two equal spaiiis is horizontal 
over the middle support. It is equivalent, therefore, to two 
beams which are fixed at one end and supported at the lUher. 


Problems 


1. A IHn. by 2-in. plank is fixed in a vertical wall at the right end and 
projects to a support which is 10 ft. from the wall. The plank carries 
a uniformly distributed load of 3G lb. per ft. Find the reaction at the 
support. With this reaction known, calculate the moment at the right 
end. Find the unit stress at the %vall. 

Ans, R = 135 lb.; M = -5,400 in.-lb.; S == 1,350 Ib./in.® 

2. Construct the shear diagram for the beam of Problem 1 to the scale of 

1 in. equals 2 ft. of length and 100 lb. of shear. What is the shear at the 
fixed end? Ans. V = -225 lb. 

3. Find the dangerous section between the support and the fixed end. 
V^Tiat is the moment at this dangerous section? 


An.s. M = 3,037,5 in.4b. 

4. Write a moment equation for the beam of Problem 1 in terms of 135 lb. 
and X. Solve for the position of zero moment. Compare with the 
shear diagram. 

6. Construct the moment triangle of the reaction and the moment parabola 
of the distributed load for the beam of Problem 1 to the scale of 1 in. equals 
2 ft. of length and 5,000 in.-lb. of moment. Combine by measuring the 
negative ordinates of the parabola downward from the positive straight 
line of the triangle for each 1-ft. mter\'ai of the beam. Determine the 
position of maximum positive moment and the position of zero moment 
from this combined parabola. 

6. For a uniformly loaded beam of span I, fixed at the right end and 
supported at the left end, find the shear at the fixed end, and the 
moment at each dangerous section in tenns of w and 1. 


Ans. Y — 

Wl 


5 IV I 

8 


5 IF 

8 * 


M - 


9 wl^ 

m 


at X 


Zl 
8 * 


M = - 


tr P 


— -g- at the wall. 


A 5-in. 14.75-lb. I-beam projects 10 ft. from a vertical wall and rests on 
a fixed support at the left end. WTiat is the additional reaction of the 
support when a uniformly distributed load of 6,000 lb. m placed on 
the beam? What is the maximum unit stress at the two dangerous 
sections and at the middle? What is the shear next to the fixed end? 
Am. R = 2,250 lb.; ^ = 8,437, 15,000, and 7,500 Y = -3,7^) 

lb. 


8. In Problem 7, what is the maximum stress at 7 ft. from the left support 
and what is the vertical shear? 

Arm. S « 2,100 Ih./mA; ¥ ^ -1,§50 lb. 
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9- If tlip support at the left end of the beam of Problem 7 is removed, 
what is the maximum stress caused by a uniformly distributed load of 
lb.? Wliat is the defieetioii at the end if £* = 30,000|000 lb. per 
&f|. in.? Arts. S = lo.OOO Ib./in.^; = 0.72 in. 

10. If tile support is removed from the left end of the beam of Problem 7, 

what concentrated load on the end will produce a deflection of 1 in. at 
tht^ end? Ans. P = 781.25 lb. 

11. If the support of the beam of Problem 7 settles 0.8 in. when the 6,000-lb. 
load is applied, what is the reaction? 

A ns. R = 2,250 - 625 = 1,625 lb. 

12. What Is the iiiaxiinuni stres.s in the beam of Problem 11? "VMiere is the 

point of infitvtion? Ans. >S = 27,500 lb. in.- at wall; x = 65 in. 

13. If the left support of the beam of Problem 7 is raised 0.8 in. above the 
tangent from the flxed end, what is the reaction when loaded? What 
and where is the maximum stress? 

Ans. R = 2,875 lb.; S = 13,776 Ib./in.s at x = 57.5 in. 

14. A 4-in. b\' O-in. timber beam, for which E — 1,200,000 lb. per sq. in., 
is fixed 10 ft. from the left end. It carries a uniformly distributed load 
of 4S ib. pcT ft. What is the deflection at the free end, and what is the 
maximum unit stn^ss? What is the unit stress at 45 in. from the free 
end? yj„mx — 1*2 in.; = 1.200 Ib./in.s at fixed end. 

15. A support is placed under the free end of the beam of Problem 14. 
What is th(^ reaction when the load is applied? What is the maximum 
unit stress and the unit stress at 45 in. from the left end? 

Ans. 180 lb,; 300 Ib./in.^; 168.75 Ib./in.^ 

16. H<nv much would the beam of Problem 14 be deflected by a load of 

120 it), on the fna* end? Ans, i/max = 0.80 in- 

17. If the support of Problem 15 settles 0.5 in. when the load is applied, 
what is the reaction at the support? 

.4 ns. R = ISO - — = 105 lb. 

Area Moments 

(The remnimier of this article may be omitted^ area moments may he omitted 
and integration between limits stadiedy or vice versa.) 

To find the unknown reaction at the support of the beam of Fig. 184 by 

area moments, the deflection at the support from the tangent at the fixed 

end is calculated from the reaction triangle and the load parabola of that 

figure. 

(3) 
{4) 

Problems 

18. Calculate Mk from the end reaction and the load. 


2^3 


Ei! 

6 ^ 4 ' 


w P _ Zwl 
8 ' ^ 8 
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19. Find the slope at the support by means of tlie urea of the monieuife 
diagrams. 


0 ; = — 


I E- r A , 3 'r f- P' iP P 

= 0 ;«. = 

Figure 185 represents a uniformly loaded heaiii tliat is fixc^d at the 
end and supported at the right end. Figure 1S5, II, gives the simple- 
support and end-moment diagrams. 



Fig. 185. — Combined diagrams for distributed load. 


Since Mh is zero, the end-moraent diagram is a triangle. The simple- 
support parabola is the same as in Fig. 182. To find Me by means of the 
deflection at the right support from the tangent at the fixed end, 




KT P I 

+ 12 ><2 



( 5 ) 


The shaded area of Fig. 185 gives the combined moment diagram. The 
positive parabola is added to the negative end-moment triangle. The 
moment is zero at one-fourth the length from the fixed end. 



( 8 ) 
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At the right suppc^rt where x = I 

MaF MaP 


0 

0 


2 

Ma 


6 


-f 


3 24 ’ 




y 


16 


?r 


irP _ 

12 24 ^ 

!£J! 

8 ’ 

ir I , ?r I w X 

24 * 


48 


"f 


48 ^ / • 


(3 1^ - 5 ix +2x2). 


(9) 

( 10 ; 

( 11 ) 


Problems 


20. Derive the slope equation and find the position of maximum deflection. 

-In,-,'. S = (t> f= - 15 Z z + S X = I = 0.57846 Z. 

48 / lo 

21. Find the* maximum deflection of the beam of Problem 20. Find the 
deflection at the middle and at point of zero shear. 

, _ (156 + 220 V^) w _ 0.00542 ir 

512= .EJ SI ’ 


y 


V&2W1 ^ 


175 wl* ^ _ 51 

32^ El 8 ■ 


120. Two Equal Spans, TJrdfonnly Loaded. — Figure 186 repre- 
sents a continuous beam of two equal spans, each of length Z. If 
the middle support were removed, it would become a beam of 
length 2 Z, supported at the ends. The deflection at the middle 

5 irf2 l)^ 

would be o+-frT” To bring the middle of this beam up to the 
oo*x L I 

plane of the end supports, the required upward force at the middle 
must be equal to the load at the middle which would produce this 
deflection. 


Ri(2l)^ _5w(2l)\ , . 

48 384 ’ 

R, - (3) 

6 t£? Z 

Since the total load is 2 w Z, iZi jRj = -g — It is evident 

from symmetry that Ri — Bt — and the beam is horizontal 

over the middle support. The left half is exactly the same as 
Fig. 184. The end reactions have already been shown to be the 
same as those of a beam which is fixed at one end and supported 
at the other. The equation of the elastic lipe and the shear and 
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Bioment diagrams also are the same. The maximum moment 
over the middle support is — This is numerically the same 

a 


as the positive moment at the middle of a beam of length I which 
is uniformly loaded and simply-supported at the ends. A beam 
which is continuous over three supports is no stronger than a 
beam of the same span which merely rests on the supports. If 


h H 


' ■■ I La 

;,;i, IA.L 






z 








Fig. 186 . — Beam with three aupports. 


the beam of Fig. 186 were cut in two at the middle, and each 
portion continued to rest at one end on the middle support, the 
shear diagram would pass through zero at the nadddle of each 
span. The moment curve would be highest at the middle of each 
span and would be positive throughout. 

3 I 

The shear diagram of Fig. 186 passes through zero at -g 

3 Z 

from the outer supports. At from each end the negative 

shear is equal to the positive shear and the moment is zero. 
The points B and B' are points of inflection. Between these 
points the beam is concave downward and the moment is n^a- 
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tire. Between the left support and B and between B' and the 
right support, the beam is concave upward and the moment is 
positive. At each point of inflection the beam might be cut in 
two and one portion merely rest on the other. If the beam were 
dimded as shown at the bottom of Fig. 186, the moment, shear, 
and deflection at everj' section would be the same as in the 
continuous beam at the top. For instance, three-eighths of the 
weight of the span rests on the middle portion at B. The moment 
at the middle support is 


3 U' ? £ _ ?£j .. I _ w P 

8^4 4^8 8 ■ 


( 3 ) 


Wherever there i.s a point of inflection in a beam, the beam may 
be divided and the portions connected by a pin or a slight pro- 
jection which will n^sist the shear. 

Problems 

1. A 12.5-lb. I-bearn rests on two supports 15 ft. apart and carries a 
unifomiiy distributed load, including its own weight, of 5,400 lb. TVliat is 
the niaxiinum fiber stress? If = 29,000,000 lb. per sq. in., what is 
the deflection at the middle and the slope at the left end? 

Anti. S ~ 16,644 Ib./in.^j — 0.6486 in.; 

^ = 01 = -0.01153. 

2. A support is placed under the middle of the beam of Problem 1 and raised 
until the tops of the three supports are at the same level. Calculate the 
load <.>n each support. What and where is the maximum stress? What 
is the slope at the left end? 

Beaetions are 1,012.5 lb., 3,375 lb., and 1,012.5 lb.; maximum stress 
= 4,161 Ih.j in.® tension at top over middle support; di = —0.0007207. 
3- What load at the middle of the beam of Problem 1 will bend the beam 
0.4 in.? If the middle support settles 0.4 in. belo-w the line of the end 
supports, what is each end reaction? Ans. 2,081 lb.; 2,053 lb. 

4. A 4-in. by 6-in. beam, 20 ft. long, carries a distributed load w’hich makes 
the maximum stress 1,000 ib. per sq. in. \Miat is the load? What is 
the deflection at the middle and at 20 in. to the left of the middle il E = 
1,000,000 lb. per sq. in,? Ans. 2 in.; 1.9337 in. 

6. What force at the middle of the beam of Problem 4 will lift the middle 
2 in.? What will be the reaction of each support if a support is placed 
at the middle and the top of all three supports are at the same level? 

Am Eeactions are 150 lb.; 500 lb.; and 150 lb. 
6. How much must the middle support in Problem 5 settle below the level 
of the outer supports in order to make all reactions equal? 

T. "What force 20 in, to the left of the middle of the beam of Problem 4 will 
lift that point to the level of the other two supports? Am. 511.4 lb. 
8. Using the answer of Problem 7, find the reaction of each of the other 
supporte? 
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121. Span Fixed at One End, Load Concentrated. — Figure 1S7 
shows a beam which is fixed at the right end, supported at the 
left end, and subjected to a load P at a distance a from the sup- 
ported end and at a distance h from the fi.xed end. Tiiis beam 
may be regarded as bent downward at the left end bj* the load P 
applied at a distance a from the end and bent upward an equal 
amount by the reaction R. By ilaxwell’s theorem, the deflection 





n 



Fig. 187* — Separate and combined diagrams for concentrated load. 

at the end caused by a load P at a distance a from the end is equal 
to the deflection at a distance a from the end which would be 
caused by a load P at the end. From the equation of the elastic 
line for a cantilever with a load on the free end [Equation (8), 
Art. 89; Equation (8), Art. 98; or Equation (9), Art. 106], this 
deflection is 

y = -^(2Z* - 3Pa -ha*); (1) 

B = ^(2-3k + k^), 

in which = y 


(3) 



2S0 


JSTREXGTH OF MATERIALS 


[Abt. 121 


Problems 


bind the reaction when the load P is at 0.4 I from the supported end, as 
shown in P'ig. 187. Find the moment under the load and at the fixed end 
bv definition of mornent. Check by area of shear diagram. 

Am, Ma = 0.1728 P 1; M2 = -0.168 P 1. 
Calculate the reaction when the load is at the middle. Find the moment 
under the load and at the fixed end. Check as in Problem 1. 

5^. .r = 

16 32 ’ ^ ^ 16 


Ans. R 


3. A 3-in. by 4-in. timber beam is supported at the left end and fixed 100 in. 
from the'^ left end. It carries a load of 400 lb. 40 in. from the support. 
Find the unit stress in the outer fibers under the load and at the fixed end. 

Ans, 864 lb. /in.®; 840 lb. /in.® 

4. Stdve Problem 3 if the load is 40 in, from the fixed end of the span. 

3. A 4-in. 7,7-lh. standard I-beam, 13 ft. 4 in. long, is supported at the ends 
and at the middle, A load of 3,072 lb. is placed 30 in. from the left 
support and an equal load is placed 30 in. from the right support. Find 
the reaction of each support and the stress over the middle support, 
caused bv the concentrated loads. 

Am. 1,425 lb.; 3,294 lb.; and 1,425 lb.; 13,200 ib./in.® 

6. If the middle support of the beam of Problem 5 is lowered 0.12 in., and 
E = 30,000,000, what is the reaction of each support? 

7. Derive an expression for the moment at the fixed end for a beam which 
is fixed at one end, supported at the other, and subjected to a load at a 
distance k I from the support? 

Ans. Ml == — k^). 


Area Moments 


i This may be omitted ) 

Figure 187, III, shows the positive reaction triangle and the negative load 
triangle for a beam which is fixed at the right end, supported at the left end, 
and loaded at a distance h from the right end of the span. To find the 
defiection of the left end from the tangent at the fixed end, 


Rl* 21 P b^f. b\ 

3 2 V 3)' 

(4) 


(5) 

2^ (3 i 6) , 

(6) 


(7) 

~(l~ m2 + ft) = ^ (2 - 3 * + fc»), 

(8) 


in which k 
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The slope at the left support is calculated from the area of the moment 
diagram. If is this slope, 


When the value of R from Equation (6; is substituted in Equation i9 

El ex ^ {Zl -h -21] = ;10J 

To find the equation of the elastic line by means of deflection froisi the 
tangent at the support. 


Ely = £/ei* 


X Fix — aA 

X g 2 


X 



Ely 


P (Z a X 
12 \ I 


F ^ ^ 


IX 



ill.« 

{U) 


The first three terms in the parenthesis of Equation (12) give the deflec- 
tion when X is not greater than n. All four terms are required for the 
defiection between the load and the fixed end. 

The deflection under the load is given by 


Elya ^- 

EIya^— 


Pb^a^f 
12 ^ V 
P aV 
12 Z V 


3 - 
3 - 


3 a , (Z — a)a\ 
2a a®\ 

I a)' 


= 


12 El ^ 


- 2k ~ F). 


(13) 

(14) 

(15) 


Problems 

8. Check Eq. (12) by substituting x - L 

9, Find the deflection under the load when the load is at the middle. 
Solve first by the moment diagram to get the deflection from the tangent 
at the fixed end. Divide the positive trapexoid into two triangles. 
Check by Eq. (12) and again by Eq. (Ifi). 

, IPP 

Ana. ya - ^gg ^ j- 

10. How does the deflection at the middle of a beam which is supported at 
one end, fixed at the other end, and loaded at the middle compare with 
the deflection of a simply-supported beam which is loaded at the middle? 
How does it compare with the deflection of a simply-supported beam 
which is uniformly loaded? I'l a > Mo- 

ll. Locate the point of maximum deflection for the beam of Problem 9, 
and calculate the maximum deflection. 

^ VSPP _ 0.009317 P P ■ . I 

Ana. VmMx - 240£J ~ El -y/s 

12. Find the reaction at the support when the load is 0.6 I from it. Find 
the defiection at the middle and under the load. Find the moment at 
the fixed end. .4ns. R = 0.208 P; M = —0.192 PL 
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13. Find the reaction at the support and the slope over the support when 
the load is at 0.4 I from it. 


Am. = — 


0.036 P P 
El 


14. Find the defieetion under the load, and at z = 0.2 x = 0,4 Z, x = 0.6 Z, 
and X = O.S I for the beam of Problem 13. Locate the point of contra- 
fiexiire. Compare with Fig. 187. 

Contraflexure at 0.7042 Z; Ely — —0.009792 P at 0.4 Z, 
-0.007381 P P at x = 0.6 I and -0.002602 P Z^ at x = 0.8 I 

15. Calculate the slope at the left support for the beam of Problem 9. Get 
the deflection for Problems 9 and 11 by means of the deflection from 
the tangent at the left end. 


IXTEGRATIOX BETWEEX LIMITS 
\ Thiis may be omitted) 

Figure 188 is Fig, 187 reversed with the left end feed. Both slope and 
deflection are zero at the origin. Formula XXVI (Art. 118) gives 

M = Ma - ^ + - Pix - b). (16) 


In Fig. 188, M « is drawn positive although it turns out to be negative. The 
first three terms of the moment expression apply to the entire span; the last 
tenn applies from the load to the right end. 



4 



= 0 + M.X 

M.x^ 


Pax® 

"T’ 


2Z 


2Z 


Ely 

Q 

Ms 


2 

’ 2 
Pa 


MbZ^ ^ P a X® 


P(x 


21 * 


(P 


61 

MuP 

-r ^ 

-a») = 


61 
Pal* 


P(.x - 6)* 
2 ' 
b)*. 


6 

Plk 

2 


Pa* 

6 ' 

(1 - &*). 


(17) 

( 18 ) 

(19) 

( 20 ) 
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Problems 


16, Find the defection under the loati when the load is at the middle of the 
span. Find the slope at the support. Find the moment at the fixed 
end. 


Am. e 


PD . ^ _ 7PD _ SPi 

32Er^ 7n&Er " in' 


17. Locate the position of maximum deflection when the load is 0.4 I from 
the support. 


Am. 


421 

71 


== 0.5910 I from fixed end. 


122. Tlnifoimly Loaded Span, Fixed at Both Ends. — From the 
symmetry’' of Fig. 189, it is evident that the moment is the same at 
both ends of the span. Since the slope Ls zero at both ends, 



Fig. 189. — End-moment and simple-support diagrams. 


the area of the resultant moment diagram must be zero. The 
end-moment diagram is a rectangle of which the area is MJ- 
The simple-support diagram is a parabola of maximum altitude 
w P , w P 

«inri * 


Mai “l~ 
= - 


wP 
12 
w P 


= 0 ; 


12 


Wl 
■ 12 ■ 


( 1 ) 

( 2 ) 


The moment equation is 


M = 


w P wlz 
12 2 


to a:® 


(3) 


Problems 

1. Find the moment at the middle of a uniformly loaded beam which is 
fixed at both ends. 
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2. Find the position of contraflexiire. 

j; = I = 0.21133 I or 0.78867 1. 

b 

3. A iVin. by S-iri. beam is 20 ft. long between fixed ends. It carries a load 
of lt>0 lb. per ft. What is the nmxiiiium unit stress? What would be 
the maximum unit stress if the beam were simply supported at the ends? 

Aww, 1,000 1,500 Ib./in.^ 

4. What is the unit stress at the top of the beam of Problem 3 at a section 
3 ft. from the left end of the span and at a section S ft. from the end of 
the span. 

Ans. S = 235 Ib./inA tension; 440 Ib./inA compression. 

The portion of the span between the points of inflection may be 
regarded as a simply-supported beam. Each portion between a 
fixed end and a point of inflection is a cantilever with a uniform 
load and a concentrated load on the end. 


Problems 

6. Find the deflection of the points of contraflexure below the supports. 
Regard the portion between that point and the end as a cantilever which 
carries a uniformly distributed load and a load on the free end. Use the 
radical answer of Problem 2. 

. w 

A-ns. y - gg 4 ^ 

6, Find the deflection of the middle of the beam below the points of inflect 
tion, and the deflection below the supports. 

. 5 U’ w 

Ans. ^ j; 334 j 

7, How does the maximum deflection of a uniformly loaded beam which is 
fixed at both ends compare with that of a uniformly loaded beam which 
is simply-supported? 

8, The ends of a uniformly loaded beam are attached to columns which 

w P- 

foend sufficiently to make the moment at each end equal to — jg- when the 

load is applied. Calculate the moment at the middle of the beam and 
locate the points of inflection. 

Ans. .M = x = ~ I = 0.2764 I or 0.7236 1. 

40 10 


"WTien a uniformly loaded span is absolutely fixed at the end, 

tv P 

the moment at the ends is — and the maximum positive 

w P 

moment at the middle is • A uniformly loaded beam which is 
sinaply-eupported has the maximum moment of — For 

o 

continuous reinforeed-concrete beams it is customary to regard 
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the ends as partially fixed and use maximum moment 

at the ends. 


Akea ^Ioments 


{Thi& may be omitted.) 


If it is not assumed that Ma and Mh of Fig. 189 are equal, the end-moment 
diagram becomes a trapezoid, which may be divided into two triangles. To 
find the defiection at the left end from the tangent at the right end. 


Mai- 

2 



Md- 

2 


2 I ir P 


= 0 ; 


MaP 

6 


4- 


Mi,P 


+ 


24 


- 0. 


4^ 


5 


Similarly, to find the deflection of the right end from the tangent at the 
left end 


MaP , Md^ w P 
3 6 24 


From Equations (5) and (6), 


Ma = Mb = - 



( 6 ) 


Figure 190, II, gives separately the diagrams of the three terms of the 
moment equation. To derive the equation of the elastic line from these 
separate areas, 




wP X X . ir I X w z 

"IF X2+— T — 


y ^ - 


IV 

wwi 


il - x)\ 


m 



Figure 191, II, shows the elastic line. Figure 191, IV, shows the resultant 
moment. The ordinates are on a lai^er scale than those of Fig. 190. The 



286 


[Art. 122 


tiTREXGTH OF MATERIALS 

scale of Fig. 191 would make the separate diagrams of Fig. 190 excessively 

higli- 



Fig. 101. — kShear and resultant moment diagrams. 


Problems 

9 Find the deflection at the middle^ at one-fourth I, and at one-third L 

_ ZwV . W _ 
An.s. y,.iax - 384 2048 4&^EI 

10. Find by means of the deflection of the left end upward from the 
tangent at the middle. Use the diagrams of Fig. 190. 

Integration between Limits 



( 12 ) 
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Ma , Mk - J/a ir P ir P 

2 6 12 24 ^ 

Me 4.M2 4. £i: 

3 “^6 24 * 

From Equations (11) and (14), Ma = 3/6 = 


0 == 
0 = 


E le = 


Ely = 


IV Px IV I 

“ 12 4 


"JLE^ __ IV , 

4 ~T ^ 

Z ir x"* 

"12 l/T 


W X^{1 ~ 

24 


as-' 

(141 

(15) 
I It*'! 


Problem 

tv P 

11 . Find tbe position at which the deflection is — ' v 

^ bOO E / 

Am. ar = 2 (1 - ^)- 

123. Span Fixed at Both Ends, Load Concentrated. — For a 
beam fixed at both ends with a load concentrated at the middle, 
the moment is the same at both ends. Since the slope is zero at 
both ends, the area of the resultant moment diagram is zero. 
The simple-support diagram is a triangle of maximum altitude 
PI Pl- 

and area -5 — If J/i is the moment at either end, 

4 o 



Points of contraflexure are located at one-fourth the length 
from each end. One-haJf of the beam may be r^arded as tvro 

cantilevers, each ^ in length. The cantilever at the fixed end 

p 

is bent downward by a load of ^ at the point of contraflexure, 

w’hile the other is bent upward from the tangent at the middle 
by an equal force. The deflection at one-fourth the length from 
the fixed end is 


Ely 


Pf X _ PV 

6 W ’ ^ ” ^Ei 

PP 

192 El' 


( 2 ) 

(3) 
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Problems 


What is the moment at one-sixth and at one-third the length from the 
end of a beam which is fixed at the ends and loaded at the middle. Find 
the deflection at these points by means of the cantilever equations of 
preceding articles. 

14PZ3 40PZ3 




If 

.1/ = and y = -i 


and — q 


10,308 P 7 10,368 P 7 

2. What is the maximum slope for a beam which is fixed at the ends and 
loaded at the middle? 

PP 


A ns. 


64 P 7 


3. How does the maximum defiection of a beam fixed at both ends and 
loaded at the middle compare with the defiection of a similar beam which 
is fixed at both ends and loaded uniformly f a) when the loads are equal, 
(3) when the maximum stresses are equal? 


Aeea Moments 


(TAts 7nay he omitted.) 

Figure 192 shows a beam which is fixed at both ends and subjected to a 
load P at a distance a from the left end and h from the right end. The 




Fio* 192. — Shear and resultant moment diagrams for concentrated load. 


end-moment diagram, which is not shown, is a trapezoid of altitude Ma 
at the left end and Mb at the right end. The simple-support diagram is a 

triangle of altitude and area ^ 

Sinee the slo'pe is zero at each end, 


+ Mb)l 

2 


,Puh 

^ 2 




( 4 ) 
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The deflection of ilie right end from the tangc^nt at the left end is zero. 

0 ^ ? Pnh I 

2 ^ 3 ‘ 2 ^ 3 ' 2 3 " 


= 0 . 


From Equation (4j, Ma d- Mh d- 


P a hi 


Pair- 
P ' 


M, = -- 


Problems 

4. Find the moment at each end, the maximum p<jsitive moment, and the 
location of points of coiitraflexure for a beam which is flxe<! at the ends 
and loaded at six-tenths the length from the left emi of t!ie span. 

Ans, Ma = -0.096 PZ; 3/6= -0.144 PI; 3/ at load =0.1 152 PI; 

31 21. 

contrafiexure at from left end. and ~ from right end. 

5. Calculate the shear at the left end for Problem 4. Write the general 
moment equation and calculate the deflection under the load by means 
of the deflection from the tangent at the left end. 

0.004608 P P 
An.'j. y El' 

6. Find the point of maximum deflection for the beam of Problem 4 and 
calculate the maximum deflection. 

, 6.336 PP 0.00476 PP 

Ans.ytm.x~ 1.331 jE"/” El 

Integration between Limits 

{TMb may he omiiied.) 

Figure 193 shows the moment diagram drawn from the general moment 
equation (Formula XI of Art. 70) instead of the end-moment simple- 
support form of Equation (3) of Art. 118. Instead of integrating, the slope 
may be calculated geometrically from the areas of the separate moment 
diagrams, and the deflections may be calculated from the areas of the slop<^ 
diagrams. 

M = Mu 4- Vux - P(x - a); (9) 

rr r « nr , Pfa?— a)® 

J^/ 0 = 3f«a: + — s n — ( 10 1 


At the right end, 


0 - 3JJ + 
2 Mu + VJ 


VuP PP, 
2 2 ' 

_^* = 0 
I ”• 


From the slope diagram, the deflection at any point z Is given by 
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_ ^ MaX- , T’n3r° 

Ely = -y- + — 


P{x - a)” 

6 


(131 


At this time, it should not be necessary to state that the last term of Equa- 
tions (10) and (13) is valid to the right of the load only. 





--ig| 







From Equation (13) at the right end, 


p 

0 = 3 .¥<. + 

(14) 

0=2 

(12) 

P bHl - 6) P Va 

Ma Z® * 

(8) 

Problems 

Find the moment and the shear at the left end of a 
at both ends and loaded at 0.4 1 from the left end. 

beam which is fixed 


8 . Find the deflection under the load for the beam of Problem 7. Find the 
maximum deflection. Find the maximtun negative slope. 

124. Two Moments. — Figure 182 of Art. 118 represents any 
uniformly loaded span. The moment at the left end is Ma. 
The arrow over the left support represents the moment which 
acts on the span from the portion of the beam at the left of the 
support. The direction is clockwise and the moment is positive. 
The arrow at the right support represents the moment which 
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nets on the span from the portion of the beam at the right of the 
support. This arrow is counterclockwise from right to left: 
consequently, the moment from left to right Is clockwise and 
Mb also is positive. It is desirable to derive an equation which 
tvill give the slope at the ends of the span in terms of the end 
moments and the loading. This tsill be done by area moments 
and by successive integration between limits. Either method 
may be used. Area moments is often briefer. On the other 
hand, integration between limits gives the equation of the 
elastic line in addition to the required equation of two moments. 


Ake.4. Moments 


By using Fig. 182 to find the deflection of the right end of the 
span from the horizontal line through the left end, 


Q=EI^bl + ^^X^ + ^ ^2’ 


QE I ei+ 2 MJ + Mbl + 




0 . 


( 1 ) 

( 2 ) 

( 3 ) 


Equation (2) is multiplied by ^ to get Equation (3). 


Integration between Limits 

Equation (3) of Art. 118 gives the moment in terms of the end 
moments and the loads on the span. Since all integrals are zero 
at the lower limit, it is not necessary to write limiting expressions. 


,, nr . (Mb — Ma)x , wlx wx-_ 
M = Ma j i 2 W 


= MaX + 


(Mi, — Ma)x^ Itf f T® W X 


21 


+ 


„ r „ , , (Mi - M„)x* wlx^ IP J* 

Ely = El 0ix + 


61 

o.b:ie.i + Y + ^''- ~e—+- 


12 


12 24 

wl* 

24 ’ 


0 = El + ^ + ~ + 

f/7 

6 E I dx 2 MflZ + Mii d — ^ 


(1) 

(5) 

( 6 ) 
( 7 ) 

( 2 ) 


(3) 
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The first three terms of Equation (3j are derived from the 
end-moment trapezoid. They are the same, in terms of the end 
moments, no matter what the loading may be. The remaining 
term (or terms) are derived from the simple-support moment 

diagrams. 

Mo P Mb 

g -»}j ^ Area Moments, Load 

T ../ j Concentrated 

Figure 194 shows the simple- 
support triangle for a beam 
which is loaded at a distance a 
from the left support of the 
span. The maximum moment 

Fig. 194.— Simple-support diagram for Pah 

concentrated load. is — i — and the area of the tri- 



angle is ^ P - The center of gravity is from the left end 


and 


I -i- b 

.3 


from the right end. The moment of the area with 


respect to the right end is 


P ab ,, I + b _P ab(,l + b) _ P biF- - 6-) 
2^3 6 6 


Combining this area moment with the first three terms of 
Equation (2): 


&E I di + 2 MJ + Md + 
6E T 01 + 2 MJ + MJ + 


Pab(l + b) 
6 

Pab{l + b) 
I 

P b(F - 6’“) 
I 


= 0; 
= 0 ; 
= 0 . 


( 9 ) 

( 10 ) 

( 11 ) 


Integration between Limits, Loab Concentrated 

To find the deflection of the simply-supported beam from 
the tangent at the left support, the moment is 


Phx 

I 


- P{x - a). 


Slope change is 


Phx* Fix - aY 
21 2 
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Deflection from tangent is given by 

P b x‘ PyX — ap 


Ely 


6/ 


6 


Deflection of right end from tangent at left end for a simply- 
supported beam is 


PbP P¥ _P bH- - b-) Pa b(l + b) 
6 6 6 6 ~ 


(12i 


When this deflection is added to the first three terms of Equation 
(2), the result is 


El 8^1 + -^ + + 

QE I ei + 2 MJ + Ml + 


P bil- - b-) 
6 

P b{l- - b"-) 
I 


II 

o 

(.13) 

II 

p 

(11) 


The last term of Equation (11) may be written 

Pabil + b) 

I 


Equation (3) may be called the equation of two momenis for a 
uniformly loaded span which is supported or fixed at the ends. 
Equation (10) is the equation of two moments for a span which 
carries a single concentrated load. The first term of these 
equations, which includes the slope, may be called the end-slope 
term. The next two, which include the end moments, may be 
called the end-moment terms. The last term, which is calculated 
from the moment diagram of the span as a simply-supported 
beam, may be called the simple-support term. 

In the next paragraph it is assumed that the two-moment equation 
begins at the left end of the span. 

To obtain the simple-support term, the moment of the simple- 
support moment diagram about the right end of the span is 

multiplied by Expressed in another way, the deflection of the 

right end of the simply-supported beam from the tangent at the 

& E I 

left end is multiplied by — y— to give the simple-support term. 

If the two-moment equation b^ins at the right end, right and 
left change places. If the slope at the right end in the negative 
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direction toward the left is which means the slope at 2 in the 
direction toward 1, the two-moment equation for a uniformly 
loaded span is 

QEI 0.x -f MJ + 2 M,l + ^ = 0. (14) 

Since the combined simple-support moment diagram for a 
uniformly loaded span is sj'mmetrical with respect to the middle 
ordinate, the simple-support term is the same in either direction. 
The combined simple-support diagram for a concentrated load 
is not sjTnmetrical, except when the load is at the middle. From 
right toward left, Equation (11) becomes 

QEI 8.1 + MJ + 2 Md + = 0. (15) 

To get Equation (15) from Equation (11), a and b change places. 

Example I 

A uniformiy loaded span of length I is fixed at the left end and supported 
at the right end. Find the moment at the fixed end (Fig. 185). 

w ir Z2 

0 + 2 J/J -f 0 + ^ = 0; Ma = 

Example H 

A span fixed at the right end and supported at the left end (Fig. 187) 
carries a load F at a distance a from the left end and at a distance b from the 
fixed end. Find the moment at the right end. Compare Eq. (20) of Art. 
121 . 


0 = 2 Mb f Mb - 


F a(F - a2) 
2F 


Fab(l-j- b) 
2F 


Example in 

A span fixed at both ends (Fig. 191) carries a uniformly distributed load. 
Find the moment at both ends without assuming that they are equal. 


2 Md + Md 4 - 


w F 
4 

Ma 


Q; MJ + 2 Md - 0 . 


Mb = 


' 12 ' 


Example IV 

A span fixed at both ends carries a load P at a distance a from the left end 
and at a distance b from the right end. Find the moment at each end. 

2 MJ -f Jfal j - - = 0; 
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Mai 


\ Md 


P a b'd -h a': 
I 


4. Mai A-2Md ■i-Pah:2l 


3 Mai 


P ah d A" (I — 
I 


= 0 ; 


= 0: 


Ma 


Pa% 

P 


These four exampies solve the indeterminate portion of Arts. 119 to 123 
and illustrate the convenience of the theorem of two moments for indeter- 
niinate problems. The theorem might be used in place of the derivations 
which are given in case it is necessary to abbre\'iate the course. The theo- 
rem is given here instead of earlier because many students would substitute 
instead of mastering first principles. 


Problems 

1. A uniformly loaded beam, 22 in. long, is supported 4 in. from the left 

end and 6 in. from the right end. Find the slope at the left support by 
the theorem of two moments. Find the slope at the right support 
toward the span. Am. E I Qi = —A iv; E I — 16 

2. In Problem find the slope at the right support in the direction towanl 
the right end of the beam by adding the area of the moment diagram 
of the span to F/ J 6i. Use the end-moment trapezoid and the combined 
simple-support parabola as in Fig. 182. 

3. With the origin of coordinates at the left support, derive the equation of 
the elastic line for the span of Problem 1. Use general moment Eq. (3) 
of Artu 118. Cheek the slope equation at the right support. Check 
the deflection equation at the right support. 

. w r n * o 5 irx- . ^ « wx^ 

Atis. bib— —4 ?r — 8 ir X ^ h 3 w x® g- • 

4. Find the deflection at the middle of the span of Problem 1 by means of 
the deflection equation of Problem 3. Check by area moments without 
using the deflection equation. 

. 36 w 

Aws. y — ~ Y * 

6. If the length of the span of Pig. 195 is I and each end overhang 0.1 I, 
find the slope at each end -when a load of 0.4 F is placed on the left end^ 
a load of 0,16 F is placed on the right end, and a load P is placed 0.6 I 
from the left support. Check by means of the area of the end-moment 
diagram (not drawn) and the combined simple-support diagram. 

Am. El Bn = ->0.52 FF. 

0. Derive the equation, of the elastic line for the beam of Problem 5, pref- 
erably by integration between limits. Calculate the deflection at 
0.4 I, 0.6 1, and 0.8 1. Check the last one by area moments from the 
combined end-moment diagram and the separate simple-support 
diagrams- 

Am. Ely ^ -0.01468 F F; -0.01592 F F; -0.00997 F IK 

7. The uniformly loaded beam of Fig. 196 is fixed at the right end and 
supported 60 in. from the fixed end. The beam overhangs the left 
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supp«3rt 20 in. Find tlie moment at the fixed end by the theorem of two 
moments. Then find the reaction of the support. Find the slope at 

P 


■ t ^ 



COMBINED StMPLE-SUPPORT MOMENT DIAGRAM 

HI 

Fig. 195. — Elastic line and moment diagrams. 



Fig- 196. — Separate moment diagrams for overhanging beam- 


ihe support by m^yots of the separate diagrams shown in the figure. 

Ai^. R =; 47.6 w; Bi = 

M I 
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8 . In Problem 7, check the slope at the left support by means of the 

, tion of the right end from the horizontal through the left support. 
Solve by area moments or by integration between iimits. 

9. Solve for Vufj in Fig. 197 by the general moment ef|iiatioii as shown by 
the moment diagram, using area moment- or integration betwt-en limit,-. 
Calculate the moment at the fixed end and the sh'»pe over the support. 

jij ^ ^ ^ ^■!J. ^ ^ ‘ ' ' ' ^ ^ 

■ — - 


i? 



10 . Solve Problem 9 by the equation of two moments. Compare with 
results of Problem 9. 

11- A beam 10 in. long bet’ween supports overhangs the left support 4 in. 
and the right support 2 in. There is a uniformly diatrifuitwl load of 
12 lb. per in. over the entire length, a load of 30 lb. on tlie right end, 
and a load of 60 Ib. 7 in. from the left support. Find the sh^pe at the 
left end of the span. 


6i = 


313 

^Ef 


12. Using the answer of Problem 11, find the slope at the right end of the 
span by means of the area of the moment diagram. Check by the 
equation of two moments. Why is there a difference in sign? 

13. Find the deflection of the beam of Problem 11 at the middle of the span. 
Find the deflection at the free ends by means of the slope at the supports 
and the cantilever formulas. 

, 1,427.5. , 868. , 730 

JP "r TJ 'T" nr 


14. Find the points of inflection for the beam of Problem IL 

Am. 1.35 in., and 9.12 in. from left support. 

15. A beam fixed at the left end m supported at a distance I from the k?fi 

end and overhangs the support 0.4 L It c»rri« a uniformly distributed 
load of t£^ per unit length. Find lie moment at the fixed end by the 
two-moment equation. Aw. Mi = ■ — 0.21 w I*. 
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16. A beam weighing 12 lb. per ft. is fixed at the left end and supported 
10 ft. from the fixed section. It overhangs the support 6 ft. and carries 
30 lb. 1 ft. from the free end and 60 lb. 6 ft. from the fixed section. 
Find the moment at the fixed end. Find the shear at the fixed end. 

Ans. 3/i = -528 ft.-lb. 

125. Theorem of Three Moments.— The methods of the 
preceding articles may be applied to any number of spans and to 
any distribution of loads. When, as usually happens, it is desired 
tfj find the moments, reactions, and shears without calculating 
the deflections, the theorem of three moments is a valuable labor- 
saving device. 

The theorem of three moments is an algebraic equation which 
expresses the relation of the moments at three successive supports 



Fig. 198. — End-moment and simple-support diagrams for two spans. 


of a continuous beam in terms of the lengths of the intervening 
spans and the loads which they carry. In Fig. 198, the moments 
over the supports are Ma, Mb, and Me. The length of the span 
between support A and support B is U, and the length between 
support B and support C is h. The figure represents a uniformly 
distributed load of Wi over the first span and wz over the second 
span. 

The subscripts a, &, and c represent order from left to right and 
may be applied to any three supports in succession. 

The shear adjacent to B on the right side toward C is Fjc. 
The shear on the side of B toward A is Vba- In all cases shear is 
from the left side of the section to the right side. 

When there are four supports, two equations are written. 
For the first equation, supports 1, 2, and 3 are represented by 
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A, B, and C. For the second equation, 2, 3, and 4 follow in th(‘ 
same order. 

126. Three Moments, Load Uniformly Distributed. — When the 
equation of two moments is written fur the second span of Fig. 
198, the result is 

%EIB + 2 A/iZa + M,h + -p = ' 1 ^ 

4: 

in which 6 is the slope at B in the direction toward C. The slope 
at B toward A is equal and opposite 6. For the first span, from 
B toward *4, 


-QE I e + 2.\fdi + MJi + = 0. (2^ 


By addition of Equations (1) and (2), 


Mall + 2 M,(h + h) + 3/Ja = (,3) 

Equation (3) is the theorem of three moments for uniformly 
distributed loads. It is understood, of course, that the thrf*e 
supports are at the same level. If they are not, the sIojk'S in 
opposite directions at B would not have equal magnitudes. For 
equally loaded spans of equal length, u'l = u’a, h = h and 

+ 4 Ml, + Me = -^ Formula XXVII 


Example I 

A beam of imiform weight w per unit length rests on four support's to form 
three equal spans^ each of length I, and overhangs the left support 0.4 I and 
the right support 0.2 L Find the moment over each support. 




MOMENT^ 

-0,08w7j -OJQwl^ 


-QJ32wl^ 






4 ! 


Fig- 190. — Three equal spans. 

From the overhanging ends Mx = *- 0.4 m? I X 0,2 1 =* — 0.08 ip I®; 
Jf 4 = — 0 . 2 wl X 0,11 = — 0 , 02 wl*, Writiiig Formula XXYII for the 
first three supports: 
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—0.08 »■ + 4 Afs + Ms - -0.50 w (4) 

4 . 1/2 4 - Ms = -0.42 w 1-. (5) 

For the second, third, and fourth support.^. 

. 1/2 -i- 4 . 1/5 - 0.02 IV P = -0.50 if P; ( 6 ) 

_l/., + 4 M, = -0.48 if P. (7) 


Solving Eqs. (5) and (7) simultaneously, Ms — —0.08 wP; 

Ms = -O.IO if P. 


Example 11 

A uniformly loaded heani, 24 ft. long» is supported 6 ft. from the left end, 
16 ft. from the left end, and at the right end. Find the moment over each 
support. 


-18 «■ X 10 + 36 . 1/2 + 0 = (1,000 + 512) 

Ms = -5.5 if. 

Problems 

1. A beam 20 ft. long is supported 2 ft. from the left end, 10 ft, from the 

left end, and at the right end. It carries 60 lb. per ft. over the entire 
length and 30 lb, concentrated at the left end. Find the moment over 
each support. —180 ft. -lb.; —590 ft.-lb.; 0. 

2. A uniformly loaded beam, 20 ft, long, is supported at the ends and 

12 ft. from the left end. Find the moment over the intermediate 
supiK)rt. Am. Mb — —14 u\ 

3. A uniformly loaded beam, 22 ft. long, is supported at the left end. 

12 ft. from the left end, and 2 ft. from the right end. Find the moment 
over each support. Am. Mb — —13.60 w; Me — — 2 le ft.-lb, 

4. A uniformly loaded beam, 26 ft. long, is supported 4 ft. from the left 
end, 16 ft. from the left end, and 2 ft. from the right end. Find the 
moment over each support. 

Ma = ^Bw; Mb = —11.2 w; Me = — 2 tc. 

§. A beam 16 ft, long is supported at the ends and 6 ft. from the right end. 
It carries 24 lb. per ft, over the 10-ft. span and 40 lb. per ft. over the 
6-ft. span. Find the moment over the intermediate support, 

Ans. Mb — —255 ft.-lb. 

6- A beam 26 ft. long is supported 4 ft. from the left end, 14 ft. from the 
left end, and 2 ft. from the right end. It carri^ 18 lb. per ft. over the 
left 14 ft. and 36 lb. per ft. over the remainder. Find the moment over 
each support. Am. —144 ft.-lb.; —283.5 ft.-lb.; —72 ft.-lb. 

7. Solve Problem 6 by the shortest method for a uniform load of 24 lb, 
per ft. over the entire length. 

8. Solve Problem 6 for Mb if there is no load over the left 10-ft, span and 
the load over the remainder is not changed. Am. Mb = —171 ft.-lb. 
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9. Find the moment over eneh ^uppurt for four equal spans with uniiomi 
load and no overhang, as shown in Fig. 200. 


MOMENT i 

SHEAR ir: 

REACTtOKlI wl 






~'A ^ ~i «■- 


I”' 





10. Soh^e Problem 9 for an overhang of 0.4 1 at the left end and a uniform 
load of w per unit length over the four spans and 1.5 it per unit length 
on the overhang. 

Ans. -0.12 tr l^; -0.075 ir 1^; -0.08 ir P; -0.105 ir P; 0, 

11. The beam of Fig. 198 overhangs the left support 5 in. and the right 
support 4 in. The left span is 12 in. long and the right span is 10 in. 
long. The load is 16 lb. per in. over 17 in. from the left end to the 
intermediate support and 18 lb. per in. over the remaining 14 in. There 
is a concentrated load of 31 lb. 3 in. from the left end and another of 
29 Ib. 2 in. from the right end. Find the moment over each support. 
(Tke^e data were u^ed in cedcukUing the elastic line of Fig, 198.) 

Am. Ma = -262 Ib.-in.; 3/6 = -142 Ib.-in.; Me == Ib.-in- 

12. Find the moment over each support for the beam of Fig. 198 if the load 

is 16 lb. per in. over the left 5 in., 10 Ifo. per in. over the next 12 in., 
12 lb. per in. over the remainder of the beam, and 22 lb. concentrated 
2 in, from the right end. —200 Ib.-in.; —80 Ib.-in.; —140 

13. A uniformly loaded beam rests on three supports to form two equal 
spans with equal overhang on each end. What must be the ratio of 
the overhang to the length of a span if the moment is the same at each 
support? What is this moment? Am. u/l = 0.408; 3f = — w l*/12. 

14. Solve Problem 13 for three spans, 

127. Reactions “by Moments. — After the moments over the 
supporte have been calculated by the theorem, the reaction of any 
support may be determined by equating the known moment 
at an adjacent support to the moment about that support of the 
unknown reaction and of all other known forces which act on the 
portion of the b^m which is taken as the free body- 
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Example 

In Fig. 199, which applies to Example I of the preceding article, jSnd the 
reaction of each support. 

To find the left reaction, J?i, moments are taken about a section above 
the second support, at which the resisting moment is known to be —0,08 w P, 
The portion of the beam to the left of the second support is taken as the 
free body. 

Ril - 1.4 -M? ^ X 0.7 Z = -0.08 w P; (1) 

Ril = 0.90 w P] Ri = 0.90 tv 1. (2) 

To find R^ moments are taken about a section over the third support. 

0.90 Z X 2 Z 4- EaZ ~ 2.4 ly Z X 1.2 Z = -0.10 w P‘, (3) 

R4 ^ 0.98 w P] R 2 - 0.98 w I (4) 

A similar moment equation about a section over the fourth support gives 
Rz = 1.10 w Z. To find R^, the portion of the beam to the right of the third 
support is used as the free body. Ri = 0.62 w Z. 

Problems 

1. In the example above, check Ri and Rz by moments about the section 
over the second support. Check all reactions by vertical resolution. 
Check all by moments about the right end. 

2. Find the reactions over the supports for the beam of Example I of Art. 

126. Ans. Ri — 0.88 wl; R 2 — 1.10 wl; Rz = 0.62 w Z. 

3. Find the reactions of the supports for the beam of Problem 11 of the 

preceding article. Check. Ans, 217 lb., 170 lb., and 197 lb. 

4. Find the reaction of each support for the beam of Problem 13 of the 

preceding article. Ans, 150 lb., 104 lb., and 156 lb. 

128. Reactions by Shear. — ^When there are more than three 
supports, the calculation of reactions by the method of Art. 127 
becomes laborious. Moreover, the method cannot be used when 
the ends are fixed. A more general method, applicable to any 
number of spans, is based on the difference between the shear 
on opposite sides of the support. 

Infinitely close to the right of support A of Fig. 198, the shear 
as given by Formula XXVI of Art. 118 is 


Va, 




( 1 ) 


A similar expression appKes at the right of the second support. 
When the shear is known at the left of any span from Equation 
(1), the shear at the right end of the span is found by subtracting 
the intervening load. The reaction of any support is found by 
subtracting the shear at the left from the shear at the right. 
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Usually, the shear is negative at the left side and positive at the 
right, which makes the algebraic difference the sum of the two 
shears. 

Example 

To find the shear at the right side of support A of Fig. 198 from the data 
of Problem 11 of Art. 126, 


Val - 


--142 + 262 
12 


-b 96 = 106 lb. 


At the left side of support A by definition of shear, 

Vao = -80 - 31 = -111; 

Ra == 106 (-111) = 217 lb. 


Problems 

1. Solve for the remaining reactions for the beam of Problem 13 of Art. 126. 

2. Find the reactions for Problem 14 of Art. 126. 

3. Find the shears and reactions for the beam of Problem 10 (Art. 126). 
Compare with Fig. 200. 

4. The beam of Fig. 200 carries a load w per unit length over the first, third, 
and fourth span, and a load of 2 w over the second span. Find the 
moment over each support. Find the reactions. 

Ans. Moments = ^ reactions = X 

(11, 54, 48, 34, 13)- 

6. A beam of four equal spans carries a load of w per unit length over the 

second span and no load on the others. If the supports are hinged to the 

beam so that they may exert downward as well as upward reactions, find 

the moment at each. Check by adding these moments to the moments 

of Fig. 200. Find the reactions and check with Problem 4 and Fig. 200. 

. X n 12wl^ .ZwP ^ 

Ans. Moments = 0, +-^’ O' 

6. Find the moments and reactions for a uniformly loaded beam of five 
equal spans. 

7. Solve Problem 6 if the beam overhangs the left support four-tenths the 
length of a span. 

129- Three Moments, Loads Concentrated. — ^Equation (11) of 
Art. 124 is the equation of two moments for a single concentrated 

load: 

&EI ex + 2Mal + M,Ji+ ^ = 0 , ( 1 ) 


in which Ma is the moment at any support, 9i is the slope at 
that support toward the span, Mb is the moment at the other 
support of the span, and 6 is the distance of the load P from this 
second support. When this equation is applied to the second 
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span of Fig. 201 to express the slope 6 at the middle support B, 
& E I d 2 Mbli "I" Mds ~t~ ^ ^ ~ 0. (2) 

In the opposite direction from B, 


-Q E I 0 2 Mbli d” Mall ^ — 0* 

h 


Addition of these two equations gives the theorem of three 
moments for a single concentrated load on each span. 


Mah + 2 MbQi + ^ 2 ) + Mch 


Pajll - g^) ^ Qc(ll-c^) 
h h ' ^ ^ 


The moment terms of Equations (4) and (3) of Art. 126 for a 
uniformly distributed load are the same. The equations for any 



Fig. 201, — Simple-support diagrams for concentrated loads. 


loading differ only in the simple-support terms, which depend 
upon the loading. 


Example 

A beam 23 ft. long is supported 2 ft. from the left end, 12 ft. from the left 
end, and 3 ft. from the right end. It carries 90 lb. on the left end, 96 lb. on 
the right end, 120 lb. 6 ft. from the left end, and 240 lb. 5 ft. from the right 
end. Find the moments and reactions. Draw the shear diagram and find 
the nciaximum moment on each span. 

-180 X 10 + 36 Ml - 288 X 8 = _120_X42^ 

36 Ml = 1,800 - 4,032 
2,304 - 3,600 

36 Ml = 4,104 - 7,632 = -3,528 
Ml = - 98 

X 120 = 8.2 + 72 = 80.2 lb. 

80.2 - 120 = -39.8; Vbc = 36.25; Va = -203.26. 

80.2 - (-90) = 170.2; Ri, = 76.05; Rc = 299.75. 

140.8 ft.-lb. in. first span; Mmax = 119.5 ft.-lb. in second span. 


Foi = 

Vba = 

Rc = 
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Problems 

1. A beam 35 ft. long is supported 3 ft. from the left end, 15 ft. from the left 

end, 23 ft. from the left end, and 2 ft. from the right end. It carries 
80 lb. on the left end, 50 lb. on the right end, 120 lb. 7 ft. from the left 
support, 160 lb. in the second span 5 ft. from the second support, and 
200 lb. 6 ft. from the fourth support. Solve for the moments and 
reactions. Am. ikfs = —266.45 ft.-lb.; Bi = 139.71; Rs == 102.43. 

2. A beam 30 ft. long is supported 4 ft. from the left end, 14 ft. from the 

left end, and 2 ft. from the right end. It carries 120 lb. per ft., 600 lb. 
3 ft. to the right of the left support, and 840 lb. 9 ft. to the right of the 
intermediate support. Find the moment over each support and find the 
reactions. Am. Mt = -3,480 ft.-lb. Ri = 1,248 lb. 

130. Continuous Beams, Ends Fixed. — When an end of a 
continuous beam is fixed, as in Fig. 202, the equation of two 
moments may be written for the span adjacent to the fixed end, 
and the equation of three moments may be written for this 
span and the one next to it. For the 8-foot span of Fig. 202 the 



l^n*‘ per ft 


.'■'>? 



n 

Fia. 203. — Continuous beams with one or both ends hxed. 


equation of two moments, starting from the left end, at which 
the slope is zero, gives 


8X2 itfi ~f“ 8 


800 X 3 X 65 


16 Ml + 8 Ms .= - 16,500. (2) 


For the first two spans of Fig. 202, I, the theorem of three 
moments gives 


8 Ml -h 36 Mi - 960 X 10 = - ^ ■ 

8 Ml -f- 36 Mi = -39,900; 

Ml = -536.72; M 2 = -989.06. 


120 X 1,000 
4 ’ 


(3) 

(4) 
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Example 


The beam of Fig. 202, I, is extended to form a third span (Fig. 202, II) 
which is 12 ft. long, is fixed at the right end, and is uniformly loaded with 
120 lb. per ft. Find the moment at the fixed ends and at the supports. 
Equation (4) is now changed to read 


8 ikTi + 36 M2 + 10 Ms 


800 X 5 X 39 120 X 1,000 

8 4 


( 6 ) 


For the second and third spans, 

10 i ¥2 + 44 ¥3 4- 12 ¥4 - -81,840. ( 6 ) 

For the third span alone, 

. 120 X 1,728 ^ 

12 Ms 4- 24 ¥4 4 — = 0. (7) 

Ml * -579.5; ¥2 == -903.6; ¥3 = -1,233.8; ¥4 = -1,543.1 


Problems 

1 . A beam fixed at both ends has an intermediate support. The left span 
is 8 ft. long and carries 240 lb. per ft. The right span is 12 ft. long and 
carries 90 lb. per ft. Find the moments at the ends of the spans. 

Ans. Ml = -1,340 ft.4b.; ¥2 = -1,160 ft.-lb.; ¥3 = -1,040 ft.-lb. 

2. In Problem 1, find the shear at the fixed ends and the reaction of the 

support. Ans. Yiz — 982.5 lb.; E == 1,387.5 lb. 

3. Find the maximum positive moments for Problem 1. 

Ans, 671.08 ft.-lb. at 43^2 It. from left end; ? 

4. A beam fixed at bo’th ends has an intermediate support, which makes the 
left span 10 ft. and the right span 8 ft. There is a load of 400 lb. 3 ft. 
to the left of the support and a load of 640 lb. 3 ft. to the right of the 
support. Find the moments at the five dangerous sections. 

Ans. -216; 313.2; -660; 601.9; -495. 
5- A beam fixed at both ends has two intermediate supports. The left 
span is 8 ft. long and carries 120 lb. per ft. The second span is 12 ft. 
and carries 180 lb. per ft. The third span is 10 ft. long and carries 100 lb. 
per ft. Find the moment at each of the seven dangerous sections. 

131. Two Moments, Spans Partially Loaded. — The first three 
terms of the general equation of two moments are the same for 
any loading. Only tlie simple-support terms change with load. 
When it is difficult to calculate the simple-^support term for one 
direction, it may be derived from the simple-support term in the 
opposite direction by the relation The sum of the simple-support 
terms for any span is equal to six times the area of the simple- 
support moment diagram for that span. 


E I 61 area = E I 62 = — El 621 
—6 E I 61 —6 E I 621 = 6 area. 


( 1 ) 

( 2 ) 
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For a simply-supported beam the two moment equations are 

E I 6i = simple-support term, left to right; (3) 

— QEId 2 i = simple-support term, right to left. (4) 

The sum of Equations (3) and (4) combined with Equation (2) 
proves the proposition above. 


Example I 

Derive the two-moment equations for a simply-supported-beam which 
carries a load of w per unit length over a length h adjacent to the right 
support (Fig. 203). 













Fig. 203. — ^Load uniformly distributed over part of span. 
By Area Moments . — From left to right, 

0 ; 


X I x| 


V ^ V ^ 

2 ^ 3^4 


6El0i-i- —(.2 V - V) = 0 . 

From right to left, 

6 7 021 + ic 62Z - w 6’ + -^^ = 0; 

6^5 7 021 +^’(z - I)’ = 0. 

Iniegration between Limits. 

M = 

E I 6 — E I 8i 


w wix — a)®. 

2 2 ’ 

w w(x — o)®. 


0 ^ E I dll/ 


4Z 6 

w bV w fr*. 

24 ’ 


12 


(5) 

( 6 ) 

(7) 

( 8 ) 
(9) 


( 10 ) 


( 11 ) 
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(2 3= - 62 ) =0. 


w hH w 


a BwbH , „ 

6 X area == — ^ 


Simple-support term for Bi — 


w hH w ¥ 


Subtract Eq. (13) from Eq. (12); 

simple-support term for Bzi ^ wbH — ly , 


^EI d^i+wbH = 0 . 


Example II 

Derive the two-momeut equation, left to right, for a simply-supported 
beam which is uniformly loaded over a length a adjacent to the left end. 


[< a — b — 

[ v/per unifiengfh — x-a — »| 

1 1 n in I H i n 1 1 n l. _ _ I _ 







Fig. 204- — Imaginary load with equal upward reactions. 

Figure 204, III, shows the beam loaded over the entire length, with an 
equal uniformly distributed reaction over the length 6. For successive 
integrations between limits, 

^ ID I w¥ wlx 'w¥z w , w(x — a)^ 

^ = ^ 22 r + 2~^- 


Ely E I Bix + 


w I w w . w(x — a)^ 


A Tsr r a i W hH Wp , w¥ 

+ ^ + = 0. 


( 17 ) 
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When Z — a is substituted for b in Equation (17), the two-moment equation 
becomes 


6 E I $1 w I -- w -f- 


Oompare with Eq. (8). 


Problems 


1. A simply-supported beam of length I is uniformly loaded over 0.3 I w'hich 
begins at 0.4 I from the left end. Derive the two-moment equations. 
From left to right use Eq. (6) with h — 0.6 I and subtract same equation 
with h = 0.3 Z. 

Ans. 6 FT 7 + 0.104625 w P 0; 6 E I d^i + 0.111375 iv P = 0. 

2. A beam of length Z is fixed at the right end and supported at the left 

end. It carries w per unit length over 0.4 Z adjacent to the right end and 
2 w per unit length over 0.3 Z ad- 
jacent to the left end. Find the »<. x “**l.^-rrTTTTrn ^ 

moment at the fixed end, the re- } 

action of the support, and the l^;TTT7f i njJJ 1 1 .1- 1 v m 

maximum positive moment. m i - — 

Ans. R = 0.4958 Z; M = fAiw ^ 

-0.09417 to Jkf = 0.06146 '-5 ^ 


132. Uniformly Increasing 
Load. — Figure 205 shows a ^ fCZ 

simply-supported beam with^ SOS.-Uniformly increasing load, 

load which increases uniformly 

from left to right. The load per unit length is u x. The load dia- 
gram is a triangle. The shear diagram for the load is a negative 
parabola (Fig. 169). The moment diagram for the load is a 




U 0.S/9SI - — 

Fig. 205. — Uniformly increasing load. 


cubical parabola M = 


The area of this cubical parabola 


is one-fourth the product of the base times the altitude, which is 


24 • 

large end. 


The center of gravity is one-fifth the base from the 


Area Moments 

When the load of Fig. 205 is increasing from left to right, the 
left reaction is 


CD 
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From the moment triangle and cubical parabola, the deflection 
at the right end is 

0-£/W + ^x|-^xii (2) 


El 61 = - 


7 u I* 


The deflection at the left end is 


O-TT-T-rt 

0 - Eld^i + j^X-j 5’ 


E I Oil — 


8u¥ 

■ 360 ■ 


The two-moment equations for a simply-supported beam, with 
load increasing uniformly from 0 to -u. i, are 

6EIdi + ^-^ = 0; 6EIe,^ + ^^ = 0. (6) 

For a uniformly increasing load over a length, b adjacent to the 

'll b^ 

right end, as shown in Fig. 206, the left reaction is -g-j- The area 


t<- 6 

H i 

r 



fr , 

^ Urn 




Fig- 206. — Uniformly increasing load Fig. 207. — Uniformly decreasing load 
over part of span. with imaginary upward reactions. 

ub^l 

of the positive moment triangle is , and the area of the 
negative cubical parabola is 

0-Eie,l + ^X^-^xl; (7) 


( 8 ) 
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a = El + 


u 


X 


Q E J ^21 


V, bH u b^ 


24 

+ ^' = 0 
^ 20 Z 


M> 


( 9 ) 

( 10 ) 


3 4 

Figure 207, 1, shows a load which increases uniformly from the 
right end over a length b. Figure 207, II, shows a uniformly 
distributed load of ub per unit length over the length 6, and an 
upward reaction which increases from left to right. From 
Equation (6) of Art. 131, the simple-support term for the uniform 

load is simple-support term of Equation 

(8) for a uniformly increasing load is subtracted, the result is 
the simple-support term for Fig. 207, 1. 


u bH u b 


ub° _ /ubH u _ 

TT “ \“6 Wi) ~ 
ubH _ u 
T” TT 


4:1 

Q E I dx 

From Equation (8) of Art. 131, and Equation (10), 


ubH 


3 

= 0 . 


u b° 

TT 


( 11 ) 

( 12 ) 


ubH — ub* + 


u 6* 

Tz 


/ u bH _ub* .u &®\ _ 
\T“ "4~ Wl) ” 

2 ubH 


6 E I 021 d- 


2 ubH 


3 

3ub* 


Sub* ub^ 


51 


+ 


u 6“ 

TT 


0. 


(13) 

(14) 


For a simply-supported beam carrying a load which increases 
uniformly from zero at the left end to m Z at the right end, the slope 


at the left end is 


7 u I* uP 

360 EJ reaction is - g— 


The equation 


of the elastic line is given hj E I y = 


7 ul*x . u Z®x® u 

360 36 iM' 


The position of maximum deflection is given by 





X = 0.51933 Z; 
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Table XXI. — Semplb-suppobt Teems fob Two-moment Equations 
QE I + 2 Mol -f- Mbl -h (simple-support term, X to B) = 0. 
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_ 0.013044 u P 0.013044 W V 

2E I El’ 

in which W is the total load on the span (see “Carnegie Pocket 
Companion,” p. 165). 


Problems 


1 . 


2 . 


3 . 


A span of length I is fixed at the right end and supported at the left end. 
It carries a load which increases uniformly from, zero at the left end to 
u I per unit length at the right end. Find the moment at the fixed end 
and the reaction of the support- 


Ans, M 


ul^ _ J^W I j. __W 
15 15 ' ^ 


Find the slope at the support for the beam of Problem 1 . 


Ans. = 


u 


120 El 

Solve Problems 1 and 2 for a load which increases uniformly from zero 
at the fixed end to zi Z at the support. 


Ans, M 


7ul^ 7TFZ. p _ 11 TF ul^ 

120 60 ^ 20 ’ ^ SO El 


4. Check Problems 1, 2, and 3 by comparison with a uniformly loaded beam, 

5. A span of length I is fixed at the right end and supported at the left end. 
It carries a load which increases uniformly from zero at 0.4 I from the left 
end to 0,0 111 at the right end. Find the reaction at the support and the 
moment at the fixed end. Am. M == —0.021744 ul^; R — 0.014256 u IK 
133 . Miscellaneous Problems. — ^Table XXI presents a summary of the 

simple-support terms for two-moment equations. Combinations of these 
terms will solve the usual problems of indeterminate beams. 


Problems 

1. A 10-ft. span is fixed at the left end and supported at the right end. The 
load increases uniformly from 20 lb. per ft. at the left end to 80 lb. per ft. 
at the support. Find the moment and shear at the fibced end and the 
reaction of the support. 

Am. M == -600 ft.-lb.; F = 260 lb.; E - 240 lb. 

2. Find the maximum positive moment of the beam of Problem 1. Solve 
first from the fixed end. Solve again from the right end, assuming a 
uniform load of 80 lb. per ft. and an upward reaction (or negative load) 
which increases uniformly from right to left. Am. M = 393.0 ft. -lb. 

3 . A span 10 ft. long is fixed at the left end and supported at the right end. 
At 4 ft. from the left end the load is 20 lb. per ft. and increases uniformly 
from that point to 68 lb. per ft. at each end. Find the moment at the 
fixed end, the reaction at the support, and the maximum positive moment. 
Solve for the moment by a uniform load of 20 lb. per ft. and two imiformly 
increasing loads. Check by a uniform load of 68 lb. per ft. and two 
negative loads or positive upward reactions. 

Am, M = -471.12 ft.4b.; R - 180.888 lb.; Afmax == 274.6 ft.-lb. 
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The theorem of three moments was derived in Art. 126 by- 
applying the equation of two moments to the left span from 
right to left, then applying the equation to the right span from 
left to right, and adding the two expressions. Since the slope 
from left to right at the intermediate support is equal and oppo- 
site the slope from right to left, the slope terms vanish when the 
expressions are added. For any loading, the first three terms 
of the theorem of three moments are 

Mall “1” 2 Mb(li “b If) “b Mfi “b etc. = 0 

To these terms are added, on the left of the equality sign, the 
two-moment expression for the left span, from right to left, and 
that of the right span from left to right. Each of these expressions 
hegins at the intermediate support. Table XXI gives most of the 
two-moment expressions which are hkely to occur. 


Example 

The beam of Fig. 208 is fixed at the left end, is supported at three points, 
and overhangs the right support 4 ft. The left span is 8 ft. long and uni- 
formly loaded with 96 lb. per ft. for 5 ft. adjacent to the support. The 



Fiq. 208. — Continuous beam with partially loaded spans. 


second span is 12 ft. long. It carries 80 lb. per ft. over the left 3 ft. and 
60 lb. per ft. over the right 4 ft. The third span is 10 ft. long. It carries 
40 lb. per ft. over 3 ft. which begins 5 ft. from the left end. A load of 50 lb. 
is placed at the right end of the overhang. Find the moment at each 
support and at the fixed end. 


. 96 X 25(128 -25) „ 

16 Jkfi +8 Ml -1 12 = 

16 ilfi -h 8 Jkfs -b 7,725 ft.-lb. = 0. 

8 + 40 Jf. + lii X ^<1 - + »> X ‘'Ul - 1-^)’ + 

60 X 16(288 - 16) 
48 

8 ilfx 4 - 40 JIf j + 12 Jlfs + 21,130 = 0. 

12Mi+4AMz- 2,000 + ^ ^ ^ 4 ^ ~ ^ ^ + 

40 X 25 X 175 40 X 4 X 196 

40 40 
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12 M 2 + 44 Mz + 13,776 - 0. 

Ml = -276.4; M 2 = -297,229 -r- 720 = -412.8; 

M 2 = -48,121 -r- 240 = -200.5. 

Problem 

4. Find tbe shear at the left end of the beam of above example and the 
reaction at each support. 

134. Deflection of Indeterminate Beams. — After the moments 
have been found by the theorem of three moments, the slope 
at the ends may be calculated by the two-moment equation, 
and the deflection may be found by area moments or by integra- 
tion between limits. 


Example 

Derive the equation of the elastic line for the left span of the beam of 
Problem 11 (Art. 126). 

6 E' J 01 - 24 X 262 - 12 X 142 + 4 X 1,728 = 0; (1) 

El di^ 180. 


The shear to the right of the left support is 106. 

ikf = -262 + 106 ir - 8 2) 

^ J » = 180 - 262 * + 53 a:* - 

Ely - ISQx - 131x5 (3) 

Problems 

1. Find the deflection at x — 1, 4, 6, and 11 for the foregoing example. 

Am. Ely = 66, -416, -684, and -117.33. 

2. Find the slope at the second support for Fig. 198. Derive the equation 

of the elastic line. Find the deflection at 1 in., 4 in., 8 in., and 9 in. from 
the support. Ans. E I y = 2.26, —192, 32 and 74.25. 

3. Solve Problem 2 from right to left. Check the deflections above by the 
derived equation. 

4. Derive the equation of the elastic line for the beam of Problem 1 (Art. 
133). 

6 . Derive the equation of the elastic line for the 12-ft. span of the beam of 
the example of Art. 133. 

136. Deflectioii from the Tangent. — ^Figure 209 shows the 
elastic line for any span between supports. A tangent is drawn 
through any point C on this curve. The vertical distance 
E A upward from this tangent to the left end of the span is yi 
and the corresponding distance D B at the right end is y^. The 
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distance C F upward to the horizontal line which connects A and 
B is given by 


CF=^y, + jim - yx) = 

C F = ^ yi + & yi + g ^2 — Q yi _ iyi + ay2 
a A- h a A- b 


-y, 


( 1 ) 

( 2 ) 


in which y is the deflection of C from the line of the supports, 
a is the horizontal distance from the left support to C, and b is 
the horizontal distance from the right support to C. [Equa- 
tion (2) may be written geometrically from Fig. 209 by means 
of the broken line E B.] 

Figure 209, II, is the moment diagram for a uniformly loaded, 
simply-supported beam. The moment is calculated from each 


w per unit length 



Fig-. 209- — Deflection of supports from tangent. 


end to any point C. Each portion of the beam is a cantilever, 
which is bent upward by the reaction and bent downward by the 
uniformly distributed load. By using the equations for the 
deflection at the ends. 


Ely^ 


wla^ 


w 


Bly^ 


wlh^ wb^ 
■~6“ ~8"’ 


(3) 


in which yi and y^ are measured upward. By substitution in 
Equation (2), with a -f- & = I, Equation (3) becomes 
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Ely 


w ah 


{a^ 4- h^) + 


w ah 


(a® + 6®). 


(4) 


Equation (4) is the form of the elastic-line expression which is 
most convenient to derive by the methods of elastic energy. 
If X is substituted for a and I — x ior h, Equation (4) may be 
reduced to Equation (7) of Art. 93. 


Example 

Find the deflection of a uniformly loaded, simply-supported beam at 
one-third the length from the left end. Calculate y\ and yz by the equations 
for the deflection at the end of a cantilever and substitute in Eq. (2). 


E I yi = 3 X 
EIyo,=^X 


w I 
"2 
w I 
2 


(!)■ 

x©’-fx(¥r 


IV y _ 3 
8^ 3 648 ^ 


-y = 


X 


w 

64:8 El 
11 w P 
972 E f 


x|! + I6X^ 


16utZ\ 
648 ’ 


Problems 

1. Cbeck example above bv Eq. (4). 

wl^( 6 1 \ 11 wl^ 

Ans.y- ^^1^243 108/ 972 E l' 

2. Solve example for the deflection at one-fourth the length from each end. 

, 19 w I* 

y = -2;o4m- 

3. A simply-supported beam carries a load P at a distance a from one end 
and h from the other. Find the deflection under the load by Eq. (2) 
using the method of the foregoing example. 


136. Three Moments with Deflected Supports. — ^The methods 
of the preceding article may be applied to a continuous beam. 
If the support B of Fig. 198 is deflected a distance yi from the 
straight line which joins A to C, Equation (2) of Art. 135 may be 
used with h in place of a and li in place of b. Each end-moment 
trapezoid is divided into two triangles for area moments. The 

value of 2/ 1 at A is multiplied by . ■— . ^.nd y^ is multiplied by 

h "T h 

h 

li + li 


Mal\ Mill 
6 3 


, w^^t\ h , fMdl , Mil , wli\ h 
+ + \-^ +-Q - + + U 

E I Vb = 0; 


+ 

( 1 ) 
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Mali + 2M^{h + U) + MJi, + '^+^ + %EIyJ'^ = 0 . ( 2 ) 

For other loadings the only changes required apply to the simple- 
support terms* 

When one end is fixed, the two-moment equation applies to 
the adjacent span. If M*i is the moment at the fixed end and 
M2 is the moment at the next support, 

Q E I y 

2 MiZ + M2 i + simple-support term = — ? — 


in which y is the deflection at the second support. 


Example I 

A 6-m, by 6-iii. beam is 100 in. long and has a modulus of elasticity of 
1,600,000 lb. per sq. in. It is supported at the ends and has a third support 
40 in. from the left end which is 0.06 in. below the line of the end supports. 
Find the moment and the reaction at each support when the total load, 
uniformly distributed, is 2,400 lb. Check by deflection equations. 

El — 100,000,000, w — 24c lb. per in., 

200 M2 + 6(64,000 + 216,000) - 6 X lO* X 0.06 X = 0, (1) 

200 Ms = -180,000; M 2 = -900; 

Ri - 457.5, Rz - 705, R 2 = 2,400 - 1,162.5 = 1,237.5 lb. 

From the equation of the elastic line for a beam 100 in. long which is 
supported at the ends, the deflection at 40 in. from the left end would be 
0.2916 in. From the deflection of a beam supported at the ends with a 
concentrated load, the deflection at the reaction is 


1,600 X 3,600 X R 2 
3 X 108 X 100 


= 0.2976 - 0.06 = 0.2376; 


192 R 2 = 237,600, R 2 = 1,237.5 lb. 


Problem 


1. At what deflection will the moment at the second support of the beam 
of the foregoing example be zero ? What will be the reactions ? 

Ans. y = = -0.0672 in.; R, = 1,200 lb. 


Example II 

The beam of Example I carries 600 lb. 20 in. from the left support and 
720 lb. 20 in. from the right support. Find the moment at the second 
support and find all the reactions when this support is 0.06 in. below the 
line of the others. 
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200 M 2 + 


600 X 20 X 1,200 
40 


720 X 20 X 3,200 
60 


6 X 0.06 X 108 X 100 
40 X 60 

200 M 2 + 360,000 + 768,000 - 1,500,0000 = -372,000; 

M 2 = 1,860; Ri = 346.5 lb.; R 2 = 462.5 lb.; Rz = 511 lb. 


Example III 

Solve Example II by integration between limits. 

M ^Rix- 600(a; - 20) + E^ix - 40) - 720(a; - 80) 

E I e = El Bi+ ~ - 300(a: - 20)* + ~ - 360(a: - 80)=; (2) 

Ely = Eleix + ^ - lOOCx - 20)» + - 120(a; - 80)^ (3) 

If e is the angle measured from the line which joins the end supports, the 
first span gives 

-6 X 10® = 4 X 109^1 + - 8 X 10«; (4) 

24 X IWi + 64 iSi + 31,200 = 0. (5) 

The entire beam gives 

0 = 1O1°01 + - 512 X 10* + - 96 X 10‘; (6) 

6 X lO^ei + 1,000 Ri + 216 - 312,960 = 0. (7) 

From the moment at the right end, 

10 Bi + 6 Ba - 6,240 = 0; 

360 Bi + 216 Rt — 224,640 = 0; 

6EI i9il0^ + 640 Bi - 88,320 = 0; 

6 B J Sil0« + 64 Bi - 8,832 = 0; 

QEIdiW + 16 Bi + 7,800 = 0; 

48 Bi = 16,632; Bi = 346.6. 


Example IV 


A 6-in. by 5-in. beam is supported at the left end and 40 in. from the left 
end and is fixed 100 in. from the left end. The second support is 0.03 in. 
below the line of the ends. The beam carries 600 lb. 20 in. from the left end 
and 720 lb. 20 in. from the right end. If B = 1,600,000, find the moment at 
the second support and at the fixed end. Find the reaction of each support. 

From the two-moment equation for the second span, 


„ . 720 X 40(3,600 - 1,600) _ 6 X 0.03 X lO^ . 

60 Ml -b 120 Ml -I 00 — gO ’ 

Ml + 2Mi + 16,000 4 - 5,000 = 0. 
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For the two spans, 


200 ikf 2 + 60 Ms 4- 


600 X 20 X 1,200 
40 


720 X 20 X 3,200 
60 


18 X 106 X 100 _ 
2,400 

200 Ma + 60 Ms + 378,000 = 0; 

17 M 2 = 25,200; Ma = 1,482.3; Ms = -11,241.2; Ri - 337.06; 

Ri - 290.88. 


Problem 

2 . Solve Example IV by integration between limits. Except for the deflec- 
tion term, one equation is identical with Eq. (4). Another is exactly 
the same as Eq. ( 6 ). A third equation is obtained from Eq. ( 2 ) with the 
condition that 0=0 when x ^ I, 


Example V 

A 3-in. by 4-in. beam, for which E = 1,250,000 lb. per sq. in., is 100 in. 
long. It is supported at the left end, 40 in. from the left end, 70 in, from the 
left end, and 10 in. from the right end. The support 40 in. from the left 
end is 0.05 in. below the line of the other three. Find the reaction of each 
support for a load of 12 lb. per in. over the entire length. 


140 M 2 4- 30 Ms + 3(406 + 393 ) 


6 X 2 X 10® X 0.05 X 70 

1,200 “ ^ 

14 M 2 4- 3 Ms - 7,700 = 0 . 


Since the second support is 0.05 in. below the line of the third and fourth 
supports, the third support is 0.05 X = 0.2 in. above the line joming 
the second and fourth. By using this deflection of 0.02 in. in the equation of 
three moments, the result is 

30 Mi + 100 Mz - 12,000 + 3(30* + 203) + ^ ^ = 0 . 

ZMi + \0Mz+ 29,300 = 0. 

131 Mi = 164,900; Mi = 1,268.8; Mz = -3,307.7; Ry = 271.47; 

Ri = 236.31; Rz = 687.21; Ri = 104.61 lb. 

137. Deflection, Moment about a Secondary Axis. — When the 
bending moment applied to a beam is not about a principal axis 
of the section, it was shown in Art. 84 that the deformation does 
not take place about an axis perpendicular to the plane of the 
moment. In Fig. 146, the cornponent of 103.92 pounds is 
resisted by the minimum moment of inertia, which is 9 in. ^ 
The component of 60 pounds is resisted by the maximum moment 
of inertia, which is 16 in.'^ Relatively greater deflection occurs 
about the axis of minimum moment of inertia. If Fig. 146 
represents the end of a cantilever, the deflection is easier about 
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an axis parallel to A B than about an axis perpendicular to A B. 
The beam bends to the right of the vertical about the neutral 
axis GF. 


Example 

Find tlie deflection of the beam of the example of Art. 84 if ~ 1,500,000 
lb. per sq. in. 

The component of 103.92 lb. causes a deflection of 0.55424 in. do\\mward 
at 30° to the right of the vertical. The other component causes a deflection 
of 0.180 in. downward at 60° to the left of the vertical. 

y - -0.47997 - 0.0900 - -0.56997 in. 
a: = 0,27712 - 0.15588 = 0.12124 in. 

Problems 

1. In the example, find the angle which the resultant deflection makes with 
the vertical. Compare with the neutral axis of the example of Art. 84. 

2. A 3-in. by 10-in. cantilever is 10 ft. long. The upper edge of each 10-in. 
face is 6 in. to the right of the vertical plane through the lower edge. 
Find the components of the deflection at the end if the load on the end is 
240 lb. and E = 1,200,000 lb. per sq. in. 

Am. 3.072 in.; 0.3686 in.; a; — 2.2364 in.; y — —2.1381 in. 

3. In Problem 2, find the unit stress at each comer at the fixed end. Find 
the direction of the neutral axis. Compare with the angle w^hich the 
resultant deflection makes with the vertical. 

Ans. 1,612.8 tension, 691.2 compression at top; 46° 18' wdth vertical. 

4. A 4-in. by 4-in. cantilever is 10 ft. long and carries a load of 85 lb. at the 
end. The cosine of the angle which two parallel faces make -with the 

15 

horizontal is Find the components of the deflection HE ^ 1,000,000, 

Ans. y = —2.295 in.; x =0. The moment of inertia of any regular 
polygon is the same in all directions. 

5. Find the fiber stress at each corner of the beam of Problem 4 at the fixed 
end. Solve by means of the components. 

6. Sol/e Problem 5 by means of — What is c for the highest and lowest 

c 

comers? For the other comers? 

Max. c = 5^-? + = 1,293.75 Ib./in.* 

138. Deflection by Moments in Different Planes. — When the 
forces acting on a beam are not all parallel to one plane which 
passes through the beam, it is necessary to resolve these forces 
into components parallel to two axes which are perpendicular 
to each other and to the length of the beam. If the beam is 
circular, square, or of any other section for which the moment of 
inertia is the same in every direction, these axes may be taken in 
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any convenient way. For all other sections the resolutions must 
be made parallel to one of the principal axes of inertia. The two 
components of the deflection at any point are calculated sepa- 
rately, and the resultant deflection found from their vector sum. 

Example 

A 3-iii. solid shaft, weighing 24 lb. per ft., is 10 ft. long and is supported 
at the ends. A pulley weighing 160 lb. is 3 ft. from the left end and is 
subjected to a pull of 400 lb. 30° below the horizontal in a plane perpendi- 
cular to the length of the shaft. Find the deflection at the pulley, if E is 
29,000,000 lb. per sq. in. 

Resolved vertically, the total vertical load at the pulley is 360 lb. The 
horizontal pull if 346.4 lb. The deflections at 36 in. from one end are 


From concentrated load of 360 lb 0.0793 in. 

From load of 2 lb. per in 0.0381 in. 

Total vertical deflection 0.1174 in. 


The horizontal deflection from load of 346.4 lb. is 0.0763 in. 

Problems 

1 . A 10-in. 25.4-lb. standard I-beam, 15 ft. long, is used as a purlin plate. 
Its web makes an angle of 18° with the vertical. It carries a vertical load 
of 240 lb. per ft. and a force of 250 lb. per ft. parallel to the web. Find 
the unit stress at the corners at the middle and the components of the 
deflection parallel and perpendicular to the web. E = 29,000,000. 

Ans. S = 8,344 ± 6,615 - 14,959 Ib./in.^ and 1,729 lb./in.2 
Deflections = 0.1538 in. parallel to web and 0.4222 in. parallel to flange. 

2 . A vertical post, 6 in. square and 10 ft. long, is fixed at the bottom. A 
horizontal force of 200 lb., south 20° west, is applied 1 ft. from the top, 
and a uniform force of 60 lb. per ft. east is applied for the entire length. 
Find the maximum stress at each corner at the bottom and at the middle. 
Find the south and east deflections at the top and at the middle H E = 
1,500,000 lb. per sq. in. 

3 . A vertical post, 6 in. square and 10 ft. long, is fixed at the bottom with 
two faces in the meridian. A horizontal force of 200 lb., south 20° west 
is applied at the top and a uniform force of 60 lb. per ft., directed east, is 
applied to the west face. Find the unit stress at each comer" at the 
bottom- Find the deflection at the top and 20 in. from the top if ^ 
1,500,000. 

Ans. East component at top = 0.5568. S = 1,398 Ib./in.^ at southeast 
comer. 



CHAPTER XII 


SHEAR IN BEAMS 

139, Direction of Shear. — The total vertical shear in a beam is 
calculated by the methods of Art. 49, but this gives no informa- 
tion in regard to the distribution of the shearing stress in the 
section. In Art. 21 it was shown that shearing stresses occur 
in pairs, and that a small block subjected to shearing stress of 
given intensity along two parallel faces is subjected to a shearing 
stress of the same intensity along two other faces at right angles 
to these. 



Fig. 210. — Horizontal shear in beams. 

Figure 210, 1, represents a beam made by placing one plank on 
top of another. Figure 210, II, is the same beam under load, 
provided that the planks are held from slipping with reference 
to each other by being glued or bolted together to form a single 
beam. If the planks are free to move, they take the form III, 
in which the upper plank is moved outward over the lower one at 
each end. A small block B in the upper portion of the lower 
plank may be treated as a free body. The plank above this 
block has been displaced toward the left. If the planks were 
glued together, the upper plank would have exerted a horizontal 
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shearing stress upon the upper surface of the block. To prevent 
rotation there must be a vertical shear upward at the left side. 
The actual shearing stresses upon this block from the surrounding 
material, if the upper plank were glued to the lower, would take 
the directions of the arrows. 

The shear at the left of the block is vertically upward, which 
is the direction of the external shear. If a block ■were taken to 
the right of the load P, it would be found that the shear on its left 
side is vertically downward, w'hich is the direction of the vertical 
shear in that part of the beam. One of the planks of Fig. 210 
may be thicker than the other, but the direction of the shear will 
remain the same. 



ELEVATIONS IV 

Fig. 211. — Horizontal shear in rectangular section. 


140. Intensity of Shearing Stress. — Figure 211 represents a 
part of a beam subjected to vertical shear and to a bending 
moment. The shear is assumed to be positive from left to right 
and the moment is assumed to produce compression in the fibers 
above the neutral surface. A small block is shown extending 
across the beam between vertical planes dx apart and reaching 
from the top of the beam to a horizontal plane at a distance vs 
from the neutral surface. Two elevations of this block and the 
adjoining parts of the beam are shown in Fig. 211, III and IV, 
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and an enlarged elevation of the block in Fig. 21 1, II. The block 
is in equilibrium under the action of the compressive stress on the 
ends (the rectangles whose diagonals are CB and GF), the 
vertical shearing stress on the same surfaces, the horizontal shear 
from the material below (on the rectangle G E), and the vertical 
compression or tension across the base. 

In Fig. 211, a filament of cross section dJ. and length dx extends 
through the block parallel to the neutral surface. The unit 

compressive stress on the left end of this filament is in 

which Ml is the bending moment at the section, and h is the 
moment of inertia with respect to the neutral axis of the entire 
cross section of the beam. The compression of the left end of 

M iV 

the filament is -j — dA. The total compression on the left end 

i I 

of the block is the integral from Vz to c of the compression on 
the left end of the filament. 

Total compression on left end ~ ^ \ v dA, (1) 

Total compression on right end = ^ \ v dA. (2) 

-^2 Jt,:i 

The resultant horizontal push on the block in the direction of 
the length of the beam is the difference of these integrals (1) 
and (2). If the section of the beam is uniform, /i = /o, and Vz 
and c, are the same for both expressions. The resultant hori- 
zontal push on the block is 


M 2 - M 


‘f 


dA. 


( 3 ) 


This resultant horizontal force must be balanced by the hori- 
zontal shear at the bottom of the block. If the breadth €E at 
the bottom of the block is b, the total area in horizontal shear 
is h dx, and the total shear is dx. When the resultant hori- 
zontal compression is equated with the horizontal shear at the 
bottom of the block, 

^ ^ Mi-MiT 

sj> dx = j I V dA ; (4) 
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Since — Mi is equal to dMj 

M2 - Ml ^ m 
dx dx 

in wMch V is the total vertical shear. 


( 6 ) 


V C" 

in which equals the unit horizontal shear at a distance Vs from 
the neutral axis and also equals the unit vertical shear at the same 



Fig. 212. — Rectangular section in shear. 


place. The term ( v dA is the moment of the area of the end 
of the block with respect to the neutral axis. 

J % dA nc 

— ; J V dA = V A. (8) 

When the area and location of the center of gravity of the por- 
tion of the plane section above the line C E are known, the integral 
may be replaced by the equivalent expression of (8) . Equation 
(7) then becomes 

= A', Formula XXVIII 

in whichi V is the total vertical shear at the section, I is the 
moment of inertia of the entire section with respect to the neutral 
axis, b is the breadth of the section at the plane at which Ss is 
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calculated, is the area of the portion of the section above (or 
below) this plane, and v is the distance of the center of gravity of 
from the neutral axis. 

Figure 212, I, shows a rectangular section of thickness t and 
height d. It is desired to find the unit shearing stress at the 
neutral surface when the total vertical shear is V, The moment 

of inertia = b = t sA any plane; A' = t and ^ 


t ^ 4:^ 2 


3 F 

2 td’ 


Since the average vertical shear is ~--r — — ■ = the unit 

total area t d 

horizontal (or vertical) shearing stress at the neutral surface of a 
rectangular section is three halves as great as the average unit 
vertical shearing stress. 


Example 


Find the unit shearing stress in a 6-in. by 10-in. rectangular section at a 
plane 3 in. from the top, when the total vertical shear is 6,000 lb. (Fig. 
212, II). 


V _ 6,000 
I b 500 X 6 


vA' 


3.5 X 18 - 63; 


Ss = 2 X 63 — 126 lb. per sq. in. 


In this solution, the unit shearing stress in the plane A B of Fig. 212, II, 
has been found by means of the area above the plane. The area between 
A B and the bottom of the section might have been used. For that area 
X' = 7 X 6; 5 = 3.5 - 2 = 1.5; v A' - 1.5 X 42 = 63 as before. 


Problems 

1 . Find the unit shearing stress in the foregoing example at 3 in. above the 

neutral axis. Check by means of the area below the plane of the 
shearing stress. Am. s* = 2 X 48 = 96 lb. /in.® 

2 . Find the unit shearing stress at the neutral surface for the foregoing 
example by Formula XXVIII- Check by means of the average vertical 
shearing stress, 

3 . A 6-in. by 8-in. beam, 8 ft. long, is supported at the ends and carries a 
load of 7,680 lb. 5 ft. from one end. Find the maximum unit shearing 
stress at the section at which total vertical shearing stress is greatest. 

Ans. 150 lb. /in.® at neutral surface. 

4 . Find the unit stress for the beam of Problem 3 at 2 in. from the top and 
at 3 in, from the top at each end. 
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*6* A 74n. by 14-m. beam of longleaf yellow pine, placed on supports 
13 ft. 6 in. apart, was subjected to equal loads at points 4 ft. 6 in. 
from the supports. When the total load was 57,500 lb., the beam failed 
by shear at the neutral axis at one end. Find the ultimate shearing 
strength of this timber parallel to the grain. Compare the result with 
the figures given by the U. S. Department of Agriculture (see handbook). 

Ans. 440 lb. /in. 2 

*6. A 7-in. by lO-in. beam of Douglas fir, supported at points 13 ft. 6 in. 
apart and loaded at the third points with equal loads, failed by shear 
when the total load was 45,000 lb. Find the ultimate shearing strength 
of this timber parallel to the grain, Ans. 301 Ib./in.^ 

7. Timber having an allow^able shearing stress of 90 lb. per sq. in. and an 
allowable bending stress of 1,350 lb. per sq. in. is used as a 6-in. by 8-in. 
beam to carry a load at the middle. What is the maximum allowable 
load on any length? 

Ans. Max. F = 60 X 48 = 2,880 lb. Maximum load at middle = 
5,760 lb. 

8 . Below what length does shear govern in Problem 7? On account of 
shear the load at the middle cannot exceed 5,760 lb. 

Arts. ^ = 64 ikf = 64 X 1,360 = 86,400 ; 2,880 X | = 86,400; 

Z = 60 in. 

For a length greater than 60 in., the bending calculation gives a load 
less tTian 5,760 lb.; bending governs. For a length smaller than 60 in. 
the bending calculation gives a load greater than 5,760. Since 5,760 lb. 
is the maximum in shear, shear governs. 

9. Solve Problem 8 for a uniformly distributed load. 

141. Non-rectangiilax Beams, — Formula XXVIII gives the 
unit shearing stress in the horizontal plane G E oi Fig. 211. If 
the section of the beam is not rectangular, the unit shearing stress 
may not be unif orm over the horizontal surface. Figure 213, I, 
is a circular section in which A Z) is the trace of a horizontal plane. 
The short lines crossing A D are traces of planes in which the 
shear is transmitted from one side of A D to the other. At the 
middle of A D the shear is transnoitted from a filament above 
the plane to a filament directly below it, and the line B is vertical. 
At A and D, the shear is transmitted from a filament on the outer 
surface above the plane to a slightly larger filament, also on the 
outer surface, below the plane. The short lines at A and D are 
tangent to the section. At the diameter E F, the shear is trans- 
mitted from a filament above the plane to an equal filament 


* Problems 5 and 6 are from tests made by Prof. A. N. Talbot, described 
in Bulletin No. 41 of the Engineering Experiment Station of the University 
of Illinois. 
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directly below it, and it is customary to assume that the dis- 
tribution is uniform. 

Figure 213, II, is part of an I-beam section. At the plane 
where the web joins the flange, there must be a great difference 
in the intensity of the shearing stress. At K L, at some little dis- 
tance down the web, the shearing stress becomes practically 
uniform over the section. 



I II 

Fig. 213. — Shear in curved sections. 


Formula XXVIII may be used for beams having faces -which 
are not parallel. The results are approximately correct. 

Example 

The section of a beam (Fig. 214, I) is an isosceles triangle of base 9 in. 
and altitude 12 in. Find the unit shearing stress at the neutral surface 
under a total shear of 6,480 lb. 

X I X ™ 


Problem 

1. In Fig. 214, find the unit shearing stress at the plane E F, which is midway 
between the vertex and the base. Ans. s, = 180 lb. /in.® 


The unit shearing stress is greater at the middle E F than at 
the neutral axis C D. The total shearing stress across E F is 
less than that at C D, but the ratio of the breadth at .E F to the 
breadth at C -D is stiU smaller. 

Figure 214, II, may be used to calculate the unit shearing 
stress at any plane G H at a distance y from the vertex of the 
beam. If b' is the base of the triangle, and b is the length oiG H, 
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The position of maximum unit shearing stress is given by 

^(/ly - = 0; - 2?/ = 0; y = |- 


The maximum, unit shearing stress in a beam of triangular 
section with base horizontal is at the middle of the height. 



I n 

Fig. 214. — Shearing stress in a triangular section. 


Problems 

2. Find the unit shearing stress at the middle of the height of a triangular 

beam and find the ratio of this stress to the average unit stress, 

. 3 7 3 7^. 3 

Ans. s. = ratio = g- 

3. Find the unit shearing stress at the neutral surface of a triangular beam 
and find the ratio of this stress to average unit stress. Ans. Ratio == 

4. Check example and Problem 1 by means of the ratios of Problems 2 and 3. 
6. For a beam of circular section, what is the ratio of the unit shearing 

stress at the neutral surface to the average vertical shearing stress? 

Ans. Ratio = 

142, Shearing Stress in I-beams, — It is customary to calculate 
the unit shearing stress in the web of an I-beam by dividing the 
total vertical shear by the cross section of the web, which is 
regarded as extending the entire depth of the beam. If t is the 
thickness of the web, and d is the depth of the beam, this empirical 
formula is 


tt -x 1. ‘ X total vertical shear 

Umt shearing stress = 
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In a 12-inch 31.5-pound I-beam 
(Fig. 215), the thickness of the web 
is 0.35 inch; the area i d is 4.2 square 
inches, and the average unit shearing 
stress, as computed by this method, 
is 0.238 F. To find the unit shearing 
stress at the neutral surface the upper 
half of the section is divided into a 
vertical rectangle, a horizontal rect- 
angle, and two triangles, and the 
moment of each area is computed. 




A' 

V 

A^v 

Horizontal rectangle 

1.750 

5.825 

10.194 

Two triangles 

0.907 

5.520 

5.006 

Vertical rectangle 

1.977 

2.825 

5.585 

Total 



! 20.785 







F-,,_ 20.785 F 

215.8 X 0.35 


0.275 F. 


To find the unit shearing stress in a plane 5 inches above the 
neutral surface, 'which is a httle below the flange, the moment of 
the vertical rectangle, 5 inches high and 0.35 inch thick, is sub- 
tracted from the moment of the entire upper half of the section. 
vA'= 20.785 - 5 X 0.35 X 2.5 = 20.785 - 4.375 = 16.410. 


16.410 F 
215.8 X 0.35 


0.217 F. 


The average of 0.275 F and 0.217 F is 0.246 F, which differs very 
little from 0.238 F. It is evident that the method of calculating 
average unit shear in an I-beam section gives a result which is 
practically correct. 

Problem 


Find the unit shearing stress at the neutral axis and at 1.5 in. from the top 
for a 24 X 12 100-lb- wide-flange section, neglecting the fillets. Coin- 


pare with 

Ans, = 0.0984 V and 0.0800 V; mean = 0.0892 V; 


V 


24 X 0.468 


0.0890 F. 
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143. Failure of Beams. — The nature of the failure in a beam 
depends principally upon the relative ultimate strength of the 
material in the different directions and the value of the different 
maximum stresses. In a beam which is short relative to its 
depthj the unit tensile and compressive stresses at the dangerous 
section are small compared with the unit shearing stress at the 
neutral surface at the ends. Owing to the fact that timber has a 
small shearing strength parallel to the grain, such a beam, if 
made of timber, -will usually fail by shear. Figure 216 shows four 
wooden beams each about 40 inches long. The upper beam is a 



Fig. 216. — Failure of timber beams. 


yellow-pine beam glued to a white-pine beam. The total depth 
was 3.80 inches and breadth 1.57 inches. The beam was sup- 
ported at points 36 inches apart and loaded at the third points; 
this beam failed by longitudinal shear at one end when the total 
load -was 1,950 pounds. The failure followed the glued surface 
but began in the white pine. 

Beams of brittle material, such as cast iron, hard steel, stone, or 
plain concrete, fail by tension. Soft-steel beams fail by buckling 
the compression flange or by buckling the web. 

144. Deflection Caused by Shear. — When a beam is bent, part 
of the deflection is caused by shear, unless the moment is con- 
stant. (For constant moment, F = 0.) If the unit shearing 
stress across a section were constant, the shearing deformation 

s 

in a length dx would be ^ dx, and the total deflection in a length 
f would be 
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Vs 



(2) 


In an I-beam section the unit shearing stress is assumed to be 
constant and the equations above apply to give an approximate 
result. 


Example I 

Find the deflection of a 10-in. 25-lb. I-beam, supported at points 12 in. 
apart, and loaded with 49,600 lb. at the middle of the span. = 12,000,- 
000, E = 29,000,000. 

The vertical shear is 24,800 lb. Since the web area is 3-1 sq. in., the unit 
shearing stress is 8,000 lb. per sq. in. If the middle is regarded as fixed, 
the shear of either end upward is 


8,000 X 6 

12.000.000 


0.004 in. 


The deflection which is due to bending is 


49,600 X 123 

^ 48 X 29,000,000 X 122.1 


0.0005 in. 


In this extreme case, the deflection which is due to shear is greater than that 
which is due to bending. If the beam were made twice as long, the bending 
deflection would be eight times as great, while the shear deflection would be 
only doubled. For beams of any considerable length relative to their cross 
section, the deflection which is due to shear may be neglected. 

The shearing stress in a beam, is not uniformly distributed. 
It is possible, however, to calculate the true shear deflection for 
beams when the distribution of shearing stress is known. In 
Art. 201 it will be shown, by a method of work and energy, that 
the deflection of a beam of rectangular section may be calculated 
by multiplying the average unit shearing stress by the factor 1.2. 


Example II 

A steel cantilever, 2 in. square and 40 in. long, has a load of 240 lb. on the 
free end. If Es is 12,000,000 lb. per sq. in., find the shear deflection. 


1.2 X 60 X 40 

12,000,000 


= 0.00024 in. 


Problems 

1. A 2-in. by 3-in. steel beam rests on supports 12 in. apart and carries a 
load of 12,000 lb. midway between the supporte. K = 12,000,000 
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and E = 30,000,000 lb. per sq. in., wbat is the shear deflection and what 
is the bending deflection? Ans, ys ~ 0.0006 in.; ^ = 0.0032 in. 

2. Solve Problem 1 if the length of the beam is 24 in. and the load is 6,000 lb. 

3. Solve Problem 1 if the length of the beam is 60 in. and the load is 2,400 lb. 

4. The beam of Problem 1 carries a distributed load of 1,600 lb. per in. 

Find the deflection which is due to shear and the deflection which is due to 
bending. Ans. ys = 0.00048 in.; = 0.0032 in. 
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SPECIAL BEAMS 

146. Beams of Constant Strength. — In a beam of '^constant 
strength^’ the unit stress in the outer fibers is the same at all 


sections. Since S = 


the stress is constant when the 


section modulus varies as the bending moment. In a cantilever 
with a load on the end, for instance, the moment is directly 
proportional to the distance from the end. If the depth is 
constant and the width increases uniformly from the free end 
to the fixed end, the section modulus varies directly as the moment, 
and the unit stress in the outer fibers is constant. If it were not 
necessary to make some allowance for shear and compression at 
the free end, this beam would be only one-half as heavy as a 
uniform beam of equal strength. Even with the additional 
material to meet the requirements of shear and compression, a 
great saving in weight is secured by the use of “ beams of constant 
strength. 

146. Cantilever with Load on the Free End. — With the origin 
of codrdinates at the free end of the cantilever, the moment 
at a distance x from the end is P x. (It is not necessary to con- 
sider the sign of the moment, since the unit stress depends upon 
the magnitude only.) If /S is the allowable bending stress and 
Z is the section modulus, 

Px = SZ. 

b 

Since the section modulus for a rectangular section is 

^ Sbd^ 

Problems 

1 . A cantilever of rectangular section, with a load P on the free end, has a 

constant depth of 5 in. If the allowable stress in the outer fibers at any 

section is 1,200 lb. per sq, in., what is the equation for the breadth in 

terms of the load on the end and the distance x from the end? 

A -L P ^ 
Am. h = 


335 
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2. A cantilever of constant strength, loaded at the free end, has a constant 
depth of 4 in. The maximum breadth is 8 in. Find the breadth at the 
middle and at one-fourth the length from each end. Solve without 
writing, 

3. What is the allowable load on the beam of Problem 2 if the allowable 
stress is 1,000 lb. per sq. in.? 

4. A cantilever of rectangular section, with the load on the free end, has a 
constant breadth h. What is the expression for the depth at any section 
at a distance x from the load? 

Ans. 

S 0 

6. A rectangular cantilever of constant strength, 5 ft. long, with a load of 
600 lb. on the free end, has a constant breadth of 4 in. Derive an expres- 
sion for the depth at any section for an allowable unit stress of 1,000 lb. 
per sq. in., and calculate the depth for intervals of 10 in, Ans. — 0.9 x. 


X 

I 10 

20 

30 

40 

50 

60 



! 9 

18 

27 

36 

45 

54 

dy inches 

1 3 

4.24 

5.20 

6.00 

6.71 

7.35 


6. A cantilever of constant strength and square 
section, 5 ft. long, carries a load of 720 lb. 
on the free end. Derive an expression for 
the depth of any section for a unit stress of 
1,200 lb. per sq. in. Arrange the work as in 
Problem 5 and calculate the depth at 12-in. 
intervals. Use table of cube roots. 

Ans. = 3.6 x. 

7. A cantilever of constant strength, loaded at 
the free end, has all sections similar rec- 
tangles. The breadth is 4 in, and the depth 
is 8 in. at 80 in, from the load. Derive an 
expression for the depth in terms of the 
distance from the load and calculate the 
breadth at each 10-in. interval. 

Ans. = 6.4 a?; 2> = 3.42 in. at 50 in. from 

load. 

8. A cantilever of constant strength and 
circular section carries a load of P lb- on the 

Fig. 217. — Cantilevers of end. Derive the expression for the 

constant strength. diameter at any section in terms of the 

op jP ^ 

allowable stress and the distance from the load. Ans. d^ = 5—* 

TT O 

Figure 217 shows some cantilevers of constant strength, which 
are loaded at the ends and have rectangular sections. Figure 
217, I, is a beam of constant depth. The breadth varies as 
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x — the equation of a straight line. Figure 217, II, represents a 
beam of constant breadth. The depth varies as the square root 
of X — the equation of a parabola. One surface may be plane 
as in Fig. 217, II, or both may be curved as in Fig. 217, III. In 
either case, the equation gives the total depth. Figure 217, IV, 
represents a cantilever in which all sections are similar rectangles. 
The equation is that of the cubical parabola. 

147. Shearing and Bearing Stresses at the End. — In Fig. 218, 
the load P is represented at the extreme ends of the beams. 
Allowance must be made at the ends for the bearing and shearing 
stresses. For instance, in Problem 5 of Art. 146, suppose the 
allowable unit shearing stress to be 150 pounds per square inch. 
The average unit shearing stress in a rectangular section will be 
100 pounds per square inch and the minimum area of cross- 



Fig. 218. 


section will be 6 square inches. The depth at the end should 
not be less than 1.5 inches. 

Suppose also that the allowable bearing stress is 300 pounds per 
square inch, and that the center of the load must be 5 feet from the 
wall; the bearing area must be at least 2 square inches. If the 
load extends the entire vudth of the beam, the bearing area must 
be 4 inches by }4 inch. The actual beam must extend at least 
inch beyond the center of the load. Figure 218 shows the 
details for these conditions. The dotted lines are the limits for 
the beam figured for bending only. The solid lines show the 
minimum dimensions figured for all stresses. The actual beam 
should be somewhat larger at the end than shown, as a great 
increase in safety can be secured here with practically no increase 
in cost and weight. Artistic appearance and convenience of 
construction may cause further modifications outside the 
minimum dimensions. 

Problems 

1. Design a cantilever of constant strength and constant depth of 4 in. to 
carry a load of 600 lb. 4 ft. from the fixed end. The allowable bending 
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stress is 1^200 lb. per sq. in,; the allowable bearing stress is 240 lb. per 
sq. in.; and the allowable shearing stress parallel to the grain is 180 lb. 
per sq. in. 

Ans. Maximum widths 9 in.; minimum width, 1.25 in.; minimum bearing 
surface extends 1 in. on each side of the line of application of the load. 
2. A cantilever of constant strength and constant breadth of 4 in. is designed 
to carry 900 lb. 60 in. from the fixed end. The allowable bending stress 
is 1,000 lb. per sq. in., the allowable bearing stress is 225 lb. per sq. in., 
and the allowable horizontal shearing stress is 150 lb. per sq. in. Design 
the beam. 

Ans. Maximum depth, 9 in.; minimum depth, 2.25 in.; beam extends 
60.5 in. from the fixed end. The depth at each 10-in. interval is? 

148. Cantilever with Uniformly Distributed Load. — The only 
difference between a cantilever with uniformly distributed loading 
and a cantilever with a concentrated load on the end is in the 
expression for the external moment. 

Problems 

1. A cantilever of constant strength, which carries a uniformly distributed 
load of w per unit length, has a constant breadth h. Derive the expres- 
sion for the depth at any distance x from the free end. 

. 3 w ^ ^ Is w 

Ans. d = 



Fig. 219. — Cantilever of constant breadth. 


2. A cantilever of constant strength and constant breadth of 4 in. carries a 
uniformly distributed load of 240 lb. per ft. Find the depth at 4 ft. 
from the free end if the allowable stress is 960 lb. per sq. in. Ans. 6 in. 

3< A uniformly loaded cantilever of constant strength has a constant depth 
d. If all sections are rectangles, find the expression for the breadth 
(Fig. 220). 


4 . 


Ans, h — 


3 w 


A cantilever of constant strength, uniformly loaded, is 5 ft. long and 
4 in. deep. The maximum breadth is 8 in. Find the breadth at each 
foot interval. If the allowable bending stress is 1,080 lb. per sq. in., 
what is the total load? 


h = 


3 w 
Sd^‘ 


Kx^; 


8 = 3,600 K; 


K = 


1 

450* 
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X, feet i 1 ; 2 

6, inches j 0.32 i 1.28 


A?is. W — 768 lb.; iv = 12.8 lb. /in. 
If the allowable horizontal shearing stress of the beam of Problem 4 is 
120 lb. per sq. in.^ for what distance from the free end must the beam be 
designed for shear, and what is 

the form of this portion? , I! " 1 


320 5 


Total vertical shear per inch 
of width = 80 X 4. 

320 320 


zLEVA riQN 


450 


450 

12.8 x; 


X ~ 18 in. 



6 . 


The first 18 in. is a triangle 
which is 0.48 in. wide at 1 ft. 
from the end. 

Note: No provision is made for hearing in this design. 

A cantilever of constant strength and constant depth of 4 in. is 6 ft, 
long. It carries 120 lb. per ft. and 300 lb. 1 ft. from the free end. If 
the bending stress is 1,200 lb. per sq. in., find the breadth at each foot 
interval. 


X, feet 

1 

2 

3 

4 1 5 

Mj inch-pounds 

720 

6480 


1 

1 

Z, inches^ 

0.6 

5.4 


j 

5, inches 

! 

0.225 

1 

' i 

4.275 

i .. j 10.125 


7. The beam of Problem 6 is 6 in. wide throughout. Find the depth at 
each foot interval. 


X, feet 

1 

2 

3 

4 

S ! 6 

d, inches 

0.775 i 

2.324 


4.313 1 

. . j 6-050 


8 . Derive an expression for the depth of a cantilever of square section to 
carry a uniformly distributed load. 

Ans. d® = ■ 

9. A uniformly loaded beam of constant strength and square section 
carries a load of 9 lb. per in. The allowable stress is 1,000 lb. per sq. in. 
Find the dimensions at 64 in. from the free end. Ana. d == 4.8 in. 

10. Find the dimensions of the beam of Problem 9 at 8 in., 15.625 in,, 27 in., 
and 42.875 in. from the free end- 

11. A cantilever which carries 9 lb. per in. has all sections similar rectangles 
for which the depth is twice the breadth. A load of 180 lb. is placed 
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10 in. from the free end. Find the dimensions for 10-in. intervals up 
to 5 ft. if S = 1,000 lb. per sq. in. 


X, inches . . . , 

. . .!io 

bo 

30 i 

i 

1 40 

50 

60 

d, inches . . . , 

. .. 1.754 

I 3.509 


i 

6.050 



12. How does the volume of the beam of Problem 1 compare with that of a 

uniform beam of equal strength? Am. One-half as great. 

13. How does the volume of the beam of Problem 3 compare with that of a 
uniform beam of equal strength if no correction is made for shear? 

Ans. One-third as great. 

14. How does the volume of the beam of Problem 5 compare with that of a 

uniform beam of equal strength. Ans. 33.78 per cent. 

149. Beam of Constant Strength, Simply-supported. — When a 
beam is supported at the ends and carries a single load at the 
middle, the problem is exactly the same as that of a cantilever 
of one-half the length which is pushed up by the end reaction. 
When the load is not at the middle, the portion from the 
load to each end is equivalent to a cantilever. Ample allowance 
must be made for shear and bending at the supports. 

A uniformly loaded beam which is simply-supported is equiva- 
lent to cantilevers which are pushed up by the end reactions and 
bent down by the distributed loads. Since the moment equation 
is composed of two terms, the calculations are not so simple as 
for a cantilever. 


Problems 

1. A cast-steel beam is made for a span of 8 ft. to carry a distributed load of 
2,400 lb. per ft. with a maximum unit stress of 12,000 lb. per sq. in. 
Find the section modulus at each 12 in. 


Ans. Xj feet 

1 

2 


Z, in.3 . . 

8.4 

14.4 

18 



2. A timber beam of constant strength and constant breadth of 8 in. is used 
for a span of 10 ft. to carry a load of 240 lb. per ft. with a maximum stress 
of 1,200 lb. per sq. in. Find the depth at each foot. 


Ans. X, feet 

1 

2 

2 

j± 

d^m.2 

8.1 

14.4 

3.795 

18.9 

4.347 

21.6 

4.648 

df inches 

2.848 
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3. Derive the expression for the depth of a uniformly loaded^ simply-sup- 
ported beam of constant breadth. 

Ana. d == — Z"). 


Example I 

Find the ratio of the volume of the beam of Problem 3 to the volume of a 
uniform beam of equal strength. Simplify the integration by taking the 
origin of cobrdinates at the middle of the span. 

From the general moment equationj 


Tir - E1' - A _ ^ 

8 2 2\4 ^ J 6 ’ 

in which x is measured from the middle of the span. 



(1) 


(•■2) 


(3) 


in which V is the volume of one-half the beam. 
Let 2=5 cos e, then dx = —5 sin 5 d0 and 


/(l ~ ^'^y^dx = -|J'°sin2 ede = - cos 2 B) de f4) 

2 2 
_ IM cos2 0 lo 

SL M ” 16 * 

2 

Volume of one-half beam = X 

From Equation (1), maximum depth = X and volume of one-half 

, . IslFb ^ P 

beam = ^ _ x 

Ratio = -• 

4 


Example 11 

A 20 -in. 95-lb. I-beam is used for a span of 30 ft. to carry 180,000 lb. 
uniformly distributed. The beam is reinforced by 124n. by 1 -in. plates 
welded to the top and bottom flanges. If the maximum bending stress is 
15,000 lb. per sq. in., find the length of each pair of plates. For the first 
pair of plates. 
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90,000 rc - 250 = 15,000 X 160; 

- 360 ri: + 9,600 = 0; 

X = 29 in. 


Each of the first pair of plates is 360 — 58 == 302 in. in length. 

12(223 - 203 )^ 


The additional moment of inertia is 


12 


I - 2,648 + 1,600 
4,248 


Z = 


11 


4,248 m.4; 
386.2 in.3; 


- 360 + 23,172 - 0; a; - 84 in. 


Each of the second pair of plates is 16 ft. long. Will another pair of 
plates be required? 


Shapes are not rolled as beams of constant strength, but 
combinations of shapes and plates, as in Example II, are riveted 
or welded together in such way that the section modulus varies 
approximately as the bending moment. In machinery and 
vehicles, where weight is important, beams of constant strength 
are much used. In the frames of stationary machines, tlaese are 
frequently made of cast iron. In other places, cast steel or 
forged steel is employed. Cast-steel members, of approximately 
constant strength, are used in the construction of railway cars 
and trucks, and steel forgings in automobiles. 

A tree is a vertical beam of constant strength. A bamboo 
rod or a wheat straw is a hollow beam of constant strength, 
which has a large section modulus relative to its weight. 

150. Deflection of Beam of Constant Strength. — Since the 
moment of inertia is not constant, the fundamental equation for 
successive integration is written 

and the equations for area moments are written 


Ey = 

J* ^(X — Xa) dx 

(Formula XXIV, Art, 105) 

Ey = 

(~xdx. 

(Formula XXV, Art. 105) 


The moment of inertia is expressed in terms of x before 
integration. 
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In the follo'nhng derivations, the maximum moment of inertia 
is written I Constant depth and depth at the maximum 
section are expressed by D; and constant breadth and breadth 
at the maximum section are expressed by B. 

When the depth is constant, the moment of inertia and the 
breadth vary directly as the section modulus, which, in turn, 
varies directly as the moment. For all beams of constant 
strength and constant depth, the calculations are the same as 
for a beam of constant moment, provided the breadth of every 
surface parallel to the neutral surface varies directly as the momerd. 



Fig. 221. — Cantilever of constant deptli witli provision for stear. 


151. Cantilever of Constant Depth. — For a cantilever of con- 
stant strength and constant depth, loaded at the free end. 


I = 



By = 


M = -P a;; 


K 

I 




( 1 ) 


The deflection at the end is times as great as the deflection 
of a beam of constant section for w’hich I — I„. To find the 
deflection at a distance a from the end by area moments, 

p I p 7 r 

By = — ^ (x — a)dx = — s-f- {x — aY 

I mja ^ ^ rn, _ 


PI 
2 Im 


(I - a)\ (2) 


Example 

A cantilever of constant depth d, loaded at the free end, has a constant 


section of width 


B a 

nr 


for a distance a from the load. The remainder of the 
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beam is designed for constant strength. Find the expression for the deflec- 
tion at the free end by graphic integration of area moments. 

M . . . 

The “y diagram is shown in Fig. 221. The diagram for the uniform 

portion of length n is a triangle. The remainder of the diagram, of length 
I -- a, is a rectangle. The deflection at the end is given by 


Ey 


Pl^a^2a PL, J + a P l/P a^\ 


Problems 

1. A cantilever 6 ft, long has triangular sections which are 6 in. deep through- 
out. The first 18 in. has a constant width of 2 in. at the top. The 
remainder is designed as a beam of constant strength for a load 6 ft. from 
the fixed end. The maximum width is 8 in. When the load is 200 lb., 
find the maximum stress. Find the deflection at the free end if jE' = 
1 , 000 , 000 . 

Ans. S = 1,200 lb. /in. 2/max = 0.7614 in. 

2. If the beam of Problem 1 has elliptical sections with all vertical axes 

6 in. and the maximum horizontal axis 8 in., with horizontal axes of 2 in. 
for the first 18 in., while the remainder is designed for constant strength, 
find the maximum stress, the deflection at the end, and the deflection 
2 ft. from the free end. Ans. 2/max = 0.4309 in.; ;8 = 509.3 Ib./in.^ 

3* The beam of Problem 2 has a circular section at 54 in. from the free end. 
Calculate the stress at this section. 


For a uniformly loaded cantilever of constant depth, 


j 

M - 2 : 

M wP 


J- p . 

I 2J^ 


T? _ 

ymajc 2 J ' 

II 


(3) 

which is twice maximum deflection of cantilever of uniform 

sec- 

tion, similarly loaded. 




To find the deflection at any distance a 

from the free end, 


„ wP i 

27.1 

11 

1 

w - ay 

iln. 

(4) 


Problems 

4. A cantilever of constant strength, uniformly loaded, has a deflection at 
a distance x from the end whicn is equal to the maximum deflection of a 
uniform beam having a constant moment of inertia Jw Find x. 

Ana. a: = Z^l - = 0.2929 1. 

5. Find the maximum deflection and the deflection 18 in. from the free end 
for the beam of Problem 4 (Art. 148) if = 1,200,000 lb. per sq. in. 

Ans. 0.81 in.; 0.3969 in. 
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6. Find the deflection at the free end of the beam of Problem 5 (Art. 148) 


if E =' 1,200,000 lb. per sq. in. For the triangle, IS in. long, I = 


0.64 a; 


-30 a;. 


/•18 reo 

B 2/max = -30 I dx - 540 I x dx ^ -58,320 - 884,520 


-942.840; 


= -0,7857 in. 


7. Solve Problem 5 by means of the moment of the area of the ^ 
rectangle. 

8. Solve Problem 6 by means of the area of the ^ rectangle for IS in. to 60 
in. and the triangle from 0 in, to 18 in. 

152. Simply-supported Beam of Constant Depth. — For a 

simply-supported beam of constant strength and constant depths 
loaded at the middle, the maximum moment at the middle is 
Pi' , Af PI 

4 ’ and j 4 j^- 

The deflection of the end upward from the tangent at the middle 

M 

by area moments from the -j rectangle is 


4 7„A 2 ^ 4 32 7™ 

The slope at the left support is given by 


0 = E 6i -jr 


Ey = 


' SIJ ^ 

pr-x Plx 

8 7m 4 7m 


X- = 

^ 2 


PV^ 

■8 7m 
Plx 
8 7m 


(Z - x). 


For a simply-supported beam of constant strength and constant 

depth, uniformly loaded, ^ 

J. 0/771 

At the middle, 


E 61 + 


16 IJ 


E Bi = - 


_ w l^x , w Px X 

-irn + TC X2- 


16 7m 
w Px 


(Z - x). 


At the middle, where x 


Ey = 


(4) 
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which is six-fifths as great as the maximum deflection of a beam 
of constant section. 

163. Beam of Constant Strength, Breadth Constant. — When 
the breadth is constant, the moment of inertia varies as the 
cubes of the vertical dimensions. 

^ ^ 1 = 

I d^’ I I^d^' 

For constant strength, 

M ^ 

Z M 

1 M't M 
I I 

Equation (1) applies to any beam which has sections of vertical 
similarity and has a principal axis horizontal so that a vertical load 
will bend it vertically downward. Sections have vertical 
similarity when the heights of vertical elements in one section 
have the same ratio as the heights of corresponding elements in 
any other section, A beam for which all sections are isosceles 
triangles of constant width at the top has vertical similarity. 
If da is the altitude of section A, di the altitude of section B, 
and if ha and hb are the heights of elements at the same distance 
from the vertical plane of symmetry of the beam, in sections 
A and B, respectively, 

^ ^ * 
hb db 

For a cantilever vxith a load on the free end, M — —P x. Since 
I is positive ^ is negative. 



2PM 3 . 

‘ 3 


2PF 
' ZlJ 


X dx = 


P f ' 

■ In. V 


which is twice the deflection of a uniform cantilever for which 
the moment of inertia is Im- 

* The terms "'vertical similarity” and "horizontal similarity” were 
suggested by Prof. F. W. Ott. 
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The deflection at any point is given by 


Ey = 

4 

fjix 

p r 

— a) dx = — ^ 1 (x^- - 

Tp n, 

P M 

2 

1 _ pp. 

III y — 

Im [ 

^ ^ Q, 

a 

Ey =- ■ 

- 6 a + 4 = 

t> ItjI 


-yi)dx; 


IT! \ 3 


2 a i + 


4 


2P 


~{l^ -ZaV- + 2 (3) 

O 1 m 


Problems 


1. A cantilever of constant strength and constant width, 80 in. long, has 
sections in the form of isosceles triangles which are 4 in. wide at the top. 
The depth is 6 in. at the fixed end. Find the deflection at the free end 
end and 20 in. from the free end caused by a load of 90 lb. on the end. 
The modulus of elasticity is 1,000,000. 

Ans, = 1-28 in.; y = 0.64 in. 

2. The cantilever of Problem 1 is reinforced at the end for shear. The end 
is a triangle 1.5 in. high. The section at 20 in. from the end is 3 in. high. 
The homologous sides of these triangles are connected by planes to form 
the frustum of a pyramid- Find the deflection at the free end. 

Substituting the limits 20 and 80 in Eq. (2) to get the deflection at 
the load caused by the moment in 60 in. of beam designed for constant 
180 V 80^4 

strength, ~ - 20H) = -1.1200 in. 

To get the deflection caused by the frustum, imagine the surfaces 
extended an additional 20 in. to form a pyramid. 

- 20) & - -I,020,000_g‘'(i - I + 

= -l,920,000^1og.a: + ^ = -l,920,000aog. 2 - 0.625); 

ymax = -1.1200 - 0.13085 = -1.25085 m. 

For a cantilever uniformly loaded^ M = 


Im My^ 


W P 

Cm . 

W P 

wP 

2I„x’ 

1 y- a: cfx = ' 


2/„ 


w 

WP 


E yxDAX 

2I^~ 

2lJ 



(4) 


which is four times as great as the deflection, of a uniform canti- 
lever for which the moment of inertia is /„. The deflection at a 
distance a from the free end is given by 



348 


STRENGTH OF MATERIALS 


[Aet. 163 


E y 
Ey 
Ey 


J 


w 


2 ImX 

w 


(x — a)dx 


fYi 

2 ija V 




21 
'2 I 


X — a loge X 


w Z® 


Z — r{ 1 + log 


21, 

e) 


— a — a loge 


(5) 


Problems 

3. A cantilever of constant strength for a uniformly distributed load is 80 in- 
long, has all sections isosceles triangles 4 in. wide at the top, and a maxi- 
mum section 6 in. high at the fixed end. If E is 1,000,000 lb. per sq. in., 
what is the deflection at the end under a total load of 120 lb.? 

Ans. 2/max = 1.28 in. 

4. Find the deflection of the beam of Problem 3 at 20 in. from the free end. 

Ans, y — 0.5164 in. 

5. In Problem 3, find the deflection 10 in. from the fixed end. 


A uniformly loaded^ simply •^supported beam of constant breadth 

w 

and constant strength has a maximum moment of If the 

o 

origin of moments is taken at the middle, 


M = 


w P 


w x^ 



The deflection of a point at a distance a from the middle upward 
from the tangent at the middle is 



ym&x 


2/niax 


—( - sin-1 1 _ A = J£]L(z 
16 7^2 2/ 16 7„\4 

0.01784 w ¥ 

EI„, ’ 



( 7 ) 
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\\'hich is positive upward from the tangent at the middle. To 
find the deflection of a point at a distance a from the middle down- 
ward from the supports, add the results from Equation (6) to 
0.01784 w 
E Ir, 

Problems 

6. A simply-supported, uniformly loaded rectangular beam of constant 
strength is 80 in. long between supports, 4 in. wide throughout, and 
6 in. deep at the middle. HE — 1,000,000, find the deflection at the 
middle caused by a total load of 2,1(50 lb. 

107 0-0120; 4o(| - l) = 22.832; = 0.2740 in. 

7. In Problem 6, find the deflection at 30 in. from the middle upward from 
the tangent at the middle by Eq. (6). Then calculate the deflection 
of this point downward from the level of the supports. 

30 X 0.84806 radian = 25.4418 

Vm - 26.4575 

-40. 


11.8993 X 0.012 = 0.1428 in. 
y = -0.2740 +0.1428 = -0.1312 in. 

8. The beam of Problem 6 was designed for a maximum unit shearing stress 
of 202.5 lb. per sq. in. at the neutral surface at the supports as shown by 
the half beam of Fig. 222. For the last 8 in., the vertical faces are 



Fig. 222. — End of simply-supported beam mth profusion for shear. 


trapezoids which are 2 in. high at the end and 3.6 in. at the point of 
tangency with the curve. Find the deflection at the middle. 

To find that part of the deflection of the end upward from the tangent 
at the middle which is caused by the moment in the 32 in. of constant 
strength beam, the bracketed term of Eq. (6) is integrated from zero to 
32, while a remains 40. 

40 sin-^ + 24 - 40 = 40 X 0.92735 - 16 - 21.0940; 

y = 0.0120 X 21,094 = 0.2531 in. 

To find the deflection of the 8-in. length upward from the tangent at its 
right end, the origin of coordinates is taken at C (Fig. 222), which is the 
intersection of the upper and lower plane surfaces of this portion. This 
choice of origin gives a monomial term for I which is the denominator of 
M 

the expression and thereby greatly simplifies the integration. 
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d = 0.2 x; I 


4 X 0.008 X® 
12 


0.008 a:’ 


M = 1,080 (a: - 10) - 

13.5(a: - 10)“; 


J~ {x - 10)da; = + HO “ l,900x + 9,000)d!x; 

_ Sl.ooor ,,,,,, , 1,900 4,500'118 

E y = + no log.x + 

Ey = + 64.6569 + 105.5555 - 190 - 13.8888 + 45); 


E y 


16 

3.3236 X 81,000 
16 


= 16,826; y = 0.016826 in. 


Total deflection = 0.2531 + 0.0168 = 0.2699 in. 

154. Beam of Constant Strength, Sections Similar. — For a 
beam with similar sections, / varies as the fourth power of the 
dimensions, and Z varies as the third power. 


Mm 

M 

M _ 

I 


hi 

d^’ I 


d^ 


Mil 

M*A 


( 1 ) 


For a cantilever with load on the free end, M = — P x] 


Mm = -PI] 


M _ PVA 

I ImXA 


J P 


Ey = 


I 

Ey = 


When a = I, 


f ~ o,xr^^)dx — 

P P^(Z P^ 3 a^A 
Im\5 5 ■ 

( 


In 

3 a I 


’3 x^^ _ 
5 


3aa:^ 


+ 


Ey = 


P PHZ 


ZalA , 9a54 

+10 


a^A. 
2 /’ 


P ymstx 


ZPP 
' 5 Im’ 


( 2 ) 


( 3 ) 


w'hich is 1.8 times as great as the deflection of a beam of uniform 
section. 

wl\ 

2 ’ 


For a uniformly loaded cantilever, M, 
wl^ 


M 

I 


2ImX ^^’ 


Ey = 


w p^ r 

■^J 


(x^ — ax-’A)dx] 
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E y 




2/„ 


'3 


— Z ax^^ 


2/niax 


w p^/z 

'21X 4 

3 w P 


3 a + 


9a»A 

4 )’ 


8EI„ 


(4) 

(5) 


which is three times as great as the deflection of a beam of 
uniform section. 

155. Beams of Two or More Materials. — Beams are frequently 
made of two or more materials which have different moduli of 
elasticity. The most common types are combinations of timber 
and steel or of concrete and steel. 


WOOD 


STEEL 


I 






I WOOD EOUfVALENT 
OF STEEL 

' ' I 

20 ^ ->1 

U 


Fig. 223. — Beam of two materials. 


Figure 223 shows a steel plate which is bolted to the bottom, 
of a wooden beam. The position of the neutral surface depends 
upon the ratio of the moduli of elasticity of the two materials. 
If the modulus of the steel is 30^000^000 pounds per square inch 
and that of the wood is 1,500,000 pounds per square inch, the 
unit stress in the steel at a given unit deformation is twenty times 
as great as the unit stress in the wood. 

The location of the neutral axis for Fig. 223 may be computed 
on the assumption that the density of the steel is twenty times as 
great as the density of the wood; or, for purpose of calculation, 
the steel may be replaced by a wooden strip which is twenty 
times as wide and has the same thickness. Figure 223, II, 
illustrates this substitution. 


Example 

A 4-iii, by 6-iii. wooden beam has a steel plate 1 in. wide and }4 ia- thick 
fastened to the lower surface. Find the neutral axis and the maximum 
fiber stress in each material if the modulus of elasticity of the steel is twenty 
times as great as that of the wood, and the bending moment is 30,000 in.-lb. 

The steel may be replaced by a wooden strip 20 in. wide and M in. thick. 
To get the distance of the center of gravity from the bottom of the wood, 
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24X3-10XM .3C4in. 

^ 34 

To get the moment of inertia of the equivalent wooden section about the 
common surface. 

4 X 03 


20 X (M)^ 


= 288, 

= 0.83, 


7 - 288.83. 

Ic = 288.83 - 34 X 2.042 = 147.34 in.^ 

To get the unit stress in the top fibers of the wood, 

30,000 X 3.96 

= 806 lb. per sq. in. 


In the bottom steel fibers, 


30,000 X 2.54 X 20 
147.34 


10,344 lb. per sq. in. 


The result for steel is multiplied by 20 because the moment of inertia used 
was calculated on the assumption that the steel was replaced by wood. 


Problems 

(Use E for steely twenty times E for timber j in these 'problems,) 

1 . A 4-in. by 4-m. timber beam has a 4~in. by K-in. steel plate on the 
lower surface and a 2-in. by. 1-in. plate on the upper surface. Find the 
neutral axis of the combination. What is the maximum fiber stress in 
the steel when that in the wood is 600 lb. per sq. in.? 

Ans, Neutral axis, 2.10 in. above bottom of timber; fiber stress in steel, 
16,571 lb./in.2 

2. A 6-in. by 6-in. timber beam, 10 ft. long, has a 6-in. by K-hi. steel plate 

on the top and bottom surfaces. Find the unit stress in the steel when a 
load of 9,000 lb. is put on the middle. Ans. 13,720 lb. /in . 2 

Figure 224 is called a flitched beam. It is built up of alternating 
wooden beams and steel plates, all fastened together by a few 
bolts. When the vertical depth of the wooden beams and 
steel plates is the same, the bolts transmit no shear below the 
elastic limit of the steel or wood. With vertical loads, parallel 
to the plane of the plate, the steel is not efficiently used in this 
type of beam. 

Flitched beams were once used to some extent, but very little 
at present. Steel I-beams are usually preferable. Wooden 
beams are frequently bolted to the web of an I-beam. This is 
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WOOD' 


Fig. 224. — Fiitched beam. 


generally done for convenience in attaching woodwork rather 
than for reinforcing the beam. 

When steel is fastened to the top and bottom of a wooden beam, 
it is used efficiently. The combination is equivalent to an 
I-beam section, the timber acting as the web and the steel as the 
flange. ^ ^ 

Formerly, combinations of steel and ^ /-A i I 

timber had considerable application in L-^ryiqY--\p^- 
the construction of vehicles. Thin plates _i j< /"A A _i 
of steel in compression were kept from wood woodT ^ 
buckling by bolts which fastened them to \/ X / '‘A 

the thicker and, therefore, more rigid 

timber. This form of construction re- b--- !■“ 
quires no expensive equipment. With ^ ■' ^ 

, ill j. r nil 11 — Fiitched beam. 

the present development of portable weld- 
ing apparatus these combinations are little used. 

156. Reinforced-concrete Beams. — Reinforced concrete repre- 
sents another form of combination beam. A reinforced-con- 
crete beam has steel rods embedded in the concrete near the 
surface in the tension side. Sometimes both tension and com- 
pression sides are reinforced. These rods may be ordinary 
round or square steel bars. Usually they are corrugated or 
otherwise deformed or made of cable or twisted square bar. 
Such deformed or twisted bars are better fitted to transmit the 
stress from the concrete, since they do not slip when the grip 
of the concrete is weakened. 

Figure 225 represents a section and a portion of the length of 
a reinforced-concrete beam, w'hich is 8 inches wide and 11 inches 
deep. Figure 262 is a photograph of a beam of this size after 
failure. The reinforcement consists of three rods with centers 
1 inch from the bottom of the concrete. 


In the development of the theory of concrete beams, it is 
customary to consider that the steel takes all the tension. This 
assumption is correct for loads commonly used in practice. 
For small loads, giving tensile stresses of less than 300 pyounds in 
the concrete (depending upon the quality), considerable of the 
tensile stress is carried by the aggregate. For larger loads, fine 
cracks form in the tension side, and experiments show that the 
steel takes practically all of the tension. 

The 'percentage of reinforcement, in a beam is calculated by divid- 
ing the area of the steel by the area of the beam section above the 
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center of the steel. In Fig. 225 the beam is regarded as an 8- 
inch by 10-inch section; the inch of concrete below the center 
of the rods is considered as simply protecting the steel. With 
three -inch rods, each of which has a cross section of 0.307 
square inch, the reinforcement in the beam of Fig. 225 is 
0.921 80 = 0.0115 = 1.15 per cent. While it is customary 

to speak of the percentage of reinforcement, when used in 
formulas it is expressed as a ratio. 

Elaborate formulas have been proposed for the calculation of 
reinforced-concrete beams. Some of these formulas assume that 
the compression curve of concrete is a parabola, which it is not. 


'f 

"T 


i 


-_i lE 

<- s"——^ 




Fig. 225. — Reinforced beam. 


The form and the constants of the compression curve vary greatly 
with the materials, the proportions, the care in mixing, the age, 
and the stresses to which it has been subjected. The modulus of 
elasticity is lowered greatly by slight overloads. For these 
reasons there is little use for great refinement of calculation unless 
the computer is provided with carefully determined compression 
curves of the actual concrete under consideration, and it is now 
customary to work on the assumption that the compression curve 
is a straight line. 

A Joint Committee from The American Society of Civil Engi- 
neers, The American Society for Testing Materials, The American 
Railway Engineering Association, and the Association of Ameri- 
can Portland Cement Manufacturers has prepared a report on 
Concrete and Reinforced Concrete and has recommended certain 
formulas and constants. In the articles that follow, the impor- 
tant formulas are given in the form recommended by the Joint 
Committee, and with the same symbols except that s is used 
for unit stress instead of /.* 

157. Location of the Neutral Axis. — The line 0 F of Fig. 226 
represents the compressive stress. The depth from the extreme 
compressive fibers to the center of the reinforcement is d and the 


, * Proc. A. S, T. M., voL 13, 1913. 




Chap, XIII] 


SPECIAL BEAMS 


355 


distance from the neutral surface to the extreme fibers is kd, 
in which is a fraction less than unity. The distance from the 
neutral surface to the center of the reinforcement is (1 — k)d. 
The ratio of the modulus of elasticity of the steel to that of the 
concrete is represented by n; 



If the modulus of elasticity of the steel is 30^000^000 and that of 
the concrete in compression is 2,000,000 pounds per square inch 



Fig. 226. — Stress in rectangular reinforced-concrete beam. 

the value of n is 15. This is the value which is recommended 
for general use. However, when tests show the ultimate strength 
of the concrete to be between 2,200 pounds per square inch and 
2,900 pounds per square inch, the Joint Committee recommends 
that n should be 12; and for concrete stronger than 2,900 pounds 
per square inch, the committee recommends that n should be 10. 

The unit deformation at the center of the reinforcement is 
to the unit deformation in the outer fibers of the concrete as 
1 ^ is to fc. Since the modulus of the steel is n times the 

modulus of the concrete, the unit stress at the center of the 
reinforcement is 

s, . ( 2 ) 

in which Ss is the unit tensile stress at the center of the steel 
reinforcement, and 8 ^ is the maximum unit compressive stress 
in the concrete. The tensile stress at the center of the reinforce- 
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ment is the average tensile stress, and it is assumed that the 
resultant tensile stress is at the center of the section. (The 
error is negligible.) The area of the concrete in compression in a 
rectangular section is h k d, and the average unit stress over this 

area is 


Total compressive stress 


Sckhd 

2 


Total tensile stress in steel 


A 71 aS,.(1 “ k) 


(3) 

(4) 


in which A is the area of the steel. The ratio of the area of the 
steel to the area of the concrete is represented by p; 

V ^ = p'b d, (5) 

As the concrete below the neutral surface is not regarded as 
taking any of the tensile stress, the total tension in the steel 
equals the total compression in the concrete. Equating (3) 
and (4) and substituting for A, 

Sokhd _Scphdn{l -k) 

2 ^ k ' 

= 2 p 7i(l - k), 
k- + 2 p n k — 2 p n = Oy 
k = a / 2 p n + {p ^ — p 71, 

Problems 

1. If the modulus of the steel be taken as fifteen times that of the concrete 
and the area of the steel is 1 per cent of the total area h d, find the distance 
of the neutral axis from the extreme compression fibers. Ans. k = 0.418. 

2. Solve Problem 1 for a reinforcement of 1.2 per cent and for 1.6 per cent. 

Ans. 0.446, 0.493. 

158. Relative Stresses in Concrete and Steel. — When the 
location of the neutral axis has been determined by means 
of Equation (9) of the preceding article or by experiment, the 
relative values of the average unit compressive stress in the 
concrete and the average unit tensile stress in the steel may 
be computed from the relation that the total tension in the steel 
is equal to the total compression in the concrete. In Problem 1 
of the preceding article, for instance, since the area of concrete 
in compression is 0.418 h d and the area of the steel in tension is 


( 6 ) 

(7) 

( 8 ) 
(9) 
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0.01 h dj the average unit stress in the concrete is as great as 

the average unit stress in the steel. If the average unit stress 
in this steel is 12^000 pounds per square ineh^ the average unit 
compressive stress in the concrete is 287 pounds per square inch, 
and the maximum stress in the extreme fibers is 574 pounds per 
square inch. 

The unit compressive stress in the extreme fibers ma}" also 
be computed from the distances from the neutral axis and the 
ratio of the two moduli of elasticity. From Equation (2) of 
the preceding article, 


Sc 


k S$ 

(1 — k)ri 


( 1 ) 


Table XXII. — Allowable Unit Compeessive Stresses in Extreme 
Fibers op Concrete Beams, in Pounds per Square Inch 


Aggregate 

1:2:4 1 

1:3:6 

Gravel or hard limestone or sandstone 

i 

650 ' 

425 

Soft limestone or sandstone 

500 j 

325 

Cinder 

: 200 ! 

125 


Problems 

1. In Problem 2 of the preceding article, calculate the unit stress in the 

extreme fibers when the average unit tensile stress in the steel is 12,000 
lb. per sq. in. Ans. 645 and 778 lb. /in.® 

2. Solve Problem 1 if the allowable unit stress in the steel is 16,000 lb. per 
sq. in. 

With a unit stress in the steel of 12,000 pounds per square inch, 
the unit compressive stress in the concrete with 1.6 per cent 
reinforcement is above the allowed value for 1:2:4 concrete for 
the best material ordinarily used. If the allowable unit stress 
in the steel is 16,000 pounds per square inch (which is the maxi- 
mum reconmiended by the Joint Committee) even 1 per cent 
of reinforcement gives a unit stress in the concrete of over 700 
pounds per square inch. In order to use the steel efficiently in a 
beam of rectangular section, it is necessary to have a richer 
mix than 1:2:4 or to keep the reinforcement below 1 per cent. 

Problem 

3. If n = 15 and p = 0.008, what will be the unit stress in the steel when 
the unit stress in the outer fibers of the concrete, calculated on the 
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assumption that the compression cum'^e is a straight line, is 660 lb. per 
sq. in.? Ans. 15,600 Ib./in.^ 


159. The Resisting Moment. — The resultant compressive 
stress is at the center of gravity of the triangle C F 0 oi Fig. 226. 
The resultant tensile stress is regarded as being at the center of 
the reinforcement; therefore the arm of the resisting moment is 



The term 



is represented by the single 


letter j. 


Resisting moment arm 



( 1 ) 


Problems 


1. What is the resisting moment arm in Problem 1 of Art. 158? 

Ans. j d = 0.86 d. 

The resisting moment is either total stress multiplied by the moment arm, 


q _ 2M , 
~ j kb d^’ 
M 

“ Ajd 


SsA J dj 


( 2 ) 

(3) 

W 


(In the following problems n — 15^ Sc — 650 lb. per sq. in.) 

2. A reinforced'concrete beam for a span of 15 ft. is 10 in. wide and 12 in. 
deep to center of reinforcement. The reinforcement consists of three 
deformed bars, each having a cross section of 0.39 sq. in. The beam 
weighs 125 lb. per linear foot. What is the maximum safe load on the 
middle, based on the compressive strength of the concrete? WTiat is the 
unit tensile stress in the steel at this load. 

Ans. M = 167,000 in.-lb.; maximum safe load 2,770 lb. 

3. In Problem 2 find the unit stress in the steel by dividing the moment by 

the resisting arm, to get the total tension, and then dividing by the area 
of the steel. Ans. 13,800 Ib./in,^ 

4. Design a reinforced-concrete beam for a span of 20 ft. to carry a load of 
800 lb. per ft. including its own weight, using 1 per cent reinforcement. 

An approximate value of the resisting moment may be computed from 
the expression: 

M — O.S d X A Ss. 

The moment arm is always a little greater than 0.8 d and the total tensile 
stress in the reinforcement is A Of course, if the percentage of rein- 
forcement is too great, the compressive stress in the concrete will be too 



Chap. XIII] 


SPECIAL BEAMS 


359 


160. Steel Ratio. — It was shown in Art. 158 that, when the 
percentage of reinforcement is too great, the concrete stress will 
exceed its allowable value before the steel is fully stressed. The 
ratio of the steel area to total area may be found for any allowable 
unit stresses. From the equality of the total tensile and com- 
pressive stress, 


Sc kb d 
2 




( 1 ) 


from which 


2 s,A _ 2 Scp 

Scbd ~ S 


From Equation (8) of Art. 157, 

k- + 2pnk = 2p n. 

Eliminating k between Equations (2) and (3) : 


4sfp- 4s*p2?i 

Sc ^ Sc 


2pn; 


p = 



( 3 ) 

(4) 

( 5 ) 


Problem 

Find the steel ratio if the allowable unit compressive stress in the concrete 
is 600 lb. per sq. in.j the allowable tensile stress in the steel is 15,000 lb. 
per sq. in., and the ratio of the modulus of elasticity of the steel to that 
of the concrete is 15. Ans. p — 0.0075. 

See Eeport of the Joint Committee on Concrete and Reinforced Concretey 
Proceedings of The American Society for Testing Materials^ 1913, page 278. 
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BENDING COMBINED WITH TENSION OR COMPRESSION 

161. Transverse and Longitudinal Loading, — A beam may be 
subjected to an axial {in the direction of its length) tension or 
compression and transverse forces which produce bending 
moments. Since the bending moments cause axial stresses, 
these stresses may be added to the direct tensile or compressive 
stresses which are caused by the axial loads, in the same way as 

the stresses which are caused 
by bending around the two 
principal axes of a section 
were added in Art. 84. 

In Fig. 227, a 4-inch by 4-mch 
vertical post is fixed at the 
bottom and carries a load of 
4,000 pounds on the top. 
The direct compressive stress 
is 250 pounds per square inch 
in all parts of the post between 
the load and the support. A 
horizontal force, perpendic- 
ular to one face, is applied 
2 feet above the plane at which 
the post is fixed. The trans- 
verse force causes a tensile 
stress of 450 pounds per square inch at the fixed plane on the right 
side and an equal compressive stress on the left side. The com- 
bined stress is 700 pounds per square inch compression on the left 
side and 200 pounds per square inch tension on the right side. 
Figure 227, IV, shows the distribution of stress with compression 
represented by a negative ordinate and tension by a positive^, 
ordinate. Figure 227, II, shows the compression alone which 
is caused by the direct load of 4,000 pounds. Figure 227, III, 
shows the stress which is caused by bending. This stress is 450 
pounds compression at the left, 450 pounds tension at the right, 
and zero at the middle. These stresses are combined in Pig. 

360 



Fig. 227. — Post with compression and 
“bending. 
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227, IV. The line E F, which is the zero line for the bending 
stress, is placed on the line C D, which represents the compressive 
stress in Fig. 227, II. The combined unit compressive stress on 
the left side is —250 — 450 = —700 pounds per square inch. On 
the right side the combined stress is —250 + 450 = 200 pounds 
per square inch tension. The unit stress is zero at % inch 
from the right face of the post. 

The unit stress is 

P M V PM 

JL + ^ = :L + for outer fibers Formula XXIX 

A 1 A " Z 

in which P is the total axial load and M is the bending moment 
from any source whatever. Since v is positive on one side of the 
neutral axis and negative on the other, the second term of For- 
mula XXIX may be positive or negative, depending upon the 
position of the fiber in the section. 

Problems 

1 . A timber post, 6 in. square, is fixed at the bottom with two parallel faces 
in the meridian (north and south vertical plane) . The post is 4 ft. high 
from the fixed section. It carries a load of 10,800 lb. on the top and 
resists a horizontal force of 360 lb. west 6 in. from the top. Find the 
unit stress in the east and west outer fibers at the bottom. 

Ans. 720 lb. /in. 2 compression and 120 Ib./in.^ tension. 

2. In Problem 1, how far from the bottom is the stress zero in the extreme 

eastern fibers? Ana. 12 in. 

3 . In Problem 1 , how far from the east surface at the bottom is the stress 
zero ? Solve by Formula XXIX and check by interpolating the answers 
of Problem 1. 

4 . A rectangular pier is 6 ft. wide, 3 ft. thick, and 50 ft. high above the 

ground. If the material weighs 120 lb. per cu. ft. and is unable to resist 
tension, what wind pressure uniformly distributed over one entire face 
will overthrow it? Use all units in feet. Ans. 7.2 Ib./ft.^ 

6. Solve Problem 4 if the material has a tensile strength of 10 lb. per sq. in. 
6. A 6-in. by 8-in. post, 61 in. long from the fixed end, leans parallel to the 
8-in. faces until the top of each 6-in. face is 11 in. to the right of the 
vertical plane through the bottom. Find the stress in the outer fibers 
at the bottom when a load of 3,660 lb. is placed on the middle of the top. 

Ans. 75 4- 629 Ib./in.^ 

162. Eccentric Loading. — ^Figure 228 represents a rigid bar G 
supported by three equal rubber bands (or springs) which are 
symmetrically placed and suspended from a rigid horizontal sup- 
port. Each of the bands is stretched the same amount and the 
bar hangs in a horizontal position. Figure 228, II, shows the 
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same bar with a load P at the middle. The rubber bands arc 
equally stretched and the bar remains in a horizontal position. 
If the load P be moved to the right, as in Fig. 228, III, the middle 
band receives the same elongation as in the preceding case, while 
the left band is elongated less and the right band more. If the 
load be moved still farther to the right, a place is reached where 



Fig. 228. — Eccentric loading of rubber bands. 


the left end is elevated above the position which it occupied 
before the load was applied, so that no load whatever comes on 
the left band. If, instead of the rubber bands, helical springs 
were used, the spring on the side away from the load would come 
into compression when the load is shifted a considerable distance 
from the middle. 

Instead of the rubber bands of Fig. 228, a con- 
tinuous sheet of rubber or metal might be used. 
If such a sheet is fastened to a rigid body at the 
top, and to another rigid body at the bottom, and 
if a load is then applied to the lower rigid body 
considerably to one side of the center of the sheet, 
the sheet is elongated on that side and shortened 
or buckled on the other. A similar result obtains 
when a compressive load is applied to a body. 
Figure 229, I, shows a block of soft rubber with the 
load central, and Fig, 229, II, shows the effect of 
moving this load a little to one side. 

Figure 228, III, shows that the ejffect of the 
eccentric load is a translation downward, of the 
same magnitude as that caused by the central 
load in II, together with a rotation about the bottom 
of the middle band as an axis. Equilibrium occurs when 
the moment of the load P about the lower end of the middle band 
is equal to the moment of the excess of tension in the right band 
plus the moment of the deficiency of tension in the left band. 
Suppose that the bands are 4 inches apart, and that a load of 




I 



Fig. 229. — 
Compression 
with direct 
and with 
eccentric 
oading. 





Chap. XIV] BENDING COMBINED WITH TENSION 


363 


1 pound at the middle stretches all three bands 0.4 inch. One 
pound will stretch a single band 1.2 inches. Now move the load 
of 1 pound 2 inches to the right of the middle. The moment with 
respect to the middle is 2 inch-pounds, which may be balanced 
by a load of 0.5 pound 4 inches from the axis. The tension in 
the right band is 0.25 pound more and the tension in the left band 
is 0.25 pound less than that in the middle band. The total 
tension is pound in the left band, 3^ pound in the middle 
band, and % 2 pound in the right band. These may be checked 
by moments around the left band, the right band, or about any 
other axis whatever. If the load is moved more than 3 inches 
from the middle, the tension in the left band becomes less than it 
was before this 1-pound load was applied. 



COUPLE bQseP 



COUPLE d'R=BP 


Fici. 230. — Block witli eccentric loading. 


Figure 230, I, shows a block w^hich is subjected to a load P 
at a distance e from its axis. A force along any line may be 
replaced by an equal force along any parallel line and a couple 
the moment of which is equal to the product of the force by the 
distance between the lines. * 

In Fig. 230, the force P at the top, at a distance e from the axis, 
may be replaced by a force P along the axis and a clockwise couple 
of moment c X P. The reaction at the bottom may likewise 
be regarded as equivalent to a reaction P along the axis and a 
counterclockwise couple of moment e X P. These equal couples 
are shown in Fig. 230, II. An eccentric load may be regarded 
as equivalent to a load along the axis combined with a bending 
moment, which is the product of the load multiplied by the 
eccentricity. 


* See any textbook of mechanics. 
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Figure 231 shows examples of large eccentricity in which the 
existence of direct stress combined with bending stress is almost 
self-evident. The portion above Q in Fig. 231, I, may be treated 
as a free body. A vertical resolution shows that the vertical 
reaction across the section at O is equal to the load P. The 
moment of the load P about an axis perpendicular to the plane of 
the paper through the center of the section at Cr is e X P. 

Figure 231, II, shows the deflection which is caused by com- 
pression. The deflection of the bar increases the eccentricity. 




Fig. 231. — ^Large eccentricity. 



Figure 231, III, shows the effect of tension. The deflection of the 
bar reduces the eccentricity. 

Since an eccentric load is equivalent to a central load and a 
couple of moment e P, the unit stress at a distance v from the 
center of gravity of any section is 

P M V 

^ '7^' Formula XXIX 

At the outer fibers. 


S = 


P 

A 




M 

Z' 


In these formulas, M — e X P is the moment of the load about 
the axis through the center of gravity of the section, v is the 
distance from the center of gravity of the section to any given 
fiber, and c is the distance from the center of gravity of the 
section to the extreme outer fiber. 

Formula XXIX for eccentric loading assumes that the section 
at which the load is applied remains plane. This condition is 
approximately fulfilled when the load is applied through a rela- 
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tively rigid plate or capstone to a body which is comparatively 
elastic. When the load is concentrated, the maximum stresses 
are usually greater than those given by the formula. If the block 
under stress is of some length, the sections near the middle are 
practically plane and the formula applies with greater accuracy. 

The derivation of Formula XXIX assumes that E is constant. 
This assumption limits the formula to stresses below^ the elastic 
limit. Since the stress on one side is greater than on the other. 



Fig. 232. — Eccentric loading. 


it will reach the elastic limit before the other and cause a shifting 
of the neutral axis for the bending stresses. The error caused 
by this displacement of the neutral axis is greater than in a beam 
subjected to bending alone. 

Subject to a correction for curvature (see Chapter XIX), 
Formula XXIX applies approximately to hooks. 

Some examples of compression combined with bending are 
shown in Fig. 232. The forces P are applied to the wrenches by 
means of the screw clamp. The wrenches as cantilevers transmit 
the direct compression and the bending moments to the bar. 
The experiment may be performed with two wrenches and a 
metal or wooden bar with the forces applied to the wrenches 
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by the hands instead of the clamp. The bar will bend as in 
Fig. 231, II, when the forces are toward each other and as in 
Fig, 231, III, when the forces are away from each other. 

The clamp of Fig. 232 is to tension and bonding. 

The eccentricity is the distance from the center of the screw 
to the center of gravity of any section. In a hook, the line of the 
load joins the shank with the point which is immediately below 
it when loaded. This is, of course, the point in the concave 
portion which is farthest from the shank. The eccentricity 
is the distance of the center of gravity from this load line. 

Problems 

1. A short timber block, 6 in. square, is subjected to a load of 18,000 lb. 

The line of the resultant force is in. from the axis in a plane midway 
between the parallel faces. Find the maximum and minimum (com- 
pressive stress. Ans, 875 Ib./in.^; 125 

2. Solve Problem 1 if the force is 1 in. from the axis. Ans. 1,000 Ib./in.'^; 0. 

3 . Solve Problem 1 for an eccentricity of 2 in. How far is the point of 

zero stress from the nearest face? Ans. 1.5 in. 

4. Solve Problem 1 if the eccentricity is 1 in. from the axis on the diagonal 
of the square section. 

Ans. 1,207 lb./in.2 compression; 207 Ib./in.^ compression. 

6. A solid cylinder, 2 in. in’ diameter, is subjected to a pull of 15,708 lb. 
along a line 0.25 in. from the axis. Find the maximum and minimum 
unit stress. Ans. 10,000 Ib./in.^; 0. 

6. In Problem 5, how far from the surface is the tensile stress 4,000 lb. per 
sq. in.? Solve by the equation and by interpolation- Ans. 0.8 in, 

7. Solve Problems 5 and 6 for an eccentricity of 0.3 in. 

8. Solve Problem 5 if the cylinder is hollow with inside diameter 1 in. 

Ans. 12,000 lb./in.2 tension; 1,333 Ib./in.^ tension 

9. A short piece of 10-in. 15.3-lb. standard channel carries a load of 10,000 
lb. The resultant load lies in the plane of symmetry 1 in. from the back 
of the web. Find the maximum and minimum stress. 

Ans. 5,237 Ib./in.^ compression at tip of flanges; 1,235 Ib./in.^ compres- 
sion at back of web. 

10. A solid wall has the resultant load 2 ft. fi'om the front edge. The loa.d 
is 12 tons per running foot. Assuming that the load is so distribiitcnl 
that the top remains plane, And the unit stress in tons per square foot 
at the front edge if the brea(ith of the wall is 4 ft., 6 ft., 8 ft., 10 ft. 

Ans. 3 tons/ft. 4 tons /ft. 3.75 tons /ft. 3.3G tons/ft. ^ c.omprc^ssiom 

11 . A solid post in the form of an isosceles triangle, 4 in. wide at the base 
and 6 in. high, carries a load of 4,800 lb. on the line of symmetry 3 in. 
from base. Find the maximum and minimum stress. 

Ans. 1,200 lb. /in . 2 at vc^.rtc^x; 0 at base, 

12. In a hook of circular section the distance from the center of gravity 
of the section to the line of the load is 3 in. The load is 1,600 lb. and 
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the diameter of the section is 2 in. Using Formula XXIX, find the 
approximate value of the maximum tensile and compressive stress. 

Ans. 6,621 lb. /in.® tension; 5,602 lb. /in.® compression. 

163. Maximum Eccentricity without Reversing Stress. — A 
brick pier laid in lime in.ortar has no tensile strength, and the 
tensile strength of masonry laid in cement mortar is uncertain. 
For this reason, the load on a masonry pier or wall should be so 
placed that the stress over the entire section shall be compressive. 


Example 

A solid masonry wall lias a width b. How far may the resultant load be 
placed from the middle without having tensile stress on the opposite face? 
For a length I of the wall, the section modulus is 

I X 6; 

0 - 

’ IXh IXh^’ 


The resultant load must not be more than one-sixth the breadth from the 
middle. 



Architects and engineers have the rule that the resultant load 
on a rectangular pier or wall shall not fall outside the middle third, 
unless the material has tensile strength. When the load has an 
eccentricity of one-sixth the width, the stress in the outer fibers 
on the side opposite the eccentricity is zero, while the stress on 
the outer fibers on the same side is twice the average stress. It 
is desirable, therefore, to have eccentricity as small as possible, 
and to have rigid capstones and foundations which spread the 
load evenly over the section. 


Problems 

1. What eccentricity of the load on a short solid cylinder of radius a will 
make the stress zero on one side? 

Ans. a ™ “• 
4 

2. A hollow cylinder of inside radius b and outside radius a is so loaded as to 
give zero stress on one side. What is the eccentricity? 


Ans. e = 


4a 

3. A rectangular pier is 18 in. wide from cast to west and 60 in. long. It 
carries a slightly eccentric, uniformly distributed load of 54,000 lb. which 
makes the stress on the west face 40 lb. per sq. in. Find the eccentricity 
and the stress on the east face. Ans. c = 0.6 in. 
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4. A hollow rectangular pier is 24 in. wide from east to west and GO in. long. 
The walls are 8 in. thick. It carries a load of 100,000 lb., which is applied 
at the top by means of a rigid capstone. The compressive stress in the 
east face is 40 lb. per sq. in. Find the eccentricity of the load. 

Am. e — 2.91 in. 

The answer to Problem 1 shows that the stress is reversed in a short solid 
cylinder in the surface opposite the eccentricity when the resultant load is 
more than one-eighth the diameter from the axis. For a hollow cylinder, 
the eccentricity may be much greater than one-fourth the radius without 
reversing stress. For a very thin hollow cylinder, the possible eccentricity 
without reversal of stress approaches one-half the radius. 

With uncertain eccentricity of the loading, it is often advisable to build 
brick piers hollow. The maximum compressive stress, of course, is greater, 
but the possibility of dangerous tensile stresses is greatly reduced. Th(^ 
center of a pier when the load is eccentric acts as a fulcrum about whicli 
the section may turn. 

Problem 

5. Find the maximum and minimum stresses in the pier of Problem 4 if tlu^ 
eccentricity is 2.91 in. and the pier is solid. 


For any section, the maximum eccentricity without reversing 
stress may be computed by Formula XXIX. Since the fibers 
under zero stress are on the side of the center of gravity opposite 
the load, the negative sign is used in the formula. 



^ Me 
1 ^ 
Pec 


( 1 ) 

( 2 ) 


in which r is the radius of gyration of the section with respect to 
the axis through the center of gravity. 


e 



(3) 


Problems 

{Solve 6, 7, and 8 without writing.) 

6. What is the radius of gyration of a circle with respect to its diameter? 
What is the distance to the outer fibers? Find maximum eccentricity 
without reversing stress. 

7. What is the square of the radius of gyration of a rectangle of sides h and d 
with respect to the line of symmetry parallel to d7 What is the distance 
to the outer fiber? What is the maximum eccentricity without reversing 
stress? 
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8. What is the square of the radius of gyration of an isosceles triangle of 
height h and base h with respect to a line through the center of gravity 
parallel to the base? What is the maximum eccentricity without revers- 
ing stress at the vertex? What is the maximum eccentricity without 
reversing stress at the base? 

Ans, — toward the base: ^ toward the vertex. 

o 

9. What is the maximum eccentricity without reversing stress for a square 
section when the resultant load falls on a diagonal? 





— 1 

— ® 

o 





164. Resultant Load Not on Principal Axis. — In all the 
problems of the preceding articles, the resultant load fell on one 
principal axis, and rotation took place about the other principal 
axis. When the section is a circle, a square, an equilateral 
triangle, or any other regular polygon, the moment of inertia 
is the same for every axis which lies 
in the plane of the section and passes 
through its center of gravity, and 
every such axis is a principal axis. 

For other sections, when the load does 
not fall on a principal axis, the axis of 
rotation is not the line 0 E oi Fig. 233 
but is some other line, such as 0 G, 
which lies between OE and the axis 
of minimum moment of inertia. 

To find the bending stress caused by an eccentric load, the 
eccentricity is resolved into two components parallel to the two 
principal axes of inertia, and the stress at any point is calculated 
separately for each component. In Fig. 233, the load per- 
pendicular to the plane of the paper is apphed at the point C. 
The eccentricity is 0 C. The components of the eccentricity 
are x and y. The moment of the load P about the X axis is P y. 
At any point F, whose coordinates are Xi and yi the bending 
stress caused by the moment P y is 


Fig. 233.- 


r 

Resultant load 
principal axis. 


off 


_ M V __P yyi 
“ “T " h ' 


The moment about the F axis is P x, and the stress at F caused 
by this moment is — j — • 

ly 

The combined direct stress and bendings tress at any point 
ix\, yi) when the load is applied at (x, y) is 
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6 


P P X Zi 


P yyi 
I 


( 1 ) 


If X and Xi have the same sign, the second term of the second 
member of Equation (1) is positive; and if y and yi have the 
same sign, the third term is positive. 


Example I 

A rectangular block is 12 in. long, measured from cast to west, and 
10 in. wide, from south to north. It is subjected to a load of 3,600 lb., which 
is applied 2 in. from the east edge and 2 in. from the north edge. Find the 
unit stress at each corncr. 

If the east line through the center is taken as the X axis and the north lino 
is taken as the Y axis, lx = 1,000 and ly = 1,440. The moment about the 
X axis is 10,800 in.-lb. This moment causes a bending stress of 54 lb. per 
sq. in. at the north and south edges. The moment about the F axis is 14,400 
in.-lb. This moment causes a bending stress of 60 lb. per sq. in. at the east 
and west edges. The direct compression is 30 lb. per sq. in. The total 
stresses at the corners are 144 lb. compression at the northeast corner, 24 lb. 
compression at the northwest corner, 84 lb. tension at the southwest corner, 
36 lb. compression at the southeast corner. 

Problems 

1. Solve the example above if the load is placed 3 in. from the cast edge 
and 3 in. from the north edge. 

Arts. Ill lb. compression at the northeast corner. 

2. In Problem 1, what is the average of the stress at all four corners? 

3. A 10-in. by 6-m. post stands vertical with its 10-in. faces running north 
and south. A load of 2,400 lb. is placed on the top 2 in. from the east 
face and 2 in. from the north face. A horizontal force of 75 lb. toward 
the west is applied to the east face 24 in. above the bottom, and a hori- 
zontal force of 80 lb. toward the south is applied to the north face 20 in. 
above the bottom. Find the unit stress at each corner at the bottom. 
Ans. At the northeast corner, compression — 40 4- 72 + 40 — 16 — 

30 = 106 lb. in.2 

4. Find the average of the stress at all four corners. 

6. From the results for the example above, find the location of the points 
on the south and west edges at which the stress is zero. 

Am. 8.4 in. from the southwest corner on the south edge, and 7% in. 
on the west edge. 

The maximum eccentricity of the load without reversing stress 
at any given point (xi, yi) may be found by equating the second 
member of Equation (1) to zero. 


P Pxxi Pyyi 

A'^ ly 


= 0; 


( 2 ) 



Chap. XIV] 


BENDING 

COMBINED WITH TENSION 

371 


1 + ^‘ + ^■') - 0; 

( 3 ) 



( 4 ) 


in which and Ty are the radii of gyration with respect to the 
X axis and the Y axis, respectively. 


Example 11 

A short block of rectangular section is h wide and d thick. Find the 
eccentricity of the load without reversing stress. 

To have zero stress at E, at the middle of the right side of Fig. 234, 

Equation (4) becomes 

1+^ = 0, a; = (5) 

12 


For zero stress at F, at the middle of a side of length 6, 

d 


To find the equation of a straight line upon which a load will give zero stress 
at the corner C of Fig. 234, 


h 

d 

XI =2’ 

2/1 = 2' 

hx 

dy 

. . "2 

2 


+ 

II 

12 

12 

X 

= 1. 

h 

d 

6 

6 


0 ; 


K 



not reverse stress. 


Equation (6) may represent a straight line with x intercept —g and y inter- 
cept — ~ (K L of Fig. 234). For the lower right comer of Fig. 234, xi = 

2 " 


d 

yx = - 2 ’ 
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and 

-f + I = 

6 6 

The line K N of Fig. 234 is a part of the line represented by Eq. (7). A 
load at any point on this line gives zero stress at G; but if the load were 
below Kj the line of zero stress would fall inside C, The parallelogram 
L K N M encloses an area anywhere in which a load may be applied without 
causing reversed stress at the corners or at other points of the rectangular 
section. This area is sometimes called the kernel of the section. 


Example III 

Find the kernel of an equilateral triangle (Fig. 235). 

Since this is a regular polygon, the moment of inertia is the same for any 
axis through the center of gravity. In Fig. 235, the X axis is taken parallel 
to the base. 

j _hh^ b \/3 j ^ ^ 

^ 36 ’ * 2 ' ^ 18 24’ 


To find the equation of the line upon which a load will give zero stress at 


the vertex (7, where xi = 0, and = ‘g-* 


2hy 

3 




= 0 ; 



( 8 ) 


The load is on the line F G, which is parallel to the base at a distance of 
one-twelfth the height below the center of gravity. It is evident that the 



Fig. 335. — Kernel for triangular section. 


lines for the other two vertices will combine with this one to give an equi- 
lateral triangle. However, it is worth while to derive the equation of the 
line for the vertex E by means of the coordinates of the figure. 


6 

Vi 

bx hy 



24 18 


h 

Z 


X 

" h 
12 


^ h 


( 9 ) 
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Equation (9) represents a straight line which intercepts the X axis J 2 

and the F axis at g- Since its slope is this line is parallel to the side 

2 

J C of the section. The kernel is an equilateral triangle (Fig. 235, II). 
Its height is ^ 1 ; and its base is j- 

O 4 4 
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COLUMNS 

165. Definition. — In the discussion of eccentric loading in the 
preceding chapter, no account was taken of the deflection of 
the body, and of the effect of this deflection upon the eccentricity 
and the bending stress. Eccentric tension produces a deflection 
which reduces the eccentricity, as is shown in Fig. 231, III. 
Eccentric compression, on the other hand, produces a deflection 
which increases the eccentricity. A yardstick may be placed 
with one end on the floor and pushed down by 
the hand at the other end until the middle is 
bent several inches from the straight line. The 
original eccentricity, of possibly 0.01 inch, is 
increased several hundred times, and the bend- 
ing stress may be sufficient to cause rupture at 
the middle. If the stick is placed with one end 
on a platform scale, as shown in Fig. 236, it is 
found that the load which causes a deflection of 
2 inches is httle, if any, greater than the load 
which causes a deflection of 1 inch. While 
the resisting moment has been doubled, the 
external moment arm has likewise been nearly 
doubled. The applied force, therefore, changes 
very little. 

A compression member whose length is several times as great 
as its smallest transverse dimension is called a column or strut. 
Long vertical compression members of buildings and the posts 
of bridges are usually called columns. The compression members 
of roof trusses and the vertical compression members of airplanes 
are called struts. The top chord of a bridge usually acts as a 
column. The connecting rod of an engine is a column during 
the forward stroke. 

When a column is vertical, the only bending moment is that 
which is due to the eccentricity of the load and to the deflection. 
When a column is horizontal or inclined, its own weight applied 

374 



Fig. 236. — A long 
column. 
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as in a beam becomes an appreciable factor. The rafters which 
support a roof act as columns and inclined beams. 


Example 

A cold-rolled steel rod, 1.250 in. in diameter and 60 in. long, was loaded 
in compression with cylindrical ends, which were eccentric 0.0202 in. When 
a load of 6,413 lb. was applied, the rod deflected 0.0451 in. at the middle; 
and when a load of 8,116 lb. was applied, the rod deflected 0.1136 in. at the 
middle. Find the maximum stress in the rod at the middle. 

The maximum stress was at the concave side of the beam. The total 
eccentricity for the first load was 0.0202 -|- 0.0451 ~ 0.0653, 


_ 6,413 6,413 X 0.0653 

1.2272 0.19175 


= 5,226 -h 2,184== 7,410 lb, per sq. in. 




For the second load, S = 6,614 + 5,663 = 12,277 pounds per 
square inch. From this example, it is evident that the maximum 
unit stress rises much faster than the load, on 
account of the rapid increase of eccentricity at 
the middle of the length of the rod. 

166. Column Theory. — Figure 237 shows a 
vertical column with ends free to turn about 
a horizontal axis perpendicular to the plane of 
the paper. The left figure represents the column 
as it appears, with no apparent deflection. 

The right figure represents the central axis of 
the column with deflections greatly magnified. 

In order that the beam formulas may apply, 
the X axis is vertical (parallel to the length 
of the column) and the Y axis is horizontal 
and positive toward the left. In this figure, the 
X axis is on the line of the applied forces, and 
the origin is at the bottom of the column. The 
eccentricity, which is the distance of the 
centers of gravity at the ends from the line of 
the load, is regarded as positive. In a section 
at a distance x from the origin, the moment arni is y and the 
moment is P y. This moment turns the lower end counterclock- 
wise and, therefore, is negative. 

From Equation (7) of Art. 78, 


fi 

I 


WymQj< 


k-y 




p 


p 

Fig. 237. — Eccen- 
trically loaded 
column. 
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dd 
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do 
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= -Py; 


EI§dy = 


P y dy. 


( 1 ) 

( 2 ) 
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Since 


sin 0 = 0 for small angles,’ 


E I e de ~ —P y dy; 
Eld^ Py^ , n 


I P 2/mi 

Since 0 == 0 when a: = 2 ^ ^ ^ ~ — ^ 


0^ = ^ (3/Lvx - y^)- 

If ^ is substituted for 0,* Equation (5) becomes 
dx 


-iM 

2/max 


: X "(“ Cj. 


When X = 2’ y ~ 


^ ^ “ 2 ~ yjpi 2 


fp~ (I 

EI\2 


y = ?/max sin 




When X = 0, y = e and 


0 — yxaa.'x COS 


li-l 

\jjSI2’ 

T' l 


y = e sec 


^ i = 6 sec Formula XXXt 

Im I ““ “ *) 




* These approximations are equivalexit to those used in deriving Fornmla 
XVII of Art. 87 from Equation (7) of Art. 78. 

V P 12 

is an angle in radians, the secant (or cosine) of which is a numeri- 
cal quantity involved in the solution of these column problems. It does 
not refer to any angle on the figure. 
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Example 

A 2-in. by 2-in. timber strut, 5 ft. long, is tested as a column with round 
ends. What is the deflection at the middle under a load of 3,200 lb., if 
E == 1,500,000 lb, per sq. in. and the eccentricity is 0.100 inch? 


_ 3,200 X 60 X 60 X 3 
4. El 4 X 4 X 1,500,000 


4 


PP 

lEI 


= 1.44, 
= 1 . 2 . 


2/max = 0.100 sec 1.2 radians = 0.100 sec 68° 45' = 0.276 in. Deflection 

= 2/max - e = 0.276 -- 0.100 - 0.176 in. 

Problems 

1. In the example above what is the bending moment at the middle, and 
what is the maximum unit stress? 

Ans. M = 883.2 in.-lb.; S = 800 + 662 = 1,462 Ib./in.® 

2 . In the example above, if the load is increased to 3,872 lb., what is the 
deflection? Ans. 2/max = 0.403 in. S — 968 H- 1,170 = 2,138 Ib./in.^ 

3 . A timber beam 6 in. square and 10 ft. long is used as a strut with round 
ends and eccentricity of 0.5 in. Find the deflection at the middle under a 
load of 18,000 lb. if /S' = 1,200,000 lb. per sq. in. Find the maximum 
and minimum compressive stress at the middle if the eccentricity is 
parallel to the sides. 

Ans. D = 0.5(sec 40° 31' — 1) = 0.1576 in.; max. >8 = 829, min. ^ — 171 

.lb./in.2 

4. Solve Problem 3 for the stress if the eccentricity is parallel to a diagonal 

of the section. Ans. S = 965 Ib./in.^ and 35 lb. /in.® 

6, Solve Problem 3 for a load of 23,040 lb. Ans. D = 0.2176 in.; >8 — ? 

6. A 15-in. 33,9-lb. standard channel, 80 in. long, is used as a column to 
carry a load of 99,000 lb., which is applied through cylindrical bearings 
in a plane midway between the surfaces of the web. Find the deflection 
at the middle and the maximum and minimum stress HE — 29,000,000 lb. 
per sq. in. 

Ans. D == 0.2713 in. S = 18,215 lb. /in.^ compression and 16,646 lb. /in.® 
tension, using Z = 3.2. 

7 . Solve Problem 6 if the load is 1 in. from the back of the web. 

8. A 2~iii. round steel rod, 10 ft. long, is used as a column with ends free to 
turn. Find the deflection at the middle and the maximum fiber stress 
on the concave side when the load is 8,000 lb. and the eccentricity is 
0.1 in., if E is 30,000,000 lb. per sq. in. 

Ans. 2/max == 0.1 sec 63° 21' = 0.2230 in.; max. Sc - 4,814 Ib./in.® 

9. A column with ends free to turn is made of a 2-in. round steel rod for 
which E is 30,000,000 lb. per sq. in. The length is 5 ft. Find the 
deflection at the middle and the maximum unit stress for loads of 20,000 
lb., 30,000 lb., 50,000 lb., 60,000 lb. and 70,000 lb. for eccentricities of 
0.01 in. and 0.1 in. 
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Ans. Load 

20,000 

30,000 

50,000 

60,000 

70,000 

Unit stress; 

For e = 0.01 

6,763 

10,340 

19,295 

1 

32,483 

Infinite 

For e = 0.1 

10,337 

17,500 

49,800 

154,000 

Infinite 


167. Euler’s Formula. — The answers to Problem 8 of the 
preceding article show that the stress becomes infinite for a load 
of 70,000 with an eccentricity of 0.01 inch or with an eccentricity 
ten times as great. Since the secant of 90 degrees is infinite, 
Formula XXX shows that any column will deflect without limit 
and finally fail if the total load and the dimensions are such that 


From Equation (1), 


4 


pi^ 

4.EI 



P = 


irm I 


( 1 ) 


Formula XXXI 


which is the common form of Euler’s formula. The unit load 
is 


P 

A 





Formula XXXII 


in which r is the radius of gyration of the section with respect to 
the axis about which it bends. 


The ratio - is called the slenderness ratio of the column. 
r 


In 


Formula XXXII, the slenderness ratio and the unit load are the 
two variables. The formula is of the form 


y = 


in which a replaces ir^E, y 


P 

A’ 


and a: = -• 
r 


The unit load is a 


constant divided by the square of the slenderness ratio. 

Euler’s formula contains the moment of inertia but does not 
include the distance to the outer fibers. When the eccentricity 
is negligible, and the slenderness ratio is relatively large, the 
ultimate load does not depend upon the form of the column, 
except in so far as the form changes the moment of inertia. 
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Figure 238 is Euler’s curve for a modulus of elasticity of 
29,400,000. As a mathematical curve, it is infinite in both 
directions. As an engineering curve, it must not be used above 
the point at which the unit load is the elastic limit of the material. 
It will be shown later that it is best not to use Euler’s formula for 
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I 

r 

Tig. 238. — Euler’s curve for a round-end column. 

values of the unit load above one-third the elastic limit of the 
material. 

Example 

Find the total load with a factor of safety of 2 for a round steel rod 2 in. 
in diameter if = 29,400,000 lb. per sq. in, and the elastic limit is 30,000 lb, 
per sq. in., for lengths of 40 in., 50 in., 60 in., and 80 in. 

As these lengths are multiples of 10 in., begin with this length and find 
the others by multiplying by the square of the ratio of 10 to the required 
length. 

Since the moment of inertia of a circle with respect to a diameter is 

Op‘ 

and the area is Tra®, the square of the radius of gyration is in which a is the 
radius. The radius of gyration of a 2-in. circle is M m* For Z = 10 in. 

^ = 725,445, pounds per square inch, 

which is many times the ultimate strength of the material 


Length, inches 

1 

r 

Unit load, pounds^ 
per square inch 

Total safe load, 
pounds 

40 

80 

45,340 


50 

100 

29,017 

45,580 

60 

120 

? 

31,652 

80 

160 

11,335 

17,805 
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For the 40-in. length as calculated by the formula, is 45,340 lb. per sq. 

in., which is above the elastic limit of the material. For the 50-m. length 
the unit load is nearly the elastic limit. The result may be used with the 
factor of safety of 2 if it is certain that the eccentricity is very small. 


Problems 

1. In the example find the unit load for values of the slenderness ratio from 
100 to 300 at intervals of 20, Plot. 

2. When the strut used in the example of Art. 165 was adjusted to small 
eccentricity (less than 0.0003 in.), the deflection at the middle caused 
by a load of 9,400 lb. was 0,0061 in. When the load was 9,800 lb., the 
deflection was 0.0104 in. When the load reached 10,020 lb., the deflec- 
tion was 0.1064 in. When the machine was run still further, the deflec- 
tion increased with no increase of load. Calculate E I for this cold- 
rolled steel from Euler’s critical load. Calculate E, 

Ans.EI = 3,654,700; E - 30,480,000 Ib./in.a 

3 . A spruce strut, tested at the Bureau of Standards, was 1.75 in. square 
and 6 ft. 3.75 in. long. The ultimate load was 3,020 lb. Find E by 

Euler’s formula. What was the value of - ? 

r 

Ans. E = 2,248,000; ^ = 150. 

4. Compression readings for the strut of Problem 3 were taken from a gage 
length of 30 in. When the load changed from 305 lb. to 2,593 lb., the 
compression in the gage length was 0,0098. What was the unit 
stress and what was the unit deformation? Calculate E from these 
readings. When the load changed from 305 lb. to 2,745 lb., the 
compression was 0.0107 in. Calculate E. Compare with the results 
of Problem 3. 

6. In what respect does the calculation of E in Problem 3 differ from the 
calculation in Problem 4? For which of the methods is it necessary to 
have the zero load correct? 

6. A yardstick with ends rounded was placed vertical, with the lower end on 

a platform scale and the upper end loaded- When the load was 5 lb., 
the deflection at the middle was 0.03 in. When the load was 6 lb., the 
deflection was 0.20 in. When the load was 6.40 lb., the deflection was 
1.00 in. The load decreased to 6.28 lb. with a deflection of 2.50 in. 
Calculate E 1 from the last two readings. Am, 851; 825. 

7. The yardstick of Problem 6, supported as a beam at points 34 in. apart, 
was deflected in. at the middle by a load of 1 lb. at the middle. 
Find E I and compare with Problem 6. 

8. The yardstick of Problem 6 was 1.08 in. wide and 0.18 in. thick. Find E 
and J. Find the maximum stress as a beam in Problem 7. I'ind the 
maximum stress at the middle for the 6.28-lb. load of Problem 6, assum- 
ing that the eccentricity was negligible. 
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9. Find the maximum load per square inch area for a 5-in. by 4-in. by J^'-in. 
angle section 10 ft. long if E ^ 29^000,000. Get the minimum radius 
of gyration from a similar section. 

Ans. ^ = 13,666 Ib./in.® 

10. By Euler’s formula calculate the unit load in terms of the slenderness 

ratio for structural steel, for values of - from 80 to 300 at intervals of 
’ r 

20. Use E = 29,400,000. Compare with Fig. 242. 

168. Classification of Columns. — Columns may be divided, 
according to the nature of the ends, into the following classes: 

I. Both ends free to turn about parallel, horizontal axes, but 
not free to move laterally (Figs. 236, 237, and 239, 1). 



II. One end fixed and one end free to turn and free to move 
laterally (Fig. 239, II). 

III. Both ends fixed so that the tangents at the ends do not 
change (Fig. 239, III). 

IV. One end fixed and the other free to turn about one or more 
horizontal axes, but not free to move laterally (Fig. 239, IV) . 

Only Class I has been considered in the preceding articles. 

If L is the entire length of the free portion of a column, and I 
is the length of the cosine (sine curve if the origin is shifted) curve 
of Fig. 237, L - Z for Class I. 
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For Class II, the entire length of the column, from the fixed 
end to the top, corresponds to one-half of the cosine curve; 
hence I — 2Lm Formulas, XXIX, XXX, and XXXI. 

For Class III, the slope is zero at the ends and at the middle. 
The middle half ABC corresponds to the cosine curve of Class I. 
This portion is represented by I in the column formulas. If L is 
the entire length D F, then L = 21. A column with both ends 
rigidly fixed will carry as great a load as a column of half its 
length with ends free to turn. The points A and C of Fig. 239, 
III, are points of inflection (or contraflexure) at which the 
moment and the curvature change signs. The portion A D is 
equal to one-half of the cosine curve ABC. If the portion 
A D is rotated 180 degrees about an axis through A perpendicular 
to the plane of the paper, the point D will fall on B and the curves 
A B and A D will coincide. The moment is zero at A and C. 

The column of Class IV is fixed at one end and free to turn 
at the other, but not free to move laterally. The point of 
inflection is at C, of Fig. 239, IV. Since the column is free to 
turn, there is no moment at the top A. As the load is applied, 
a very small eccentricity at the top, inequality of the material, 
or slight crookedness causes bending (just as these causes produce 
bending in Classes I, II, and III). Since the moment at the 
point of inflection C is zero and there are no transverse forc<',s 
between A and C, the resultant reaction at A is directed from 
A toward C. The force A, therefore, must have a horizontal 
component. The resultant of the horizontal forces at the fixed 
end is equal to and opposite the horizontal component at A. 
The portion A B C of Fig. 239, IV, forms a cosine curve with 
the X axis parallel to C A. The lower portion C F forms part 
of the cosine curve as far as the plane of the body which holds 
it. Below that plane it is straight. If this portion continued 
to curve until it became parallel to A C, it would form a complete 
half of the cosine curve and its length would bo equal to A or 
B C. Since the portion is vertical at the fixed end, its length is 
less than one-half of A B, and less than one-third of the entire 
length of the column. The solution of the differential equation 
shows that A 0 is nearly 0.7 L. For practical purposes, I — 0.7 L 
and F — 0.5 L^, nearly. 

It is sometimes stated that I is equal to two-thirds L in a column 
which is fixed at one end and free to turn at the other. This 
can be true only under the impractical conditions of Fig. 239, 
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V. In this figure, the top of the column is displaced laterally 
toward the left. If this displacement is such that the point B 
is as far from the line A C SiS the top A is from the vertical line 
through the fixed end F, then the line A C from the end to the 
point of contraflexure becomes vertical. In this position, 
A C is two-thirds of the total length L; there is no horizontal 
component of the force at the top; and the vertical force is greater 
than in Fig. 239, IV, The position is unstable. Under a slight 
vibration the column will deflect to the right of the vertical line 
through F at the lower end, and the ultimate load will be greatly 
reduced. 

Problems 

1. A thin yardstick is clamped vertically in a vise at 4 in. from the lower end. 

When a load of 2 lb. is placed on the top, the stick deflects with gradually 
increasing speed and, unless supported or the load removed, finally 
breaks. Find E I. Ans. El— 830. 

2 . A yardstick, with ends rounded, was supported and loaded as in Fig. 
239, I, and was deflected a large amount by a load of 6.1 lb. on the top. 
Find ^ 7 by Euler’s formula. 

3 . The yardstick of Problem 2 was clamped 4 in. from one end and the 
load was applied as in Fig. 165, IV. A deflection of 1.5 in. was caused 
by a load of 15.42 lb. Find 77 7 by Euler’s formula. 

4. The load in Problem 3 was displaced 1 in. south of the vertical line 
through the bottom. The vertical component of the load when the maxi- 
mum deflection was 2 in. south was 17.12 lb. Find E I from this 
experiment. 

169. Experimental Check of Theory. — Euler^s formula and the 
secant equation, Formula XXIX of Art. 166, can be tested best 
on columns which are free to turn and not free to move laterally 
at the ends (Class I of Fig. 239). A slender column of Class II, 
rigidly clamped at the bottom, may be used for demonstration 
with an actual load on the top. For accurate results the center 
of gravity of this load must coincide with the center of the upper 
end of the column. For stronger struts, the inconvenience of 
applying actual loads of several tons and the difficulty of fixing 
the lower end make this form impracticable. Difficulty of fixing 
the ends and uncertainty as to the eccentricity rule out Classes 
III and IV, 

Figure 240 shows the apparatus used by the writer for testing 
struts of Class I.'*' Half cylinders, hardened and ground, are 

Bull No. 25, Ohio State University Engineering Experiment Station, 
pp. 11 and 12. 
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attached to the ends of the column. In the machine these 
cylinders roll on parallel plates which were case hardened and 
ground. Clamp bars B (which are not drawn on the lower 
cylinder) hold the column in place and make it possible to adjust 
the eccentricity at each end. To measure the deflection and 
adjust the eccentricity^ a wooden bar carrying three Ames dials is 
attached to the heads by means of steel yokes F and , These 
yokes are connected to the centers of the cylinders through cone 
bearings which permit free rotation around the axis. The wooden 
bar is rigidly fastened to the lower yoke and connected to the 
upper yoke through cone bearings. 

The column is first adjusted approximately to less than 
0.01 inch by measurement. It is then loaded and readings are 
taken on the upper and lower dials. The eccentricity is shifted 
under a small load until the deflection readings are the same at 
both dials. The eccentricity is then shifted equal amounts as 
read by the dials until a considerable load gives a very small 
deflection. 

The uppermost curve of Fig. 241 shows the deflection of a 1-inch 
round bar of cold-rolled steel. The deflection at the middle was 
0.0002 inch at 9,500 pounds, 0.0011 inch at 10,600 pounds, and 
0.0019 at 10,800 pounds. At 11,200 pounds the deflection was 
0.0168 inch, and at 11,250 pounds it reached 0.1789 inch, far 
beyond the limits of the drawing. The column was then pushed 
toward the left by a slight horizontal force applied at the middle 
with one finger. The beam balanced at 11,250 pounds and the 
deflection of the middle dial was —0.163 inch. 

Slight crookedness may cause two of the dials to read in 
opposite directions at the start and it is impossible at first to 
predict which way the strut will finally bend. 

With zero eccentricity known, it is then possible to move the 
column to get any desired eccentricity. Since there must be 
some initial load to hold the column in place in the testing 
machine, allowance must be made for the initial deflection. The 
lower curve of Fig. 241 was obtained by nearly equal positive and 
negative eccentricities, which made it possible to eliminate the 
readings at the initial load.* 

Figure 241 also gives deflection curves for eccentricity of 
0.0020 inch and 0.0100 inch. These were calculated by Formula 

* Bull, No. 25, Ohio State University Engineering Experiment Station, 

p. 18 . 
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XXX from the measurements of the test column and the modulus 
of elasticity obtained by compression test as a square-end column. 
The points marked by solid circles represent the experimental 
deflections. The close agreement of these and other tests fully 
verifies the equations. 

A committee of the American Society of Civil Engineers 
under the chairmanship of Dean F. E. Turneaure has recently 
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Deflection in O.OOOl Inch 

Fig. 241. — ^Load-deflection curves for three eccentricities. 

finished a very complete study of columns.* The experiments, 
which were made by Prof. M. 0. Withey, at the University of 
Wisconsin, included single shapes of structural steel and various 
forms of built-up columns. The proportional limit and yield 
point in both tension and compression and the ultimate strength 
in tension were measured on specimens taken from the material of 
each column. Since it had been discovered that there is a great 
difference in material taken from different parts of a rolled sec- 
* Trans. A.S.C.E., No. 98, 1933, p. 1376. 
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tion, sufficient test pieces were taken to investigate these varia- 
tions. For instance, from a 10-inch 20-pound channel, four test 
pieces from the toe and root gave 28.9 kips per square inch as the 
proportional limit and 38 as the yield point; four pieces from the 
root and web gave 26.6 and 35.8, respectively; two pieces from 
the root gave 25.3 and 34.6; and two pieces from the web gave 
28.0 and 36.8 kips per square inch. The thinner web and toe, 
which had been subjected to more work in rolling than the root, 
gave higher values for the proportional limit and yield point. 
The completeness of the data concerning the properties of the 
material greatly enhances the value of this investigation. 

These columns were tested on roller end bearings designed to 
support loads of more than 300 tons, and to rotate with relatively 
small friction. Each consists of a nest of rollers which bear on a 
curved surface having its axis of curvature at the center of the 
bearing plate (see Transactions American Society of Civil Engi- 
neers, vol. 95, 1931, page 1131, Fig. 9). 

The test columns were adjusted to small eccentricity and then 

e c 

moved to give an eccentricity such, that = 0.5, or other 

convenient values of the eccentric ratio. 

170 . Application of the Secant Formula. — Formula XXX of 
Art. 166 and Formula XXIX of Art. 162 together give the 
unit stress in a round-end column under a known load. However, 
when it is necessary to design or select a column to carry a given 
load, these formulas are not convenient, since neither the total 
load nor the unit stress is explicitly given. A problem of this 
kind must be solved by the method of trial and error. 

When a number of columns are to be designed, it is a great 
saving of time to represent these formulas by means of a table or 
curve. From Formula XXX, 


1 p p 

Maximum moment = eP sec j? 



(1) 

P e P c 

Maximum unit stress ~ ^ / 

sec 

IP V 

Uei’ 

(2) 

c P/, , ec 

[p- i\ 
fAE2r/ 

(3) 


in which r is the radius of gyration of the column, and - is the 
slenderness ratio. 
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To determine the relation of ^ to - when the unit stress at the 

A T 

concave surface is the ultimate strength of the material, Equa- 
tion (3) may be written, 


ec PI 



(4) 


It is difficult to solve for - 7 - in terms of the slenderness ratio but 

A 

it is easy to solve for slenderness ratio in terms of the unit load. 

The expression occurs in the equations above. In this 

expression e is the eccentricity, which is the distance of the line 
of the resultant load from the center of gravity of all sections 
before the column is bent. After bending begins, e is the dis- 
tance of the resultant load from the center of gravity of the end 
sections for Classes I, III, and IV. The distance of the extreme 
outer fiber at any section from the axis through the center of 
gravity of that section about which it rotates is represented by 
c, and the radius of gyration with respect to this same axis is 
r. If a column is equally free to bend in all directions, it will 
bend about the principal axis of minimum radius of gyration. 
For this reason the structural-steel handbooks give the minimum 
radius of gyration for angle sections. 

Columns with relatively large slenderness ratio fail by bend- 
ing. The uppermost curve of Fig. 241 illustrates the behavior of a 
slender column when the eccentricity is extremely small and the 
ends are free to turn with the minimum friction. The deflection 
is very small until the load approaches Euler’s critical value. 
When the critical load is reached, the deflection continues to 
increase with no increase of load. If there had been a live load 
on the column, which would follow up at its full value, the column 
would have continued to bend indefinitely until completely 
ruined. 

With some friction at the compression heads, the load may 
exceed the critical value with very little deflection. However, 
when the slight deflection produces sufficient moment, the heads 
turn suddenly, a large deflection occurs, and the load (on a test- 
ing machine) drops to Euler’s critical value gr lower. 
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With a small eccentricity of 0.002 inch the load approaches the 
critical value. However, the sum of the direct stress and the 
bending stress which is caused by the larger deflection reaches 
the yield point of the material at a somewhat smaller load. 
With the eccentricity of 0.01 inch (which is still quite small) 
the total stress at the concave side at the middle would cause 
failure at considerably lower loads. 

The slenderness ratio of the 1-inch rod of Fig. 241 is 144. 
Euler's formula gives the ultimate load correctly if the eccen- 
tricity is very small. An 18-inch length of the same rod would 
have a slenderness ratio of 72. The ultimate load would be 
44,100 pounds, which is 56,000 pounds per square inch. Since 
the material is cold-rolled steel with high yield point and ultimate 
strength, Euler’s formula gives the true ultimate load for this 
length if the eccentricity is negligible. Relatively shorter struts 
fail by compression before Euler’s load is reached. 

The yield point is taken as the ultimate unit load for structural 
steel. While very short columns may be stressed beyond this 
point without failure, a permanent distortion is not desirable. 
The average yield point for structural steel is about 36,000 pounds 
per square inch. This value was used in the preceding editions 
of the “Strength of Materials” in the calculation of tables and 
curves from the secant formula. The American Society of 
Civil Engineers Column Committee has adopted a lower value 
which is called the useful limit 'point (abbreviated U.L.P.). The 
useful limit point has been defined as that point on the stress- 
strain diagram of a centrally loaded column at which the slope 
of the tangent is one-half of the slope of the straight portion. 
The committee adopted the value of 32,000 pounds per square 
inch, which is designated as the yield point in secant equations. 
In the tables which follow, 32,000 pounds will be used as the 

’ & 0 

yield point ; 29,400,000 as the modulus of elasticity; and 0.25 = 

to make the calculations comparable with the work of the 
committee. 


Example 


Using the constants of the A.S.C.E. committee, calculate - for structural 


steel for unit load of 10,000 lb. per sq. in. 
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32.000 

10.000 




1 = 2.2 == 0.25 sec 
I 


P l_ 
AE2r’ 


log sec 


10, 000 _ 

29,400,000 2 r 

4 


= 3.8; 


0.94448; 


^TL 

V2.94 


I 


2,940 2 r 
83*^ 29' ~ 1.45705 radians; 


'2,940 2 r 
\/2^ X 2 X 1.45705 = 158.0. 


Z P 

Table XXIII gives the values of - for a series of values of 


Table XXIII. — Ultimate Unit Load on a Steel Column with Round 

Ends 

B = 29,400.000; 5„ = 32,000; — = 0.25. 


p 

A 

Su . 
p J- 

A 

SecV~^ 

^ A E2 r 

Log of 

1 

^^'^\AErr 

yAE2r 

1 

r 

Degrees 

Radians 

2,000 

15 

60 

1.77815 

89°03' 

1.5542 

376.9 

4,000 

7 

28 

1.44716 

87^57' 

1 . 5350 

263.2 

6,000 



1.23888 

86°42' 

1.5132 

211.8 

8,000 

3 

12 

1.07918 

85n3' 

1.4873 

180.3 

10,000 

2,2 

8.8 

0.94448 

83^29' 

1.4571 

158.0 

12,000 



0.82391 

81°22' 

1.4201 

140.6 

14,000 



0.71120 

78°47' 

1.3750 

126.0 

16,000 

1 

4 

0.60206 

75°31' 

1.3180 

113.0 

18,000 

% 


0.49292 

7in5' 

1.2435 

100,5 

20,000 

0.6 

2.4 

0.38021 

65^23' 

1.1412 

87.5 

21,000 



0.32123 

erso' 

1.0734 

80.3 

22,000 

Ml 

2%, 

0.25964 

56°38' 

0.9884 

72,3 

23,000 

Ms 


0,19457 

' 50^7' 

0,8776 

62.8 

24,000 


H 

0.12494 

4r25' 

0.7229 

50.6 

25,000 

0.28 

1.12 

0.04922 

26^46' 

0.4672 

32.0 


Problems 

1. Calculate Euler's critical load for - = 168. 

r 

Ans. ~ = 11,620 lb./m.“ 

2. Calculate Euler's critical load for a slenderness ratio of 376.9. 
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Q C 

3. Find for a 6-in. by 8-in. rectangular section if the resultant load is 
midway between the 6-in. sides at 2.8 in. from the nearest 8-in. side. 

Ans. ^-4 = 0.2. 

4. Find ^ for a circular section 3 in. in diameter when the eccentricity is in. 

P I 

Figure 242 is a graph of Table XXIII with -j as ordinates and - 

.2J. T 

as abscissas. The figure includes Euler’s curve for E = 29,400,- 
000 pounds per square inch. 



Fiq. 242. — Ultimate unit load computed by two formulas. 


The curve of ultimate strength from the secant formula 
approaches Euler’s curve as the limit. With smaller eccentricity, 
the ultimate strength curve would be higher and approach 
Euler’s curve sooner. If the eccentricity were zero, the ultimate 

p 

strength curve would be a horizontal straight line = 32,000. 

(On account of the fact that the useful limit point is below the 
real yield point, and the fact that short compression pieces may 
be loaded beyond the yield point without total collapse, the 
loads of complete failure would sometimes fall above the line 

^ = 32,000.) 

171. End Conditions in Actual Columns. — ^The classification of 
columns in the preceding article represents ideal conditions, 
which are only approximated in practice. The columns in 
actual use are 
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Round-end columns, which end with spherical or cylindrical 
surfaces. They sometimes end with knife edges, which may bo 
regarded as cylinders of small radii. The round surfaces roll on 
plane surfaces with practically no friction. Round-end columns 
are not used in structures and are rarely used in machines. 
Since they meet very closely the conditions of Class I with ends 
free to turn, they are frequently used in tests to check the 
accuracy of theory. 





r— 1 

CZ 


j<\ 
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A pin-end or hinged-end column ends with cylindrical surfac(^s 
which turn in cylindrical hearings (Fig. 243, I). Figure 243, 11, 
shows one end of a pin-connected column made of two channels 
latticed together. This form of connection is commonly used in 
bridges. A column which ends with a ball and socket is praciti- 
cally the same as a hinged-end column, except that it is free to 
turn in any plane instead of in the single plane normal to the 
axis of the hinge. 

If the pin of a hinged-end column rolled on a smooth plane 
surface, there would be little friction, and the conditions would 
be those of the ideal round-end column. Usually the pin turns 
in a closely fitting seat or bearing, which may introduce consider- 
able friction. If the pin is small, the moment arm of the friction 
is small and there is little resistance to rotation at the end of the 
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column. If the pin is largo, there is considerable resisting 
moment, and the column behaves at first approximately as a 
column with fixed ends. Figure 244 shows diagrammatically 


three stages of the deflection of a pin-end 
column. 

For a s(viies of tests at the Watertown 
Arsenal in 1909, built I-columns were made 
of one 10-in(di by J^g-inch plate and four 
4-inch by 3-inch by angles. The 

least radius of gyration was 1.65 inches. 
The pin-end columns of this series were 
tested with 3-inch pins which rested in 
33 ^^ 4 -inch seats. The tests were made on a 
horizontal compression machine with the 



axis of (^ach pin vertical and parallel to the i ir m 


10-inch plate. The results of one test arc 
given in Table XXIV, 


Fig. 244. — Deflection of 
hinged~eiid column. 


Tests w(;ro tnado with slenderness ratios at intervals of 25 from 


26 to 175, inclusive, for pin ends as in Table XXIV. The last 
two columns of Tabic XXV give the results of all the tests for 
pin ends. The broken curve of Fig. 245 is plotted from the 
average's in the last column of Table XXV. All pin-end columns 
of slenderness ratio of 25 and 60 failed by triple flexure with 
buckling of th(i flanges. All pin-end columns with slenderness 
ratio from 100 to 175, inclusive, failed by sudden springing 
laterally. For the longer columns the deflection was sufficient to 
give a moment arm which overcame the friction of the pins. 
In Table XXIV, the maximum deflection which was recorded 
was 0.24 inch at a load of 370,980 pounds. The load was released 
to the initial value of 13,740 pounds. When the load was again 
applied, sudden springing took place at about 20 pounds more 
than the pnwious load. The small deflection of 0.02 inch at 
206,100 pounds which was reduced to zero at 274,800 pounds 
(indicating slight crookcdn('-ss) would seem to show that the 
initial eccentricity was very small. If 0.24 inch is taken as the 
moment arm and 1.5 inches is the moment arm of the friction of 


the pin, the coefficient of friction was 0.24 -4- 1.6 = 0.16. 

Square-end or flat-end columns end with plane surfaces in 
contact with plane surfaces. The ends must be accurately 
fitted to avoid eccentricity. If a beam which rests on a square- 
end column bends under a load, as shown in Fig. 246, II, the load 
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Table XXIV. — Test of Built I-column at Watertown Arsenal 
Area, 13.74 square inches; length, center to center of pins, 24 feet J2 inch; 

radius of gyration about axis of pin, 1.65 inches; 175; gage length, 100 
inches. 


Load 

Compression in 

Deflection, inches 

Total 

Per square 
inch 

gage length, 
inches 

Horizontal 

Vertical 

13,740 

1,000 

0 

0 

0 

68,700 

5,000 

0.0131 

0.01 

0 

137,400 

10,000 

0.0300 

0.01 

0 

206,100 

15,000 

0.0468 

0.02 

0.02 

274,800 

20,000 

0.0642 

0 

0.02 

288,540 

21,000 

0.0680 

0.02 

0.02 

302,280 

22,000 

0.0721 

0.02 

0.03 

316,020 

23,000 

0.0760 

0.03 

i 0.04 

329,760 

24,000 

0.0801 

0.04 

0.04 

343,500 

25,000 

0,0840 

0.06 

0.04 

13,740 

1,000 

0 . 0026 set 

0.01 

0.02 

357,240 

26,000 

0.0874 

0.11 

0.04 

370,980 

27,000 

0,0940 

0.24 

0.04 

13,740 

1,000 

0.0052 set 

0.04 

0.03 

371,000 

27,010 

Ultimate load 




Failed by suddenly springing laterally, after which the resistances was 
71,000 pounds. 



Fig, 245, 


Chap. XV] 


COLUMNS 


395 


on the column becomes eccentric. Footings which support 
columns often settle unevenly and cause large eccentricity. 


Table XXV. — Compabative Tests of Pin-end and Square-end Columns 


Slenderness 

ratio, 

1 

r 

Ultimate load, pounds per square incdi 

Square ends 

Pin ends 

Separate 

columns 

Average 

Separate 

columns 

Average 

25 

37,450 

36,000 

35,580 

I 

36,343 

37,670 

37,870 

36,720 

37,420 

50 

34,460 

34,560 

34,750 

34,590 

33,800 

33,640 

34,080 

33,840 

75 

34,690 
34,740 
34,420 1 

34,617 

32,270 

32,000 

32,110 

32,160 

100 

31,670 

32,800 

32,800 

32,423 

31,940 1 

31,950 

33,070 

32,320 

125 

29,930 

31,300 

28,880 

30,037 

30,000 

28,850 

28,740 

29,197 

160 

30,300 

30,080 

30,520 

30,300 

27,400 

28,310 

29,190 

28,320 

175 

24,730 

26,650 

26,720 

25,033 

13,130 

27,010 

23,200 

21,110 


All square-end coluinns failed by triple flexure. All pin-end columns of 
slenderness ratio 25 and 50 failed by triple flexure with buckling of the 
flanges. All pin-end columns with slenderness ratio from 100 to 175, 
inedusive, failed by sudden springing laterally. 

Pin-end columns are square ended in the direction of the axis 
of the pin. The column of Table XXIV was horizontal in the 
testing machine with the pins vertical. The maximum vertical 
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deflection was only 0.04 inch, while the maximum horizontal 
deflection recorded was six times as great. 

Fixed-end columns may be riveted, bolted, or welded to fixcid 

footings, or to other members of a bridge or building. In a 

machine, a fixed-end column may bo fastened in thcise ways 

to the frame or may bo cast or forged 

[ continuous with it. Since the connection 

”’] cannot be absolutely rigid, and since the 

member to which the column is “fixed” 

must suffer some distortion, the tangcmt at 

the end of the column does not iTunain 

entirely stationary and the conditions of 

Class III are never completely satisficid. If 

the column is vcuy fl(^xiblc in comparison with 

the body to which it is fixed, the ideal case 

J may be approximated and one-half the total 

length of the column may be used for Zin the 

Fig. 246. — Square-end formulas. Inmost practical columns, this as- 
columns. , . i i • j i i 

sumption would introduce a dangerous cirror. 

A column with a pin connection at one end and a square or 
fixed connection at the other is called a -pin-and-square column. 
This column approximates the conditions of Class IV of Fig. 239. 
The yardstick of Problem 3 (Art. 168) shows the agreement of 
experiment with theory. In this experiment, the column was 
rigidly clamped to a 2-inch by 4-inch post and was relatively 
flexible. (The slenderness ratio was more than 800.) A column 
of ordinary slenderness fastened to a structure of comparable 
dimensions would not meet so closely the conditions of the theory, 
and the experimental and calculated results would not agree so 
well. 

The second and third columns of Table XXV give the ultimate 
load on square-end columns of the same cross section as that of 
Table XXIV. The curves of Fig. 245 afford a comparison of 
hinged-end and square-end columns. Except for the slenderness 
ratio of 175, the results are much alike. One pin-end column 
of this last ratio had an ultimate strength of about half as much 
as the others, which greatly lowers the average for that length. 
Figure 245 gives Euler’s curve for a round-end column with 
E — 29,000,000. For slenderness ratios of 100 and over, the 
strength of a pin-end column and of a square-end column are 
considerably above Euler’s value. For smaller slenderness ratios 
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the ultimate strength is close to the yield point of the steel. 
It must be remembered, however, that these test columns were 
(‘.arefully made and were tested with small eccentricity. More- 
ov(n', the compression heads of this testing machine are very 
rigid, so that the square ends of the columns are not free to turn. 


TAiiLE XXVI. — Pencoyd Tests op Wrought-iron Struts 


Avemgo results for angles and tees 


- ultimate unit load, pounds per square inch 



Round ends 

1 

Hinged ends 

Flat ends 

Fixed ends 

20 

44,000 

46,000 

49,000 

45,000 

40 

36,500 

40,500 

41,000 

38,000 

60 

' 30,500 

36,000 

36,500 

34,000 

80 

25,000 

31,500 

33,500 

32,000 

100 

20,500 

28,000 

30,250 

30,000 

120 

16,500 

24,250 

26,500 

28,000 

140 

12,800 

20,250 

23,250 

25,500 

160 

9,500 

16,350 

20,500 

23,000 

180 

7,500 

12,750 

18,000 ! 

20,000 

200 

6,000 

10,750 

15,250 

17,500 

220 

5,000 

8,750 

13,000 ; 

15,000 

240 

4,300 

7,500 

11,500 1 

13,000 

260 

3,800 

6,500 

1 10,250 1 

11,000 

280 

3,200 

5,750 

8,750 

10,000 

300 

2,800 

5,000 

7,350 

9,000 

320 

2,500 

4,600 

6,750 

8,000 

340 

2,100 

4,000 

4,650 : 

7,000 

360 

1,900 

3,500 

3,900 

6,500 

380 

1,700 

3,000 

3,350 

5,800 

400 1 

1,500 

2,600 1 

2,950 

5,200 

420 

1,300 

2,250 

2,600 

4,800 

440 


2,100 

2,200 

4,300 

460 

480 


1,900 

1,700 

2,000 

1,900 

3,800 


Valuable tests of columns were made by James Christie, in 
1883, at the Pcmcoyd Iron Works. For some of these tests, the 
vSo-called hinged-end columns were fitted with hemispherical balls 
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turning in sockets. These balls were fitted as accurately as 
possible by measurement. The final adjustment was made in 
the testing machine. A small load was applied and the deflection 
measured. The hemispheres were shifted and the measurement 
repeated until a considerable load caused no appreciable deflec- 
tion. The column was then loaded to failure. Since these ball- 
and-socket joints were lubricated, the friction was smaller than 
that of a hinged connection of a truss, but considerably more than 
that of the half cylinders which rolled on plates or in a n(ist of 
roller bearings. The ball-and-socket joint gives the strut 
opportunity to deflect in any direction, which is sometimes an 
advantage but more often a disadvantage for (^xperinuaitid 
studies. These tests were made on wrought-iron struts.* 

With these hemispherical joints, “when the point of greatest strength 
was reached, the behavior of the specimen was peculiar. Under ordinary- 
circumstances the bar, while bending under the strain, rotated from the start 
on its hinged ends. When correctly centered, no such rotation occurred 
at the beginning of the deflection, but the bar bent like a flat-ended strut, 
till the point of failure was reached, when it rotated on its ends suddenly, as 
sometimes to spring from the machine. These results could not be secured 
when the balls or pins rolled on plane surfaces, and were difficult to get when 
the pins were small.” 

The effect of the size of the pin was shown in these experiments. 
Two angles of the same length were cut from the same bar. 
One of these tested with a 2-inch ball and socket failed at 36,500 
pounds per square inch; the other tested with a 1-inch ball and 
socket failed at 24,010 pounds per square inch. 

These and other tests show how the friction at the ends of a 
hinged-end column partly fixes the ends and greatly increases the 
strength. It is a question, however, how much of this is lost on a 
railroad bridge on account of the vibration of moving trains. 

Table XXVI gives the results of one series of tests which were 
made by the Pencoyd Company on rolled angles and tees of 
wrought iron. The hinged ends were ball-and-socket joints 
and the round ends were balls on plane surfaces. The columns 
could bend equally in any direction. It was found that failure 
always took place in the direction of the least radius of gyration. 
The figures of Table XXVI give some idea of the relative values 
of the different endings under the conditions of these experiments. 
For a unit load of 25,000 pounds per square inch, for instance, 

* Trans. A.S.C.E., 1883, pp. 85-122. 
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^ is 80 for round ends, 129 for flat ends (by interpolation between 
26,500 and 23,250), 119 for hinged ends, and 144 for fixed ends. 

Problems 

1. Using E = 27,000,000 lb. per sq. in. for wrought iron, find tho ultimate 
unit loads for round-end columns for slenderness ratios of 100, 200, 300, and 
400 by Euler’s formula and compare with Table XXVI. 

2. Take ^ = GO for round-end columns in Table XXVI. Find the lengths 
for hinged, flat, and fixed ends. 

3. Solve Problem 2 for - = 100 for round ends. Xn,s. 138:160; 177. 

r ’ 

If all the values for round ends from 40 to 200, inclusive, are 
taken, tho corresponding values of ^ which give the same unit 
load for tho other end conditions ar<i 



Hinged 

Flat 

Fixed 

Maxirniim 

1.45 

' — 

1.69 

1.87 

Miiiiinuiii 

1.29 

1.50 

1.27 

Mean of iill 

1.37 

1.60 

1,72 



Only one value fell below 1.50 for fixed ends. 


As far as these tests go, they indicate that a flat-end column 
10 feet long, a fixed-end column 17.2 feet long, or a hinged-end 
column 13.7 feet long will carry the same load as a round-end 
column 10 feet long of the same cross section. 

The conditions in actual structure may be very different from 
those of these carefully conducted experiments. Columns may 
be fixed to rather flexible beams. The eccentricity is likely 
to be greater than in these tests, and other factors may reduce 
the advantage which a hinged-end, flat-end, or fixed-end column 
has over a round-end column. 

The American Society of Civil Engineers Column Committee 
recommends that three-fourths of the total length of a fixed-end 
column be used as I in the formulas for a round-end column; 
and that 0.85 of the length of a hinged-end column be used as I 
in the formulas for a round-end column. A flat-end column is 
('quivalcnt to a fixed end. Lubricated moving columns of 
machinery should be treated as round-end columns. 
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WORKING FORMULAS FOR COLUMNS 

172. Kinds of Formulas. — The secant formulas of Art. 166 
are theoretically correct within the limits of the assumptions 
of beam theory, which are universally accepted. Careful tests, 
in which the conditions of the theory are fully met, amply veaify 
these formulas. For round-end columns of uniform material, 
the results of experiments agree with theory within the limits 
with which the modulus of elasticity can be determined by direct 
compression. Moreover, the deflections at any point on a 
column agree with Equation (12) of Art. 166. Euler’s formula, 
which is a special case of the secant formula, also agrees with 
experiments. 

Euler’s formula with a factor of safety may be us<Hi as a work- 
ing equation for slenderness ratio gi-cater than 150. 

The secant formula applies to all lengths. It approaches 
Euler’s formula as a limit for large slenderness ratios. Mathc^- 
matically it is difficult to use unless curves are plotted similar to 
that of Fig. 242. On account of this difficulty, most erngineers 
prefer some more convenient approximate equation. Such 
equations may be made which lie well inside the limits of the 
uncertainty as to the amount of eccentricity. Th(^ ])r{\vious 
editions of this book, while giving the secant equations as pre- 
sented in Chapter XV, have selected for engineering practice 
straight-line and Rankine equations which were officaally recog- 
nized in building laws or were recommended by national engineer- 
ing organizations. The validity of each of these equations was 
examined by comparison with the secant formulas and with 
('xperiimmts such as those of Tables XXIV, XXV, and XXVI. 
Some such equations have been founded on <^xperiment, often 
inadequate, some on approximate theory, and a few on accurate 
theory. 

These straight-line and Rankine equations will be presented 
in the present edition, since they are so largely used, but prefer- 
ence is given to working equations in the form of parabolas. The 

400 
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Column Coinmittoc of the American Society of Civil Engineers 
has made the most valuable set of tests of full-size columns and 
has studied these tests with the secant formulas. Moreover, on 
the basis of all previous tests and a knowledge of the conditions 
in structures, the committee, as a piece of mature engineering 
judgment, has recommondc^d lengths which may be assigned to 
hinged-end and fixed-end columns to adapt thorn to the equations 
of the round-end columns. From these the committee recom- 
mends working equations in the form of parabolas which agree 



Fio. 247. — XJltimato and allowable unit loads. 


closely with the secant equation over the entire range of slender- 
ness ratios used in primary columns. 

173. Fixed-end Structural-steel Columns. — The second col- 
umn of Table XXVII gives slenderness ratios of round-end 
structural steel which correspond to unit loads of the first 
column. These values were used in the construction of the secant 
curve of Fig. 242. The American Society of Civil Engineers 
committ(K) recommends three-fourths the length of a riveted 
c.olumn be used for I in the secant formula. The slenderness 
ratios under “fixed ends” in Table XXVII are the ratios of the 
second column raultipli(5d by % (or divided by M). The uppeu- 
curve of h'ig. 247, with points represented by hollow circles, was 
plotted from this column of figures. For fixed-cmd columns, for 
ultimate unit loads, the committee recommends the parabola 
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j = 26,600 - 0.425 ■ (1) 

This begins with the secant curve at 25,600, is below the secant 
curve until ~ is nearly 140, then crosses over, and is abov(i th(^ 


Table XXVII. — Relation op Ultimate Unit Loap to Slenperness 

Ratio 

Calculated by the secant formula with E = 29,400,000; eccentric ratio = 
0.25. 


p j 

— pounds 


. 1 

Slenderness ratio, ~ 


A ' 

per square 
inch 

Round ends, 
free length = 

1 

Hinged ends, 
free length = 
0-85 1 

Fixed ends, 
free length = 
0.75 1 

Round ends, 
Euler's 

1,000 

535.8 

630.4 

714.4 

538.7 

2,000 

376.9 

i 443.4 

502.5 

380.9 

3,000 

305.9 

359.9 

407.9 

311.0 

4,000 

263.2 

309.6 

350.9 

269.3 

5,000 

233.8 

275.1 

311.7 

240.9 

6,000 

211.8 

249.2 

282.4 

219.9 

8,000 

180.3 

212.1 

240.4 

190.4 

10,000 

158.0 

185.9 

210.7 

170.3 

12,000 

140,6 

165.4 

187.6' 

155.6 

14,000 

126.0 

148.2 

168.0 

144.0 

16,000 

113.0 

132.9 

150.7 

134.7 

18,000 

100.5 

118,2 

134.0 

127.0 

20,000 

87.5 

102.9 

116.7 

120.4 

21,000 

80.3 

94.5 

107.1 

117.6 

22,000 

72.3 

85.1 

96.4 

114.9 

23,000 

62.8 

73.9 

83.7 

112.3 

24,000 

50.6 

59.5 

67.5 

110.0 

25,000 

25,600 

32.0 

0 

37.6 

0 

42.7 

0 

107.8 


secant curve until - is nearly 160 when it crosses again. (Th('. 

portion above the secant cannot be shown on the small-scale 
drawing.) 



Chap. XVI] WORKING FORMULAS FOR COLUMNS 


403 


Problems 

1. Calculate the unit load when the slenderness ratio is 160.1 by Eq. (1). 

A ns. 16,025 Ib./in.^ 

2. Solve Problem 1 for slenderness ratio of 134. 

Am*. 17,969j 31 lb, !)ek>w the secant curve. 

3. Solve I^robleni 1 for a slenderness ratio of 83.7 at which the pai'abola 
seems farthest from tht^ secant curv('. Find the perccntafi;c of error. 

Ans. 22,623 lb. /in.-; 1.64 per cent. 

4. Solve Problem 3 for the point at which the secant curve is at 24,000 lb. 

per sep in. Ans. 1.4 per cent. 

If Equation (1) is divided by 1.7, the result is 

^ = 15,059 - 0.25 0y (2) 

For round numbers the American Society of Civil Engineers 
committee recommends 

j = 15,000 - 0.25 0y Formula XXXIII* 

for slenderness ratios from 0 to 160 as the working equation for 
structural stool columns or struts with ends fixed. The factor of 
safety of Formula XXXIII is really more than 1.7, since the 
unit stress has ah-c^ady been reduced from 32,000 to 25,600 to 
allow for possible eccentricity. 

Problems 

6. Fixui the \init safe load and the total load on an 8-in. 18.4-lb. standard 
I-bcam for lengths of 5 ft. and 8 ft. Am, P = 73,390 lb.; 62,665 lb. 

6. Find the unit load and the total load on a 4-in. by 4-in. by M-in. staiidard 
angle, 9 ft. 9 in. long, as a column with fixed ends. 

Am. j = 9,375 lb./in.2; P = 36,156 lb. 

7. Find the slenderness ratio and the ultimate load on a 6-in. by 3.5-iu. 
by M-in. standard angle as a column with fixed ends, 10 ft. long. 

Am. P = 20,270 1!). 

8 . If a given length of a 6-m. by 3^-in. by standard angle will carry 

30,000 lb,, what will the same length of a 10-in. 16.3-11). channel carry? 
Solve by ratios. 

174. Hinged-end Structural-steel Columns.— The American 
Society of Civil Engineers Column Committee recommends for 

Equations of this form, are frequently called Johnson^ s parabolic equations 
after the late J, B, Johnson, who first proposed them, and who made many 
valuable (contributions to experimental and applied strength of materials. 
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hinged-end steel columns, for slenderness ratios up to 160, the 
equation 

^ = 15,000 -”(-)• Formula XXXIV 
A 3 \r/ 

In order to compare with the secant curves for ultimate load 

with eccentric ratio of 0.25, the formula is multiplied by 

256 , . , . 

which gives 

iou 

^ = 25,600 - 0.569 0 ). ( 1 ) 

From Table XXVII for 14,000 pounds per square inch, with 

0. 85 . I as the free length of a hinged-end strut, the corresponding 
slenderness ratio in the third column of figures is found to be 
148.2. When substituted in the parabola of Equation (1), 
this slenderness ratio gives 13,100 pounds per square inch as 
against 14,000 pounds per square inch from the secant (squation. 

Problems 

1 . Pind the slenderness ratio in Table XXVII which corresponds to a unit 
load of 12,000 lb. per sq. in. for a hinged-end oolinnn. Calculat(i the 
ultimate load for this slenderness ratio from Bq. (1). 

Ans. j = 11,030 ll)./in.“ 

2. Solve Problem 1 for unit stress of 16,000 lb. per sq. in. 

Am. j = 16,650 Ih./in.^ 

3. A platc-and-channel column, 20 ft. long, is made of two lO-in. 15.3-lh. 
channels, placed 6 in. apart back to back and loaded through pins at 
right angles to the webs of the channels. The two plates are each 12 in. 
by in. Find the allowable load as a hinged-end column. 

Am. ^ = 14,000 Ib./in.!*; P = 207,100 lb. 

4. The column of Problem 3 may be regarded as fixed with respect to axes 
perpendicular to the pins. Find the unit load by Forinula XXXIII and 
find the total load if necessary. 

Am. j = 13,870 Ib./in.'; /' = ? 
(This article may he omitted,) 

176. Euler's Extension of Parabola,— Formulas XXXIII and XXXIV 
are valid to - ~ 160. For greater slenderness ratios it is desirable to have 

P 

an extension of the Euler type for each of these. Representing 2/ 
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™ by Xy the parabola becomes ^ == /S « — A; in which k is a constant which 

C 

may or may not be known, and Euler’s equation, is y = If x' a,ncl y' 
are the coordinates of the point of tangericy of the two curves, then 


Su - k x'" = .S'„a:'‘ - k x'" = C. 


At the point of tangency 




dx 


k X'" - C. 


From Equations (1) and (3), 


Sux'^ = 2 (7; X* 


/ 2 Su . 


Since y = ~ 


/ Su 

y'-Y- 

For a fixccl-ond steel column (Formula XXXIII), 


( 1 ) 

( 2 ) 

(3) 

(4) 

( 6 ) 


Su = 15,000 and k = H; x'" = 30,000; x' = 173.2; 
2 D = 15,000 X 30,000; C = 225,000,000. 

Euler’s extension is then 


P 225,000,000 
- 

This value of 225,000,000 in place of 290,000,000 would seem to represent 
a small safety factor of 1.3, but it must be remembered that I is the entire 
length of th(^ fixed-end column. If % I be regarded as the free length, the 
safety factor is increased to 2.2. 


Problems 

1, Derive the equation of Euler’s extension for Formula XXXIV for a 
hinged“(m<l steel column and the slenderness ratio at the point of 
tangency. 

, P 108,750,000 
.An.s^ ^ 

2. A S-iix. by 1-in. bar is welded to rigid bodies at each end. Below what 
length will Formula XXXIII apply when the bar is subjected to compres- 
sion? Find the total safe loads for lengths of 3 ft., 6 ft., and 8 ft. 

Am. 50 in.; 33,340 lb., 15,625 lb.? 
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3. Find the total safe load on a 6 X 23-lb. wide flange section which is 
connected by pins at right angles to the web for lengths of 9 ft. and 
22 ft. 6 in. 

Example I 

Derive a parabolic equation similar to Formula XXXIII for a round-end 
steel column by means of the equations of this article without reference to 
the secant formula. Also write Euler’s extension. 

The assumed eccentric ratio of 0.25 which was used in Art. 173 reduces the 
ultimate strength to 80 per cent of the yield point. By allowing the same 
reduction of E in Euler’s formula, 



( 7 ) 


( 8 ) 


up to the slenderness ratio of 135. 

For a working formula with a factor of safety of 1.7, 


I = 16,000 - 0.42 Qy. (9) 

For slenderness ratios above 135, 

P 136,500,000 

I- ■ no, 

Round-end columns are little used in structures. Slender 
pin-cormected columns in airplanes should be treated as round- 
end columns. The connecting rod of an engine is a round-end 
column which is further complicated by transverse forces of the 
weight and the centrifugal force. 


Problems 

4. Calculate the total safe load on a 4-in. solid shaft as a round-end column 
for lengths of 5 ft., 10 ft., and 15 ft. 

6. Calculate the safe load on a hollow shaft 4 in. outside diameter and 2 in. 

inside diameter as a column with round ends. 

6. Compare Eqs. (7) and (8) with Table XXVII for round ends by secant 
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Example II 

Round-end spruce struts tested at the Bureau of Standards* had an 
average modulus of elasticity of 1,910,000 and ultimate strength of 5,200 Ib. 
per sq. in., which was obtained by extending the graph of the columns back 
to zero slenderness ratio. 

Derive a parabolic equation and Euler's extension on the assumption of 
eccentric ratio =0.1. 


= 4,730 = Su, = 17,100, 


000 . 


2,365 ©’-’, 230 ; 

V/ 


= 85. 


4,730 


= 0.327; 


2 X 7,230 
j = 4,730 - 0.327 to ^ = 85. 

P = — for ^ greater than 85. 

\r) 


Problem 

7 . The average results of the tests were 


1 

r 

25 

50 

75 

100' 

125 

150 

175 

200 

P 

A 

4,676 

4,049 

3,109 

1,824 

1,206 

785 

629 

439 


Calculate ^ for each slenderness ratio. Compare with experimental 
figures. 

176. Straight-line Formulas. — The curves of Fig. 242 show 
that Euler’s formula gives results which are very close to the 

correct values of the secant formula when 1 is large. When the 

slenderness ratio is small, Euler’s formula must not be used. 
Figure 248 shows one secant curve for an eccentric ratio of 0.25, 
as in Fig. 242, and another curve with an eccentric ratio of 
0.1. For slenderness ratios of 200 or more, both secant curves 
are very close to Euler’s curve. It is evident from these curves 
that the magnitude of the eccentricity makes very little difference 

when the slenderness ratio is large. For 1 = 200 or more, 

* Tech. Paper No. 152, Bureau of Standards. 
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Euler’s formula may be employed with a relatively small factor 
of safety for structural steel, and it may be used down to 150 
with a larger safety factor. In structures, especially with fixed 
or square ends, the eccentricity is variable. The effect of eccen- 
tricity is shown by the area between the secant curves of Fig. 248. 
If the eccentric ratio ranges from 0.1 to 0.25, as shown in the 
figure, any curve which lies in the area between these secant 
curves may agree fairly with the results of tests. For this reason, 
straight-line curves have been largely used in practice. A curve 



Fig. 248. — Straight-line, secant, and Euler’s curves. 


of this kind must pass through the ultimate strength for short 
blocks and approximate Euler’s for slender struts. Some 
straight-line formulas have been derived from experiments and 
others have been made by drawing a straight line from the 
ultimate strength tangent to Euler’s. Figure 248 shows a 
straight line through (0, 32,000) which is tangent to Euler’s 

p 

curve at C. A horizontal stopper, drawn ^ = 28,000, replaces 

the upper part of the straight line. 

The straight line crosses the upper secant curve at B and 
recrosses the lower secant curve at D. Usually the straight line 
is used to the point of tangency. It might well be extended to 
D. The lower straight line is a working curve which is valid to 
C' or better to D'. 
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A straight-line equation has the form 

^ - ki Formula XXXV 

A T 

p I 

If — j = y and - = x, this is recognized as the equation of a 

straight line with the Y intercept at Suy and with a negative slope 
equal to k. 


Problems 

1. Plot Euler’s curve for E — 1,600,000. Draw a tangent to this curve 
from (0, 4,800). Find graphically the abscissa and the ordinate of the 
point of tangency. Extend the straight line to the X axis. Calculate k. 
Draw a working curve with a factor of safety of 4, and a stopper at 1,000 
lb. per sq. in. 

2. In Problem 1 find the unit allowable load for slenderness ratios of 30, 50, 
70, and 100. 

177. Algebraic Derivation of the Straight-line Formulas. — 
While a straight-line formula may always be derived graphically 
by drawing Euler’s curve and plotting the tangent, the methods 
of calculus are convenient and lead to a simple algebraic result. 
The problem is that of drawing a straight line tangent to a given 
curve through a given point which is not on the curve. Euler’s 
formula may be written 


in which y ^ —j x = -j and a = ir^E, 

T 

It is required to draw a tangent to the curve of Equation (1) 
which shall pass through the point (0, The slope of this 

tangent is 


dy __ _2a 
dx xl ^ 


( 2 ) 


in which xi is the abscissa of the point of tangency. The equation 
of the tangent line is 

y = -^^ + Su, (3) 

Xl 

in which x and y are the coordinates of any point on the line. 
Since the point of tangency {xx, yi) lies in the straight line of 
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Equation (3), these coordinates satisfy the equation of the line; 
hence 


Vi 


xi 


(4) 


Since the point of tangency is on the curve, these coordinates 
also satisfy Equation (1) ; hence 


Vi == 




(5) 


From Equations (4) and (5) the coordinates of the point of 
tangency are found to be 


Su 

2 3a 
xl = 


Formula XXXVI 

( 6 ) 


The value of Xi from Equation (6) may be substituted in 
Equation (3) to get the desired straight-line equation. It is 
better, however, to use the easily remembered fact of Formula 
XXXVI that the ordinate of the point of contact is one-third 
the Y intercept of the straight line. When this ordinate is 
substituted in Euler’s formula, the abscissa of the point of 
contact is found. The coordinates of the point of tangency 
and of the Y intercept together determine the equation of the 
straight line. 


Example I 

Derive a straight4ine formula for steel which has a yield point of 32,000 
and a modulus of elasticity of 29,400,000. 


32,000 _ 29,400,000 


(0 


© 


" = 27,203; - = 164.93; 


_ 2 X 32,000 _ 

3 X 164.93 

^ = 32,000 - 129.37 - 
A ’ r 


(7) 

( 8 ) 
(9) 


gives the ultimate unit load. For a working formula with a factor of safety 
of 2 for a column with round ends. 
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^ = 16,000 - 65 (10) 

A r 

{Do not solve problems by Eq. (10), unless designated.) 

Equation (9) is the upper straight line of Fig. 248. 

Equation (10) is a working formula with a factor of safety 
of about 2 based on the upper straight line. 

The Chicago building laws for structural steel require 

= 16,000 - 70 Formula XXXVII 
A ’ r 

with a maximum (stopper) of 14,000 pounds per square inch, for 
round, hinged, or fixed ends. This formula was used by the 
American Railway Engineering Association and was copied by 
many cities. It is slightly more conservative than Equation 
(10), the validity of which is recognized from Fig. 248. Formula 

XXXVII may be used to - = 180. 

T 

If the free length of a fixed-end column is taken as three- 
fourths the total length, as recommended by the American 
Society of Civil Engineers Column Committee, k in Equation (10) 
becomes 50 instead of 65. A few years ago, the American 
Railway Engineering Association adopted 

^ = 15,000 - 50 - (11) 

with a maximum of 12,500, This is an excellent formula for 
fixed-end and hinged-end columns. The specifications state 
that the slenderness ratio shall not exceed 100 for main com- 
pression members and shall not exceed 120 for wind and sway 
bracing. 

The American Bridge Company used 

= 19,000 - 100- (12) 

with a maximum of 13,000 for slenderness ratios not greater 
than 120, and 

^ = 13,000 - 50 - (13) 

A r 

for slenderness ratios between 120 and 200. 
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Since Equation (10) was derived from Equation (9) (which is 
tangent to Euler’s) by dividing by the factor 2, Euler’s extension 
of Equation (10) may be derived by dividing ir^E by the same 

129.37 

factor, or more accurately by the ratio of — g-g — , When a 

straight-line equation has been derived from tests, instead of 
from a tangent to Euler curve, it is necessary to use the principle 
of Formula XXXVI to find the ordinate of the point of tangency. 


Example II 

Find Euler's extension for the American Bridge Company formula 
[Eq. (12)1. 


19,000 

3 


= 19,000 - 100 s - 


380 

3 


127, 


7 p 

in which ~ is the abscissa of the point of tangency at which j = 6,333 lb. per 
sq. in. If Ew is the modulus of elasticity in the working Euler's formula, 



19,000 
3 ' 


TT^Ew == 


4 X 193 X 103 

27 


= 1,016 X 105. 


P 

A 


101,600,000 


100,000,000 



(14) 


Equation (12), extended to ^ 127, and Eq. (14) for any greater slender- 

ness make an excellent conservative combination for all kinds of ends. (The 
American Bridge Company has discarded this equation in favor of the 
American Institute of Steel Construction equation.) 

P S 

Since the point of tangency to Euler’s curve is at ^ == when any 

straight-line equation gives a unit load much below this figure, an Euler’s 
extension should be used instead. 


Problems 

1- A 12-in. 31.8-lb. standard I-beam is used as a column 10 ft. long. Find 
the total safe load by Chicago building laws, the American Bridge Com- 
pany formula, and Eq. (11) if applicable. 

Ans, P - 71,140 lb.; 66,120 lb. 

2. Solve Problem 1 for a length of 8 ft, 

Ans. P = 86,550 lb.; 87,930 lb.; 94,900 lb. 

3. Solve Problem 1 for a length of 16 ft. by a straight-line equation which 

applies. Ans. 32,370 lb. by Eq. (13). 

4. Solve Problem 3 by the first form of Euler’s extension of the American 

Bridge Company equation. Ans. P = 2,811 X 9.26 = 26,030 lb. 
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5. iV 10 X 10 wide-fiange (WF or CB) section, 60 lb. per ft., is used as a 
column 20 ft. long. Find the total safe load by suitable straight-line 
equations. 

Ans.P = 167,100 lb. by Formula XXXVII; 182,440 lb. by Eq. (11); 
170,630 lb. by Eq. (12). 

6. Solve Problem 7 for a length of 30 ft. 

Ans. P = 109,400 lb. by Formula XXXVI; 105,890 lb. by Eq. (13). 

7. Solve Problem 8 by Euler^s formula for the ultimate load as a round-end 
column and divide by a safety factor of 2.5. 

8 . Find the total safe load by Chicago building laws on a standard 5-in. 

pipe as a column 12 ft. in length. Ans. P = 45,720 lb. 

178. Rankine’s Formula. — Rankine’s formula, sometimes 
called the Gordon Rankine formula, has long been the British 
favorite, although equations based on the secant formula are now 
gaining ground. It was the principal formula in America until 
about thirty years ago when the straight-line formulas largely 
displaced it. Recently, under the leadership of the American 
Institute of Steel Construction, one formula of this kind has 
gained the ascendancy. It is an empirical formula, which gives 
the unit load equal to the ultimate strength for a short block 
and approaches Euler^s curve for a very long column. The 
formula is of the form 


Formula XXXVIII 


in which Stt is the ultimate unit load in compression on a short 
block, and g is a coefficient, the value of which may be determined 
experimentally or mathematically from the condition that the 
curve approaches Euler^s for a long column. The allowable 
unit load is obtained by dividing the numerator by the safety 
factor, which is the same as taking the allowable compressive 
stress instead of the ultimate strength as Su- 

The value of q which is derived from the condition that the 
unit load must approach Euler's value as a limit is called RitteKs 

rational constant. When ~ is zero in Rankine's formula, the 

r 

p 

denominator is unity and ^ Rankine's formula, there- 

fore, satisfies one condition. To make it satisfy the other 
condition, the value of q must be so chosen that the unit load shall 
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be the same in Rankine’s and in Euler’s formulas for large values 
of the slenderness ratio. 


P 

A 


ir^E 





1 + q\ 



( 1 ) 


For large values of - the second term in the denominator of Ran- 
kine’s formula is so large relatively that the first term (unity) 
may be dropped. Then 



( 2 ) 

( 3 ) 


This value of q is Ritter’s rational constant. 

Problems 

1 . Find the value of 3 for steel having a modulus of elasticity of 29,400,000 
and an ultimate compressive strength of 32,000 lb. per sq. in. 

® "" 9,080 ■ 

2. For the steel of Problem 1, find the unit load for slenderness ratios at 
intervals of 40 from 40 to 200, 


1 

40 

1 

so 

120 

160 

200 

r 




i 


P 

A 

27,200 

18,770 

12,370 

8,380 

5,920 


3. Compare the last two results of Problem 2 with Euler^s equation. 

4 . Find Ritter's constant for duralumin having a modulus of elasticit 5 ^ of 
10.000,000 and an ultimate strength of 50,000 lb. per sq, in. 

® 179^' 

6 . Using the constant of Problem 4, find the ultimate load on a duralumiii 
tube, 2.25 in. outside diameter, 0.093 in. thick, and 124.11 in. long. 

Ans. ~ = 3,460 Ib./in.^; P = 2,2841b. 

Jx 

Ritter’s constant in the problems above has been calculated 
for round ends. The. two lower curves of Fig. 249 which extend 
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to - = 300 give a comparison with the secant curve for which 

the eccentric ratio is 0.25. The Rankine curve with Ritter ^s 

constant gives lower values of the unit stress for values of ^ above 

60. Experiments give the same result. If a Rankine curve 
gives the correct unit load for long columns, it is unnecessarily 
safe for usual columns. If approximately correct for columns 
with slenderness ratios below 120, it is unsafe for longer columns. 



Slenderness Ratio 

Fig. 249. — Comparison of A.I.S.C. with other curves. 


The American Institute of Steel Construction gives the formula 


P 

A 


18,000 

P 

^ 18,000 


Formula XXXIX 


with a maximum (stopper) of 15,000 pounds per square inch. 
The specifications state that this equation may be used with 

" up to 120 for main members and up to 200 for secondary 

members. For this reason the curve is drawn light from ^ “ 120 

to - = 200. 
r 
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Problems 

P I 

6. Find ^ by the A.I.S.C. formula for values of - at intervals of 20 from 20 to 

A ^ r 

100. Compare with handbook. 

7. Solve Problem 1 of Art. 177 by the A.I.S.C. formula. 

Ans. 4 = 10,044. P = 93,000 lb. 

A 

8. Solve Problem 2 of Art- 177 by the A.I.S.C. formula. 

Figure 249 gives the curve of the equation 

P 32,000 

A 72 

Id r 

^ 18,000 

This is the American Institute of Steel Construction equation 
multiplied by to give the ultimate load and correspond with 
the secant curves of Figs. 241 and 248. A comparison with the 
secant curve shows that this Rankine formula would be unsafe 
for round ends such as the connecting rod of an engine. Round- 
end columns are not used in structures. A comparison with a 
curve for hinged ends (not drawn in Fig. 249) will show that the 
American Institute of Steel Construction formula is close at 
slenderness ratios of about 120 but is always higher. Figure 249 
shows the secant curve for fixed ends, using three-fourths of the 
entire column as the free length, as recommended by the American 
Society of Civil Engineers Column Committee. The American 
Institute of Steel Construction curve is slightly above the secant 

curve for values of - below 84, and safely on the other side for the 

remainder of its length. It would seem that the safety factor 
of the American Institute of Steel Construction formula for 
pin-end columns is rather low. 

Problems 

9. Plot the curve of the A.I.S.C. formula for ultimate strength of 32,000 lb. 
per sq. in. [Eq. (4)], and plot the secant curve for hinged ends from 
Table XXVII for comparison- 

10. On the figure of Problem 9, plot the curve of Eq. (1) of Art. 174. 

11. Calculate the unit load and the total safe load on a 4-in. by 3-in. by M-in. 

standard angle as a compression member 6 ft. long. Solve by the 
A.I.S.C. formula. Chicago building laws, and the A-S.C.E, formula for 
fixed ends Am. P = 34,350 lb.; 26,406 lb.; 38,470 lb. 
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12. Solve Problem 11 for a length of 8 ft. 

Ans. P = 26,000 lb.; 30,470 lb,; 18,875 lb. 

13. Find the total safe load on a 12 X 12 65 lb. wide-flange section 
as a column 25 ft. 2 in. long by A.I.S.C. formula and Chicago building 

Ans. P = 221 kips; 172 kips. 

14. A 4-in. by 4-in. 10.5-ib. T-section’, with ends welded to the beams, is 
10 ft. long. Find the total safe load by A.I.S.C. and A.S.C.E. equations. 

Am. P = 25,770 lb.; 30,200 lb. 

15. Solve Problem 14 for a length of 13 ft. 10 in. 

16. Solve Problem 14 for a length of 20 ft. by a suitable equation. 

Ans. P = 6,530 by Euler equation with safety factor 2. 

17. A 6-in. by SJ^-in. 29.4-lb. Z-bar is used as a compression member 10 ft. 

6 in. long. Find the total safe load by Chicago building laws and 
A.I.S.C. formula. Ans. P = 44,100 lb.; 66,280 lb. 

18. Find the total safe load on a 12 X 8 40-lb. wide-flange beam, 16 
ft. long with fixed ends, by Chicago building laws, A.I.S.C. formula, 
and A.S.C.E. formula. Ans. P - 137,200 lb. by A.I.S.C. formula. 

19. A column with cover plates is made of one wide-flange beam, 14 X 16, 
core — CB 146—320 lb. or 14 WF 320 core section, and two 1-in. 
by 18-in. plates which are riveted or welded to the flanges (see hand- 
book). Taking the properties of the beam from the handbook, calculate 
the moment of inertia and radius of gyration of the section for each 
principal axis. 

Ans. A = 130.12 sq, in.; axis perpendicular to web, / = 0999.5 in.^; 
7-2 = 53.792; r — 7.334 in.; axis parallel to web, I = 2,607.1 in."*; — 

20.0361; r = 4.476 in. 

20. Find the total safe load of the column of Problem 19 for a length of 
40 ft. by the A.I.S.C. formula and compare with the handbook. 

179. Timber Columns. — The building laws of Chicago specify 
the straight-line equation 

J = (1) 

in which I is the length in inches, D is the least dimension in 
inches, and C is the allowable compressive stress parallel to the 
grain of a short block of the material. In the problems which 
follow take C from the handbook for locations which are con- 
tinuously dry. 


Problems 

1. Find the total safe load on a 6-in. by 6-in. select oak post, 12 ft. long. 

Ans. P = 36 X 700 = 25,200 lb. 

2. Solve Problem 1 if the post is made of common-grade, dense southern 

yellow pine. Ans. P = 25,830 lb. 

i ^ 
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3. Find the dimensions of a square post, 15 ft. high, to carry a load of 60,000 
Ih. The material is common grade of dense coast-region Douglas fir. 

Ans. 8.85 inches square. 

4. A rectangular post of select redwood is 12 in. wide and 12 ft. long. What 
must he its other dimension to carry 100,000 lb.? 

Ans. Not less than 10.13 in. 

5. Solve Problem 4 for a load of 120,000 lb. 


Relatively long timber struts, such as were used in the early 
biplanes, may be designed by Euler’s formula. Experiments 
have shown that the ultimate strength of western-spruce* struts, 
tested with round ends, is given closely by the equation 


P _ 16,000,000 

oy ' 


for slenderness ratios greater than 100, 


( 2 ) 


Problems 


6 . Find the total safe load with a safety factor of 4 for a post of longleaf yellow 

pine which is 6 in. square and 20 ft. long, calculated as a strut with round 
ends, if E = 1,200,000. Use Formula XXXI. Ans. P — 5,552 lb. 

7. Find the total safe load with a safety factor of 3 for a cylindrical post 
which is 4 in. in diameter and 12 ft. high, if .S = 1,000,000 lb. per sq. in. 

8. Solve Problem 7 if the post is hollow with inside diameter 2 in. 

(The remainder of Art. 179 may he omitted.) 


The formula of the Forest Products Laboratory, U. S. Depart- 
ment of Agriculture, for timber columns of rectangular section, 
which has been adopted by the American Society for Testing 
Materials,! is 






(3) 


in which S is the safe unit stress in compression parallel to the grain for short 
columns, Z is the unsupported length in inches, d is the least transverse dimen- 
sion in inches, and K is the value of J at the point at which the curve of 


Equation (3) becomes tangent to EulePs curve with a safety factor of 3, 
If j = jf and J = ». 


S - 




dx 


^Sx^ 


(4) 

(5) 


Tech. Paper No. 152, Bureau of Standards, p, 20. 
t A.S.T.M. Standards, 1930, Part II, Non Metallic Materials, p. 798. 
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y - 


irm 


TT^E 




KO’ 


36 2^2 ' 


S - 


dx 

3K^ SQx^^ 
ASx' 


Sx^ 


^ __ tt^E 
18 

36 S' = TT^ E. 


ZK^ 

From Equations (8) and (9), 



12 Sx^ 

ir^E 

18 


~ ~T' 

36 0^2 = 

Ztt^E, 
2 ^ 


tt^E 


rw 

'24:3’ ^ 

' “ 2 ^ 

^6S^ 

TT^E 

2 

S 

~ 36 x^’ 

y 


( 6 ) 

(7) 

( 8 ) 
(9) 


in which x' and y' are the coordinates of the point of tangency. When 
2 S 

yf = __ is substituted in Equation (4), X = x'. 

Problems 

(Refer to tables in A,I.S.C, Handbook or Carnegie Pocket Coinpanion.) 

9. Find the constant K for select redwood, continuously dry, if 
E = 1,200,000. Ans, K = 22.2. 

10. A-S.T.M- tables give K ~ 27.3 for common-grade southern yellow pine, 

continuously dry. Find E. Ans. E == 1,600,000. 

11 . If X = 24.8 for select oak, continuously dry, what is J?? 

Ans. E = 1,500,000. 

12. If X = 22,6 for dense yellow pine, what is Ans. E == 1,600,000. 

13 . If X = 25.3 for common-grade dense Douglas fir, what is 

Ans. E = 1,600,000. 

14 . Find the total safe load on a 6-in. by 6-in. post 10 ft. long, made of select 
redwood for a location which is continuously dry. 

Ans. 2 = 1,000(^1 - 3 ^^22. 2^ lb./in.^•P = 28,0801b. 

16 . Solve Problem 14 for a length of 15 ft. 

. p _ 36 X 9.87 X 1,20 0,000 _ iRn iv, 
Am. P 36 X 30 X 30 13>160 lb. 

16 . Find the total safe load on a 10-in. by 12-in. post of select redwood 
18 ft. 6 in. dong by Eq. (3), by Eq. (6). 

17. Solve Problems 14 and 16 by Chicago budding laws. 

Ans. 27,000 lb.; 86,700 lb. 

For solid cylindrical columns of radius d the radius of gyration is while 

d dVs 


the radius of gyration of a rectangular section is 


Vl2 


6 


= 0.2887 d. 
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The ratio of the radius of gyration of a circle of diameter d to the radius of 

gyration of a rectangle of side d is 0.2887 -f- j = 1.155. The value of j 

for a cylindrical column must be multiplied by 1.155 to give a slenderness 
ratio corresponding to that of a rectangular post. 

Problems 

18. Find the total safe load on a cylindrical post of select dry oak 10 in. in 
diameter and 15 ft. long. 

Ans. P = 78.64 X 1,000 ^1 - ^^3 x 

19. If the post of Problem 18 is hollow with inside diameter 6 in., what is 

the factor by which must be multiplied to get the ^ I"® used in 
Eq. (3)? Ans. 0.2887 -i- HV^is = 0.99. 

180. Cast-iron and Duralumin Columns. — Cast-iron columns 
are seldom used in structures, although there may be locations 
where the ability of cast iron to resist corrosion may make it 
desirable. Modern methods of centrifugal casting produce pipe 
of uniform thickness and quality which may be used with 
confidence. One established equation for cast iron is 

^ = 9,000 - 40 I (1) 

A ^ r 

with a maximum, slenderness ratio of 70. This is conservative 
and is recommended as a working formula. 

An extensive series of experiments on duralumin, made by 
S. W. Thompson at McCook Field* gave an average modulus of 
elasticity of 10,987,000, an average proportional elastic limit in 
compression of 29,790, and an average yield point in compression 
of 31,730 pounds per square inch. The average crushing strength 
of 3-inch specimens was 55,580 pounds per square inch. The 
columns were tested on knife-edge supports, which were carefully 
centered to give the round-end condition with very small eccen- 
tricity. A straight line drawn through the experimental points 
to the axis of zero slenderness ratio gives approximately 48,000 
pounds per square inch as the ultimate compressive stress of short 
columns. From these data the straight-line equation for the 
ultimate strength of round-end columns becomes 

* Column, Crushing, and Torsional Strength of Duralumin Tubing, Air 
Service Information Circ.^ vol. 5, No. 470, July 1, 1924. 
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P 

A 


= 48,000 


389 

r 


( 2 ) 


which is tangent to Euler’s curve at - = 82.3. Mr. Thompson 
plotted the straight line 


P 

A 


^ 48,000 - 400 


Z 


( 3 ) 


with Euler’s extension and found this curve to fit the experiments 
very closely. 

The structural handbook of the Aluminum Company of 
America gives for round-end columns made of alloys 17ST and 
25ST the working formula 


and 


^ = 16,000 - 123 i 
A r 

P 33,000,000 



( 4 ) 

( 5 ) 


as Euler’s extension. 

If Equation (2) is divided by a safety factor of 3.2, the result 
is almost identical with Equation (4). Equation (5) is Euler’s 
equation with a safety factor of 3.2 for material with a modulus 

of elasticity of 10,700,000. Equation (4) is valid to ^ = 82. 

The Aluminum Company handbook gives 


5 = 15,000 - 61.5 - 
A ’ r 


( 6 ) 


for fixed-end columns with slenderness ratios below 165, and 

P _ 132,000,000 . , 

for more slender columns. Equations (6) and (7) assume that 
the ends of the columns are absolutely fixed, and that the free 
length is one-half the total length. The American Society of 
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3 I 

Civil Engineers’ Column Committee takes as the free length 
of a “fixed-end” column. 

Problems 

1 . A tube tested at McCook Field had an outside diameter of 2.250 in. and 
a thickness of 0.093 in. Its length was 124.11 in. bind the slenderness 
ratio. Calculate the ultimate unit load by Euler’s formula, using E = 
10,987,000. Compare with the results of the experiment which gave an 
ultimate total load of 2,470 lb. Compare Problem 5 (Art. 178). 

Ans. - = 162.59; ^ = ? 

r A 

2. A piece of the rod of Problem 1 was 32.01 in, long. The ultimate total 
load was 22,480 lb. Find the ultimate unit load from the test and from 
Eq. (2). 

P P 

Ans. = 35,670 from test; ^ = 31,690 from equation. 

181. Selection of a Column for a Given Load. — The problem 
of designing or selecting a column of a given length” to carry a 
given load varies with the form of the section. If the sections 
which are considered are all similar figures, the radius of gyration 
varies as the first power and the area varies as the second power 

of any dimension. For a circle of radius a, for instance, r = ~ 

and A = tt For a square of side h, r = and A = 6^. 

A problem of this class may be solved algebraically for the 
unknown dimension. Euler's equation gives the fourth power 
of this unknown quantity (since the moment of inertia varies 
as the fourth power) . The required result is obtained by extract- 
ingthe square root of a square root. A straight-line formula gives 
a quadratic equation. Rankine's formula gives a quadratic 
equation in terms of the square of the unknown dimension. 
Any one of these equations may be easily solved. 

Example I 

A square steel bar, as a column 15 ft. long, carries a load of 15,000 lb. 
Find its dimensions as a round-end column with a factor of safety of 3, using 
E = 29,400,000. 

If the factor of safety is applied to the total load, the calculation is made 
for a total load of 45,000 lb. It is evident that the required area will not be 
greater than 10 sq. in., which makes the radius of gyration small enough to 
use Euler’s formula. 
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45,000 7r2 X 29,400,000 . 

180 X 180 X 12^ 


¥ = 


52 = 


45,000 X 180 X 180 X 12 
7r2 X 29,400,000 


54 VlO 

7 X 


7.765 in.2 


182 X 90 
x2 X 49 


b 


2.787; 


P ^ 15,000 
A 7.765 


1.932 lb. per sq. in. 


Example II 

Solve Example I for a solid circular rod of radius r. 

Ans. = 6.3976 in.^; = 2.5293 in.^; r = 1.5904 in.; 

lb. /in. 2; slenderness ratio = 226.3. 


= 1,889 


Example III 

By Chicago building laws, find the diameter of a steel cylinder, 5 ft. long, 
to carry 60,000 lb. 


16,000 


_ 70 X 60 X 4 ^ 60,000 X 4 


T ^2 

P 


d = 2.772 in,; slenderness ratio = 86.6; ^ = 9,940 Ib./in.^ 


Problems 

1. Solve Example III for a load of 80,000 lb. Check. 

2. Solve Example III for a hollow cylinder with outside diameter twice the 
inside diameter. 

3. Solve Example III by Formula XXXIII of Art. 173. Check. 

Ans. = 6.0528; d = 2.4602; j = 12,620 lb. /in.* 

4. Solve Example III by the A.I.S.C. equation. Check. 

240,000 _ 18,000 . 240 _ 18 

16 X 3600' X 3.2' 

^ 18,000 ^ d^ 

3 X - 40 ^ 128 = 0. 

Aw. d* = 6.374 in.*; d = 2.526 in. ~ = 11,980 Ib./in.* 

5. Solve Example III by the A.R.E.A. formula. ' Ans, d == 2.692 in. 

6. Check Problem 5 by substitution in the formula which was used. 

Since the sections of rolled shapes of different sizes are not 
similar figures, the selection of a column must be made by trial 
and error. The handbooks give the strength of columns of 
various shapes and of fabricated sections, which have been 
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calculated by the American Institute of Steel Construction 
formula. When another formula is specified, the approximate 
size may be selected from the table, and the calculation completed 
by trial. 


Example IV 

Select a wide-fiange section for a column 20 ft. long to carry 240,000 lb . 
by Chicago building laws. 

A 12 X 12 65-lb. WF (or CB) section carries 255 kips. Its least 
radius of gyration is 3.02 in., which substituted in the straight-line equation 
gives 

~ = 10,438 lb. per sq. in.; 19.11 X 10.438 = 200,000, approximately. 
The 12 X 12 79-lb. section carries a load about 20 per cent greater. 

P roblems 

7. Solve Example IV by the A.R.E.A. formula [Eq. (11) of Art. 177]. 

Ans. 12 X 12 79-lb. section. 

8. Solve Example IV by the A.S.C.E. formula for fixed ends. 

Ans. A 12 X 12 65-lb. section carries 255 kips. 

9. Select a wide-flange section 30 ft. long, to carry 400,000 lb. by A.R.E.A. 

formula. Ans. A 12 X 12 161-lb. section carries 444 kips. 

10. Solve Problem 3 for a length of 25 ft. 

11. Solve Problem 3 by Chicago building laws. 

12. Select a standard steel pipe, 20 ft, long, to carry 100,000 lb. by Chicago 
building laws and by A.R.E.A. formula. 

Ans. 10 in.; 0.279 in. thick. 

182. I-Beam Failure by Buckling the Compression Flange. — 

The compression flange of a beam may fail as a column by lateral 
deflection. In the calculation of this failure, the bending stress 

p 

in the outer fibers Sc is taken as the unit load of the column 

equations. Unless the moment is constant, the unit stress in a 
simply-supported beam increases from the end to the middle, and 
the compression flange of one-half the beam is equivalent to a 
column which is fixed at one end, free at the other, and carries a 
distributed load. If the load on the beam is concentrated at the 
middle, this compressive force, which is transmitted from the 
tensile portion of the section by horizontal shear in the web, 
increases uniformly from the end to the middle. For a uniformly 
distributed load on the beam, the compressive force in the flange 
changes more slowly at the middle. For every loading, except 
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that which causes a constant bending moment, the compressive 
stress in the flange, which takes the place of the unit load in 
column formula, is not constant at its maximum value. For 
this reason, a column formula to take care of the deflection of the 
compression flange may be less conservative than would be 
required for uniform direct compression. 

The American Railway Engineering Association Specifications 
of May, 1931, state that the stress per square inch in the com- 
pression flange of an I-beam shall not exceed 

5c = 16,000 - 150 (1) 

in which I is the length of the unsupported flange, between 
lateral connections or knee braces, and h is the flange width. 
Since the flange is regarded as a rectangular area, its radius of 

gyration is — and 150 ~ is equivalent to 43.3 The fact 

that the compressive force on the flange does not have its maxi- 
mum value over the entire length accounts fully for the difference 
between Equation (1) and the straight-line formulas of the 
preceding article. 

The American Institute of Steel Construction recommends 


5 . 


20,000 

I- 

1 J^ 

^ 2,000 V- 


( 2 ) 


with a maximum of 18,000 pounds per square inch for unsup- 
ported flanges. The denominator 2,000 is equivalent to 
24,000 r^. 


Problems 

{Neglect the weight of the beam) 

1 . Calculate the maximum distance between lateral supports for a 15-in. 

60.8-lb. standard I-beam if the maximum fiber stress is 15,000 lb. per 
sq. in. Solve by Eq. (1) and by Eq. (2). Am. 40 in.; 12.9 ft. 

2 . Solve Problem 1 for a maximum stress of 13,500 lb. per sq. in. 

3 . Find the total safe load, uniformly distributed, on an 18-in. 54.7-lb. 
standard I-beam which is 15 ft. long and is supported at the ends with no 
lateral supports. Solve by both equations above. 

Ans. W - 45,180, A.R.E.A.; W = 54,190, A.I.S.C. 
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4. Find a standard I-beam for a span of 25 ft. to carry a load of 10,000 lb. 
10 ft. from each end with a maximum stress of 14,000 lb. per sq. in. 
How many stiffeners will be needed? Solve by A.B.E.A. formula. 

Ans. 18 in. 54.7 lb. or 15 in. 70 lb.; three stiffeners. 

5. Solve Problem 4 by A.I.S.C. equation. Am, Two stiffeners required. 

6. A 10-in. 404b. standard I-beam is used as a cantilever 12 ft. long to carry 
a distributed load. What is the maximum load if the lower flange has 
no lateral supports? 

183. Columa Failure by Flange Buckling at Edge. — A column as 
a whole may be sufficiently rigid to carry the required load but 
may begin to fail by lateral buckling of the edge of a thin flange. 



Fig. 250. — Flange buckling. 


Figure 250, I, shows a fabricated T-section which was used by 
the American Society of Civil Engineers Committee to study this 
kind of failure.* 

A ^^-inch plate is riveted to two 4-in,ch by 4-inch angles. For 
most of the experiments these angles were % inch. Since these 
bent, the free width w of the plate (which will hereafter be called 
the flange) is taken from the center of the rivet holes. When 
^-inch angles were used, they were found to be so rigid that the 
free width of the flange was measured from the toe to the angle. 
The free outstanding widths varied from 4.29 inches to 
11.17 inches. The length of all test pieces was 75 inches. 

If a small strip of width c is regarded as cut off from the edge 
of the flange, this strip would form a column with a slenderness 
ratio of 693, which would carry a very small load. The deflection 
of the strip is restrained by the remainder of the plate, which 
acts as a horizontal cantilever fixed at the angles. If the flange 
is too wide, the load carried by this strip at the edge fails to offset 
the damage done by its bending moment, and the ultimate load 

* Trans. A.S.C.E.; vol. 98, Part III, 1933, p. 1435, 
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on the section is not increased by the increased area. If — is the 

b 

ratio of the outstanding width to the thickness of the flange, 
these tests showed that no increase in total load was secured 
when this ratio was increased from 15 to 20. From these tests, 
it is evident that a free flange width greater than fifteen times the 
thickness represents a waste of material 
■ Figure 250, II, shows how a flange may buckle under load as a 
column. The free edges of the flanges of a wide-flange beam 
or H-beam may buckle in a similar way. The columns of Table 
XXV were made of one 10-inch plate and four 4-inch by 3-inch 
by H -inch angles. The ratio of the free flange length to the 
thickness was “All pin-end columns of slenderness ratio 

25 and 50 failed by triple flexure with huckling of the flanges.” 
The square-end columns did not fail in the same way because 
the ends of the outer strips of the flanges were kept from lateral 
movement and from rotation by the compression heads of the 
machine, while the only restraint on a strip of a pin-end column 
was the stiffness of the flange. 

Deflection of one flange of a column produces a torque about 
the axis of the column which tends to cause the other flanges to 
deflect in the same direction. The result is that the entire mem- 
ber is twisted. In a testing machine with the ends fixed, the 
maximum angle of twist is near the middle of the length. A 
column fixed at the bottom with a free-load at the top twists with 
the maximum displacement at the top. This sometimes happens 
to an oil-well derrick, regarded as a single-latticed column. 

184. Web Crippling of Beams. — Most specifications designate 
12,000 pounds per square inch as the allowable shearing stress in 
beams. T his stress is computed by the approximate equation 
(Art. 142) 

- u 

in which V is the total vertical shear, t is the thickness of the 
web, and d is the total depth. The product i X d is sometimes 
designated by A, meaning the area of the web regarded as extend- 
ing the entire depth of the beam. 

Relatively short beams reach their allowable shearing stress 
before reaching their allowable bending stress. 
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Example I 

What is the minimum length of a 15-in. by 6-in. 65-lb. standard I-beam for 
which bending governs? The beam is uniformly loaded, simply-supported, 
and the allowable bending stress is 18,000 lb. per sq. in. 

Max. M == 84.3 X 18,000 = 1,517,400 in.-lb. 

Max. W = 0.672 X 15 X 12,000 X 2 = 241,920 lb. 

TV 1 

^ M] I ^ 50.2 in. 
o 

Bending governs for lengths greater than 50.2 in.; shear governs for smaller 
lengths. 


Problems 

1. Find the total safe load on a 12-in. by 5-in. 35-lb. standard I-beam which 

is 5 ft- long, simply-supported, and carries a concentrated load at the 
middle. Ans. P = 45,360 lb. 

2. Solve Problem 1 if the load is 2 ft. from one end. 


Figure 251 applies to another form of web crippling.* It was 
shown in Art. 22 that vertical shear causes compressive and 
tensile stresses, which are a maximum at 45 degrees with the 
vertical, where each is equal to the applied shearing stress. The 
web of an I-beam subjected to vertical shear may be regarded as 
made up of a series of parallel columns with fixed ends, such as 
F G of Fig- 251. Each column may be assumed to be 1 inch wide. 
Its thickness is t the thickness of the web. If c is the vertical 


distance between the flanges, the length of this column is c. 


Since the radius of gyration of a rectangular section is 


t 

V12' 


Slenderness ratio = 


\/2 c 

VT2 


2c V6 
t 


( 2 ) 


It is customary to regard the web as perfectly fixed at the ends 
with a load of very little eccentricity. Under these conditions, 
the free length is one-half of I and the equivalent slenderness ratio 

* BuM. No. 86, University of Illinois Engineering Experiment Station on 
Strength of Webs in I-beams and Girders, by Profs. H. F. Moore and W. M. 
WinsoN, is an extensive theoretical and experimental study. Equation (3) 
is in the form given in this bulletin. 

Web Buckling in Steel Beams, by Prof. L M. Lyse and H. J. Godfrey, 
Proc, A,S.C,E,, February, 1934. 
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Euler formula for fixed ends then becomes 



(3) 


which gives the ultimate strength of the web in resistance to 
diagonal buckling. 

Many formulas for diagonal buckling have been given in hand- 
books and specifications, which differ greatly as to the allowance 
which should be made for this possibility of failure.* The 



Fig. 251. — I-beam web as a diagonal column. 


American Institute of Steel Construction formula, now largely 
specified, is 


Sg — ' Sc 


18,000 

1 j r — 

^ 7,200 


(4) 


This is an equation of the Rankine form, although the constant 
is very different from any which Rankine used, since the term 

7^^ is equivalent to JoQ 

From the American Institute of Steel Construction handbook 
of 1927, this formula is found to have been based on the following: 
(1) a unit compressive stress of 18,000 pounds per square inch 
which had been specified as the allowable bending stress in steel 
beams; (2) a specified shearing stress of 12,000 pounds per square 

* See paper by R. Fleming in Engineering News, April 6, 1916, and 
paper by Henry Kercher in Engirieering News, May 4, 1916. 
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inch; (3) the experimental fact that failure does not occur by 

diagonal buckling unless - is greater than 60. A lormula of the 

Rankine type was desired which satisfies Sc = 18,000 when 

9 ^ So = 12,000 when - = 60. The safety factor of the 

t t 

first condition is about 2. Substitution in Equation (3) gives 


1.64 X 29,400,000 lu 

33™-^ - 13.390 lb. per sq. m. 


0 

as the ultimate strength when - = 60. The safety factor of the 

h 

second condition is about 1.1. When = 100, Equation (4) 

gives 7,630 pounds per square inch as the allowable shearing stress 
and Equation (3) gives 4,800 pounds per square inch as the 
ultimate shearing strength. 

For -z = 160, the handbooks give 3,950 pounds per square inch 

as the allowable stress, while Equation (3) gives 1,880 as the 
ultimate stress. 

The value given to c in these equations varies with the hand- 
books. The American Institute of Steel Construction takes the 
maximum plane portion of the web between fillets (the distance 
h of Fig. 251) and the distance between the toes of the angles for 
plate girders (page 146, handbook). For I-beams, many take 
the distance e of Fig. 251 and page 134 of the “Pocket Com- 
panion.” For wide-flange beam which have rectangular flanges, 
e is the same as c. 

A working formula may be obtained from Equation (3) by 
dividing by a suitable safety factor. If 1.64 is taken as this 
factor, 

( 5 ) 



When S5 = 12,000 pounds per square inch and E = 29,400,000 
for steel, Equation (5) gives - = v 2,450 =j>50, nearly. Equa- 
tion (5) may be used for the working shearing stress for values 
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of - greater than 50. For smaller ratios of c to t, the allowable 

o 

shearing stress is 12,000 pounds per square inch. 

Problems 

3. Find the allowable shearing stress on a 33 X 11? 2 1254b. wide- flange 
section by Eq. (5). 

Am. c = 33 - 1.61 = 31.39 in.; - = 55.07; 

I 

s. = 29,400,000 4- 3,032.7 - 9,695 Ib./in.^ 

4. Find the total load, uniformly distributed, on the beam of Problem 3. 
Find the maximum length which can carry this load. 

Ans, V - 182,360 lb.; W -= 364,720 lb.; I - 152.1 in. 
6. Solve Problem 3 for a 30 X 10 M 108-lb. wide-flange section. 

6. Find the total safe load for the beam of Problem 3. Compare with the 
handbook tables. 

7. Solve Problems 3 and 4 for a 36 X 12 160-lb. wide-flange section. 

The web of an I-beam or plate girder may fail as a column 
over a support or under a concentrated load. In Fig. 252, the 



Fig. 252. — I-beam web as a vertical column. 


end support is 6 wide. The material above this support acts as 
a vertical column of width b. However, the web at the right, 
which is not directly over the support, transmits a part of the 
load by diagonal compression and also serves to stiffen the 
material directly over the load. Experiments have shown 

that the effective width for the end reaction is 6 + For a 
concentrated load where the web is stiffened from both sides, the 
effective width is The column formula used by the hand- 

books is Formula SXXIX of Art. 178 modified for absolutely 
fixed end. This is 
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P 

A 


18,000 


1 + 




6,000 


with a maximum of 15,000 pounds per square inch. 


( 6 ) 


Example II 

Find the unit load for web buckling at support or concentrated load for a 
16 X 7 404b. wide-fiange beam. Find the maximum reaction at the 
end if the width of the support is 3.5 in. Compare with the handbooks. 


P 

A 

R 


18,000 18,000 

256 1.4527 

^ 6,000 X 0.09429 

- 12,390 X 0.307 X 7.5 - 28,530 lb. 


12,390; 


Problems 

8. Solve Example II for a 20-in. 65.4-lb. standard I-beam. 

P 

Ans. = 18,000 4- gg =- 14,210; R == ? 

9. Solve Example II for a 20-in. 75-lb. standard I-beam. 

10. The beam of Example II is 8 ft. long, center to center of supports. It 
carries a load 40 in. from the left support, which produces a maximum 
bending stress of 16,000 lb. per sq. in. Neglecting the weight of the 
beam, find the width of the load and the width of each end bearing. 

Am. b' = 11.61 ~ 8 = 3.61 in. 
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COMBINED STRESS 

186. Resultant of Shearing and Tensile Stress. — Figure 253 
represents a block of breadth dx, height dy, and length I, subjected 
to tensile stresses of intensity St perpendicular to the left and 
right vertical faces, to shearing stresses of intensity s* parallel 
to these faces, and to shearing stresses of equal intensity in the 
top and bottom faces. The shear on the left face is upward and 


E F 



on the top face toward the left. It is desired to find the unit 
shearing stress parallel to the diagonal B G or C F and the unit 
tensile stress normal to the plane B C F 0. The block may be 
considered as divided by the plane B C F G into two equal 
triangular prisms. The prism which hes to the left of this plane 
will be taken as the free body in equilibrium. The forces which 
act on this free body are five in number : 

Total tension Stl dy, toward the left, applied at center of 
BC ED. 

Total shear Ssl dy, upward, applied at center ol B C E D. 

Total shear sj, dx, toward the left, applied at center ol D E F Q. 

Total shear on B C F G, parallel to B G, applied at center of 
BCFG. 

Total tension normal to B C F G a,t its center. 

The unknown unit shearing stress in the plane BCFG will be 
represented by s' and the unknown unit tensile stress by s',. 
The total shear on this plane is then s'J. ds, where ds is the length 

433 
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of the diagonal B 0. The total tension on the diagonal plane is 
s'J, ds. The five forces which act on the wedge B C E D F 0 are 
represented in a single plane in Fig. 253, II. 

The magnitude of the unknown shearing stress s' may be 
found by resolving parallel to the line B G. If 0 is the angle 
between B CFG and the horizontal, the resolution parallel to 
B O, after dividing by I, is 

stdy cos d + Sedx cos 0 — s^dy sin d = s'ds. (1) 

do(y d%i 

When Equation (1) is divided by ds, and ^ and are expressed 


in terms of the cosine and sine of d, the result is 

s' = St sin d cos 0 + Ss (cos® 0 — sin® d ) ; (2) 

s( = ^ sin 20 + Ss cos 20. (3) 

The resolution normal to ds gives 

Stdy sin 0 + Ssdx sin 0 + s^dy cos 0 = s'^ds; (4) 

sj = St sin®0 + 2ss sin 0 cos 0; (5) 

= $ (1 — cos 20) + Ss sin 20. (6) 


These equations apply when the external shearing stresses on 
the block have the directions of Fig. 253. If the shear is reversed, 
some of the signs are changed. 

Equation (5) may be derived by moments about the upper 
right corner of Fig. 253, II. 

s', Z ds y = stl dy + sj, dy dx ; (7) 

s[ = St sin^^ + 2ss sin 6 cos B. (5) 

Problems 

1. A block is subjected to a horizontal tensile stress of 320 lb. per sq. in. 
and a horizontal and vertical shearing stress of 200 lb. per sq. in. in the 
directions shown in Fig. 253. Find the resultant unit shearing stress 
along the lower side of a plane which makes an angle of 30° with the 
horizontal toward the right. Solve by Eq. (2) and also by Eq. (3). 

2. Solve Problem 1 for the unit compressive stress across the plane at 30° 
with the horizontal. Use Eq. (5) and also Eq. (6). 

3. Solve Problem 1 for an angle of 25° by the equation which requires the 

least labor. Aub, = 261.12 lb. /in.® 
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4. Solve Problem 2 for an angle of 25°. 

Ans. St = 57.15 + 153.20 = 210.35 Ib./in.^ 

6. Given a tensile stress of 780 lb. per sq. in. and a shearing stress of 650 lb. 
per sq. in., find the resultant shearing and tensile stresses along and 
across a plane which makes tan~^ 51 2 with the horizontal. Solve with- 
out tables. 

Ans. s' = = 734.6 Ib./in.^; s', = 576.9 Ib./in.^ 

lo 

6. Given a horizontal tensile stress of 600 lb. per sq. in. and a horizontal 
and vertical shearing stress of 400 lb. per sq. in. Find the resultant 
shearing stress along planes which make angles of 25°, 35°, and 50° with 
the horizontal. 

7. Solve Problem 6 for the compressive stress. 

8. Solve Problem 6 for an angle of 35° if the shearing stresses are opposite 

those of Fig- 253. Make a figure and solve from first principles, using 
numerical values instead of letters. Ans. s' = 145.11 Ib./in.^ 

9. Solve Problem 8 for the unit tensile stress across the 35° plane. 

Ans. s't == 178.48 Ib./in.^ compression. 

10. Derive the expression for s't by moments about the lower left corner of 
Fig. 253, II. 

186. Maximum Resultant Shearing Stress. — The direction 
which the plane B C F O of Fig. 253 must have, in order that the 
unit shearing stress in it shall be a maximum, is found by differ- 
entiating the expression for 5 ' of Equation (3) of Art. 185 with 
respect to d: 



== St cos 20 -- 2 Ss sin 20—0 


for maximum, or minimum. 

2 

Sb 


tan 29 = — 

2 Ss 


( 1 ) 


( 2 ) 


The value of the maximum resultant unit shearing stress 
ma y be calculated by substituting in Equation (3) of the pre- 

2 

ceding article the values of cos 29 and sin 29 when tan 26 = — • 

Os 

To find cos 29 and sin 29 a right triangle may be formed with 
Ss as the base and ^ as the altitude (Fig. 254). The angle 
adjacent to the side s. is 29, the hypotenuse is 
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COS 26 = 



Si 

2 



( 3 ) 


When these values of cos 26 and sin 26 are substituted in the 
expression for s' and a common factor is divided out, the result is 


Max. s' = ± -/sf + 


( 1 ^)’ 


Formula XL 


A comparison of the equations with Fig. 254 shows that the 
maximum resultant shearing stress is the hypotenuse of a right 



Fig. 254. — Maximum resultant shearing stress. 


triangle of which the applied unit shearing stress is the base and 
one-half the applied unit tensile stress is the altitude. The angle 
between the maximum resultant shearing stress and the direction 
of the applied tension is one-half the angle which the hypotenuse 
of this triangle makes with the applied tension. The broken line 
through C in Fig. 254 gives the direction of one maximum shearing 
stress. 

For any given tangent there are two angles which differ by 
180 degrees; consequently there are two values of 26 which are 
180 degrees apart and two corresponding values of 6 which are 
90 degrees apart. These correspond to the two values of maxi- 
mum shear at right angles to each other. The second ma-girYinTn 
(or minimum) is along the broken line through D in Fig. 254. 
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Example 

A part of a solid is subjected to a horizontal tensile stress of 400 lb. per 
sq. in. and a horizontal and vertical shearing stress of 100 lb. per sq. in. 
Find the direction and magnitude of the maximum resultant unit shearing 
stress. 

tan 26 = 26 = 63“ 26' or 243“ 26'; 

6 = 31“ 43' or 121“ 43'. 

Max. = IOO-a/S = ±223.6. 

Figure 255, I, shows the applied tension and shear of this example. 
Figure 255, II, shows the maximum resultant shearing stresses which act on 
a portion of the body from the material outside this portion. The magni- 
tude of each of these four shearing stresses is 223.6 lb. per sq. in. 

Figure 255, II, shows the shearing stresses on one side of each plane. In 
Fig. 255, III, the shearing stresses are shown on both sides of the two planes 



which intersect at 0. In Fig, 253, si is the shearing stress which the material 
to the right of the plane C B F G exerts on the material to the left of this 
plane, and the equations of Art. 186 are based on this arrangement. In 
Fig. 255, III, si is the shearing stress which the material to the right of the 
plane 0 C exerts on the material to the left of the plane. If the positive 
direction is from O toward C, s{ is the maximum unit shearing stress. At the 
plane O D, at right angles to 0 C, si is the stress which the material to 
the right of 0 D exerts on the material to the left. Since si is opposite the 
positive direction of 0 D, it is regarded as negative. This stress, aj, is the 
minimum shearing stress of —223.6 lb. per sq. in. 

Problems 

1 . A solid is subjected to a horizontal tensile stress of 1,000 lb. per sq. in. 
and a horizontal and vertical shearing stress of 1,200 lb. per sq. in., 
which is upward on the left side of any vertical section as in Fig. 253. 
Find the magnitude and direction of the maximum unit shearing stress. 

Ans. Max. s, = 1,300 Ib./in.^ at ir 19'. 

2 . In Problem 1, find the unit shearing stress at 10° with the horizontal 
and at 15° with the horizontal. Ans, Sg == 1,298.6 and 1.289.2 Ib./in.^ 
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3. Solve Problem 2 for an angle of 100°. Ans. Sg = —1,298.6 Ib./in.^ 

4. Make a sketch similar to Fig. 255, II, for the maximum stress of Problem 
1, and a sketch similar to Fig. 255, III, for the shearing stresses at lo° 
and 100° of Problems 2 and 3. 

5. Find the maximum resultant shearing stress which is caused by a hori- 
zontal tensile stress of 600 lb. per sq. in. and vertical and horizontal 
shearing stress of 300 lb. per sq. in. Find the angle without writing. 

6. A horizontal and vertical shearing stress of 600 lb. per sq. in. and an 
unknown horizontal tensile stress cause a maximum shearing stress of 
680 lb. per sq. in. Find the unknown tensile stress. 

7. A horizontal tensile stress of 800 lb. per sq. in. and an unknown horizontal 
and vertical shearing stress cause a maximum resultant at 40° with the 
horizontal. Solve for the unknown stresses. 

8. Find the maximum resultant shearing stress which is caused by a hori- 
zontal tensile stress of 800 lb. per sq. in. and a horizontal and vertical 
shearing stress of 500 lb. per sq. in. 

9. In Problem 8, find the angle at which the resultant shearing stress is zero. 

Ans. 64° 20'. 

187. Maximum Resultant Tensile Stress. — From Equation (6) 
of Art. 185, 

s't == ^ (1 — cos 26) + sin 26, (1) 

^ (sQ = St sin 2^ + 2 Ss cos 2d. (2) 

For the maximum and minimum s[, 

tan 20 = (3) 

St ft 

2 

Comparison with Equation (2) of the preceding article shows 
that the double angle for maximum and minimum tensile stress is 
normal to corresponding direction for maximum shear, and, 
consequently, the directions of maximum and minimum tensions 
are at 45 degrees with the directions of maximum and minimum 
shear. 

The double angle in the second quadrant (Fig. 256) gives 


St 



When these values of the sine and cosine of 20 are substituted in 
Equation (1), the result is 
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Max. ^ + '\jsl ~ ^ max. s'. Formula XLI 

For the double angle in the fourth quadrant, the sine of 29 is 
negative and the cosine is positive. When these are substituted 


in Equation (1), the result is 
Min. s', = f 

Since the maximum unit shear- 
ing stress is always equal to or 
greater than one-half the unit 
tensile stress, the second term of 
Equation (4) is never less than 
the first term and the minimum 
stress is compressive. 

Example 

Find the magnitude and direction 
of the maximum unit tensile stress 
caused by the stresses of the example 
of the preceding article. 

tan 2d = = -0.5; 26 - 


(f) "" 2 ~ 



Fig. 256. — Double angle for maximum 
resultant tensile stress. 


180° - 26° 34' = 163° 26'; 


^ == 76° 43' gives the angle of the plane across which the unit tensile stress 
is a maximum. Solving for this maximum tensile stress by Eq. (6) of Art. 
185, s', == 200 X 1.8944 + 100 X 0.4472 =423.60. By Formula XLI max. 
Si = 200 + 223.6 = 423.6. This maximum stress makes an angle of 
76° 43' — 90° = —13° 17' with the horizontal. The second angle which has 
a tangent of —0.5 is 333° 26' or —26° 34'. 


cos 26 = 0.8944, sin 20 = -0.4472 
0.1056 X 200 = 21.120 

- 0.4472 X 100 == -44.72 
min. St = —23.60 

From Formula XLI, min. = 200 — 223.6 = —23.6 lb. per sq. in. 


Problems 

1. Find the magnitude and direction of the maximum and minimum tensile 
stress for Problem 1 of the preceding article. 

Ans. Max. sj = 1,800 Ib./in.^ across a plane at 56° 19' with the horizontal; 
min. St = 800 Ib./in.^ compression in a plane at 56° 19' with the 
horizontal. 
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2. Check Problem 1 by substitution in Eq. (6) of Art. 185. 

3. Solve Problem 8 of the preceding article for the maximum resultant 
tensile stress. 

4. The maximum resultant tensile stress which is caused by horizontal and 
vertical shearing stress and a tensile stress of 480 lb. per sq. in. is 700 lb. 
per sq. in. What is the direction of the maximum resultant shearing 
stress? 

5. Find the maximum resultant shearing and tensile stresses which are 
caused by a horizontal tension of 300 lb. per sq. in. and a horizontal and 
vertical shear of 160 lb. per sq. in. 

Ans. tan 26 = 0.9375; 6, - 21° 35' or 111° 35; max. -= 219.32 Ib./in.^; 
max. s't = 369.32 Ib./in.^; min. St = —69.32 Ib./in.® 

Figure 257, which applies to Problem 5, indicates a method 
for finding whether the maximum tensile stress is 45° above 



I 

Fig. 257. — Direction of resultant tension. 


or 45° below the direction of the maximum shearing stress. The 
tension which is caused by shear alone is 45° below the horizontal 
on the right side. The tension which results from this and the 
tensile stress of 300 pounds combined must lie between the two 
and is, therefore, below the horizontal. The maximum shearing 
stress is 21° 35' above the horizontal. The maximum tensile 
stress is 21° 35' — 45° 00' or 23° 25' below the horizontal. The 
minimum tensile stress, which is a compression of 69.32 pounds 
per square inch, lies in the direction of the broken line of Fig. 257. 

188. The Resultant Stress in a Beam. — In a beam, the maxi- 
mum resultant stress is due to a shearing stress which is a maxi- 
mum at the neutral surface, and a tensile or compressive stress 
which is the greatest at the outer fibers. It is not usually neces- 
sary to calculate the maximum resultant tensile stress in a beam, 
since it is seldom greater than the bending stress in the outer 
fibers. 


Problem 

1 . A 6-in. by 10-in. beam is supported at points 30 in, apart and carries a 
load of 20,000 lb. midway between the supports. Find the magnitude 
and direction of the maximum resultant tension, shear, and compression, 
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at sections 5 in. and 10 in. from the left support at points 0 in., 1 in., 2 in., 
3 in., 4 in., and 5 in. from the neutral axis. 

Table XXVIII, below, gives the results of the calculation for this 
problem. It will be noticed that the tension is at 45° with the horizontal 
at the neutral surface and is 250 lb. per sq. in. At 5 in. from the end the 
resultant tensile stress increases to 500 lb. per sq. in. in the outer fibers, 
and at 10 in. from the end it increases to 1,000 lb. per sq. in. 


Table XXVIII. — Resultant Shear and Tension in a Beam 


Distance below 
axis 

Shear, 

pounds 

Ten- 

sion, 

pounds 

Maximum shear 

j 

Maximum tension 

Maximum com- 
pression 

Pounds 

Angle 

Pounds 

Angle 

Pounds 

Angle 


/O 

250 

0 

250.0 

0° 0' 

250.0 

-45® 0' 

250.0 

45® 0' 

At 5 

1 1 

240 

100 

245.2 

5 ° 53' 

295,2 

-39° 07' 

195.2 

50° 53' 

inches 

)2 

210 

200 

232.6 

12^ 44' 

332.6 

-32° 16' 

132.6 

57® 44' 

from. 

)3 

160 

300 

219.3 

21^ 36' 

369.3 

-23® 25' 

69.3 

66® 35' 

end 

(4 

90 

400 

219.0 

32® 53' 

419.0 

-12° 07' 

19.0 1 

77® 53' 


Ns 

0 

500 

250.0 

45® 0' 

600.0 

0® 0' 

0 

90® 0' 


/O 

250 

0 1 

260.0 

0® 0' 

250.0! 

-45® 0' 

250.0 1 

45® 0' 

At 10 

\ 1 

240 

200 

260.2 

11® 49' 

360.2 

-33® 11' 

160.2 ! 

56® 49' 

inches 

]2 

210 

400 

290.0 

21® 48' 

490.0 

-23® 12' 

90.0 ; 

66® 48' 

from 

)3 

160 

600 

341,0 

30® 58' 

641.0 

-14° 2' 

41.0 

75® 68' 

end 


90 

800 

410,0 ; 

o 

o 

00 

CO 

810.0 

- 6® 20' 

10.0 

83® 40' 


\5 

0 

1,000 

500.0 

o 

o 

1,000.0 

o 

q 

0 

1 

90® 0' 


The shearing stress is 250 pounds per square inch at the neutral 
surface at both sections. At the outer fibers the shearing stress 
is entirely due to the tensile stress and is 250 pounds per square 
inch at the section 5 inches from the support and 500 pounds 
per square inch at the section 10 inches from the support. 

The tension at the neutral surface, which is entirely due to 
shear, is 250 pounds per square inch and makes an angle of 45° 
with the length of the beam. The maximum tension in the 
outer fibers is the same as if there were no shear. 

Since the shear is a maximum at the neutral surface, where 
the bending stress is zero, and the tension is a maximum in the 
outer fibers, where the shear is zero, the maximum resultant 
stress at any point in a beam is seldom greater than the stress 
in the outer fibers which is due to bending alone. In a short 
I-beam, the resultant tensile or compressive stress in the web 
may be greater than the stress in the outer fibers. For the 
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24 X 12 100-pound wide-fiange section of the problena of Art. 
142, the unit shearing stress at 10.5 inches from the neutral 
surface was found to be 0.0800 F. If F = 120,000 pounds. 
Si = 9,600 pounds per square inch. If the bending stress in the 
outer fibers is 16,000 pounds per square inch, the tensile stress 



^ 20000 * 







" 5 ^ 



] 

1 


Fig. 258. — Resultant stress in a beam section. 


10.5 inches below the neutral axis is 14,000 pounds per square 
inch. 

max. sj = 7,000 + 11,880 = 18,880 pounds per square inch. 

For short, deep beams it is desirable to investigate for maximum 
resultant tension or compression in the web. 

In a reinforced-concrete beam, the steel in tension is mathe- 
matically equivalent to a very wide flange of concrete. The 
unit shearing stress in the concrete which adjoins the reinforce- 
ment is large. Since the steel is near the outer surface, the 
bending stress in the concrete is also large. The resultant tensile 
stress in the concrete is relatively large, and such beams often 
begin to crack along surfaces at right angles to the direction of 
the maximum resultant tension. 
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Problems 

2. A 6-in. by 8-in. beam of dense southern yellow pine is 5 ft. long between 
supports and carries 6,000 lb. 2 ft. from the left support. Find the maxi- 
mum unit compressive stress. Find the unit compressive stress and the 
unit shearing stress 0.8 in. from the top at a section 20 in. from the left 
support. Find the maximum unit compressive stress at this point. 

3 . What is the average vertical shearing stress in any section to the left 

of the load for the beam of Problem 2? What is the shearing stress at 
the neutral surface? Ans. 75 lb. /in. 2; 112.5 Ib./in.^ 

4. A 36 X 161^ 240-lb. wide-fiange beam rests on supports 10 ft. apart and 

carries 600,000 lb. at the middle. Find the unit shearing stress at the 
neutral surface and at 3 in. from the outer fibers, at a section near the 
support. Ans. 11,775 Ib./in.^ at neutral surface; 9,627 Ib./in.^ 

V 

5 . Calculate ^ for the beam of Problem 4 and compare with the mean of 
the two answers. 

6 . In Problem 4, at a section at which the maximum fiber stress is 14,400 lb. 
per sq. in., find the tensile stress 3 in. above the bottom and calculate the 
maximum resultant tensile and shearing stresses. 

Ans. Max. s't = 17,340 Ib./in.^ 


189. Bending Combined with Torsion. — In a shaft subjected 
to bending moment, the maximum tensile stress is found in the 
fibers at the dangerous section which are most remote from 
the neutral surface. When subjected to torsion, all the outer 
fibers are at the maximum shearing stress. When the shaft is 
subjected to the combined effect of bending moment and torque, 
those fibers at the dangerous section which are farthest from the 
neutral surface are subjected to 
the combined effect of the maximum 
tensile or compressive stress and 
the maximum shearing stress which 
may be much larger than the results 
of Formulas IX and XVI. 

Example 

A 1-in. rod projects from a vise. A 
wrench, at right angles to the rod, grips 
it 8 in. from the vise. The wrench is 
turned by a force of 60 lb,, perpendicular piQ. 259. — Torsion and bending, 
to the plane of the rod and wrench, which 

is applied to the wrench 12 in. from the axis of the rod. Find the 
maximum resultant shearing and tensile stress. 

The bending moment at the vise is the same as if the force of 60 lb. were 
applied directly to the rod at 8 in. from the vise (Fig. 259). 
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M - 60 X 8 - 480 in.4b.; 

„ 480 X 32 3,840 X 4 

— 

TT TT 

r - 60 X 12 - 720 in.-lb. 
c 720 X 16 _ 3,840 X 3 


4,889 lb- per sq. in. 
3,667 lb. per sq. in. 


Max. 8!, = V3,6672 4- 2,4442 = 4,407 lb. per sq. in. 
Max. - 2,444 -f 4,407 = 6,851 lb. per sq. in. 


Since the section modulus used in torsion is twice that used in bending, and 
the force P is the same for both torque and bending moment, there is a large 
common factor which may be taken out to reduce the labor of computation. 

3 840 

In this problem the factor is which is equal to 1,222. 

TT 


Max. S', = 1,222 Vs® + 2“ = 1,222 VIS = 4,407 lb. per sq. ia. 


Problems 

1. A solid 3-in. shaft, which projects from a vise, is twisted by pipe wrench 
applied 40 in. from the vise. A force of 600 lb. at right angles to the plane 
of the shaft and the wrench is applied to the wrench 60 in. from the axis 
of the shaft. Find the maximum resultant shearing and tensile stress. 

Ans. Max. = 8,161 Ib./in.^; max. S't = 12,688 Ib./in.® 

2. A Zyi-bx, standard pipe projects from a vise and is twisted by a force of 
400 lb. applied 5 ft. from the axis of the pipe in a plane which is 4 ft. from 
the vise and perpendicular to the axis of the pipe. Find the maximum 
resultant shearing and tensile stress. 

Ans. Max. = 6,419 Ib./in.^; max. s't — 10,429 Ib./in.^ 

3. A solid 4~in. shaft is subjected to a compressive force of 80,000 lb. longi- 
tudinally and a torque of 6,000 ft.-lb. Find the maximum resultant 
shearing and compressive stress. 

4. A 4-in. solid shaft transmits 200 hp. at 150 r.p.m. and is subjected to 
a compression of 40,000 lb. in the direction of its length. Find the 
maximum resultant compressive and shearing stress. 

Ans. Max. = 6,874 Ib./in.^; max. S'c == 8,465 Ib./in.^ 

190. Equivalent Moment and Torque. — For a circular section 
J = 2 1, and when the outer radius is a, 


~ T"’ 2 ~ 2/’ 

c _ ^ _ ra 
~ J “ 21’ 


( 1 ) 

( 2 ) 


Max. S', 



= ~Vt^+W 


aVr^+W 

J • w 


The term. -^/T^ + may be regarded as the equivalent torque 
resulting from the combination of torsion and bending. In 
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the example of the preceding article M — 480 inch-pounds, 
T = 720 inch-pounds, and the equivalent torque is 


Max. SL = 


240 Vis = 865.3 
865.3 X 16 


4,407 lb./in.2 




21 


_|_ vr* -h 

The term 2 may be regarded as the equivalent 

bending moment. 

Problems 

1. A hollow shaft of 4 in. inside diameter and 6 in. outside diameter is 
subjected to a torque of 2,000 ft.-lb. and a bending moment of 1,500 
ft .-lb. Find the equivalent maximum torque and moment and find the 
maximum unit shearing and tensile stress. 

2. A 3-in. standard pipe is subjected to a bending moment of 13,792 in,-lb. 

and a torque of 20,688 in.-lb. Find the maximum tensile and shearing 
stresses. Ans. Max. S't = 11,201 Ib./in.^; max. Ss == 7,205 Ib./in,^ 

191. Shear Combined with Tension in Two Directions. — 
Figure 260 represents a block subjected to shearing stress and a 
horizontal tension as in Fig. 

253, together with a vertical 
tension of intensity To 
find the intensity of the result- 
ant unit shearing and tensile 
stresses in any direction, the 
block is divided by a plane 
which makes an angle 6 with 
the horizontal, and the wedge 
to the left of this plane is taken 

as the free body. The shearing Fig. 260. — Tension in two directions 
, , 1 /I -it. xi. combined with shear. 

stress at an angle d 'witn tne 

horizontal is found by resolving parallel to this plane. If 
the length of the block perpendicular to the plane of the paper 
is taken as unity, the resolution is 

s'ds — Stdy cos 6 -f s^dx cos 6 — Sedy sin 6 — s^dx sin d. (1) 

When Equation (1) is divided by ds, and cos 9 is substituted 

doc dtf 

for ^ and sin 9 is substituted for the result is 
ds ds 



^ Ss 

\ 

\Sv 

\ 






^ St 



St 


y'x 


Isg 

\ 


\ 

Sg 

Sy 
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s* = (Si ~ s«) siJi ^ cos 6 + Ss(cos^ d — sin^ 9); (2) 

§' = ^ sin 26 + Ss cos 29. (3) 

Jj 


Equation (3) is the same as Equation (3) of Art. 185 except 
that St — Sv replaces St. 

To get the direction of the maximum unit shearing stress, 
Equation (3) is differentiated with respect to 9, and the derivative 
equated to zero. 

(st — Ss) cos 29 — 25, sin 20 = 0; (4) 

S t 

tan 26 = — ^ — * (5) 

When the values of the sine and cosine of 9 from Equation (5) 
are substituted in Equation (3), the result is 

Max. s' = + > (6) 

which is the same as Formula XL of Art. 186 with St — Sv in. 
place of St, 

To find the resultant unit tensile stress across the inclined 
plane, a resolution is taken perpendicular to it. The equation 
of equilibrium is 

s't ds = Sidy sin d + Ssdx sin 6 + s^dy cos 6 + Svdx cos 6 ; (7) 

s^ = St sin^ 0 + s^ cos^ ^ + 2 sin ^ cos 6; (8) 

^ (1 — cos 26) 4- 2 + cos 26) + sin 26 (9) 

For the direction of maximum unit tensile stress, 

tan 26 = — — " (10) 

St — Sv 

2 

which is normal to the double angle for the maximum shearing 
stress. 

Max. si = (11) 

If the vertical stress is compressive, it may be regarded as 
negative tension. If Sq is this compressive stress. 
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(12) 


Max. si = ^ "2 max. s'. 

(13) 

If Ss is zero, 

Equation (6) gives ■ — ~ — - as the maximum unit 


shearing stress at 45 degrees with both St and s®. There is, 

however, a greater unit shearing stress of magnitude ^ in a plane 

parallel to at an angle of 45 degrees with the direction of the 
greater stress, St. 

Equation (11) shows that when the shearing stress is zero, the 
maximum tensile stress is 


Problems 

1. A block is subjected to a horizontal tensile stress of 1,000 lb. per sq. in., 
a vertical tensile stress of 200 lb. per sq. in., and a horizontal and vertical 
shearing stress of 300 lb. per sq. in. which is upward at the left. Find 
the maximum unit shearing and tensile stress. 

Ans. Max. s's — 500 Ib./in.^; max. si — 1,100 lb. /in,® 

2 . Solve Problem 1 if the stress of 200 lb. per sq. in. is compressive. 

3. A 1-in. rod projects upward from a vise, which grips the rod for a length 
of 1.5 in. The total pressure is 6,000 lb. directed east and west. A pipe 
wrench is attached to the rod 10 in. above the vise. With the wrench 
extending east, a horizontal force of 60 lb., directed south, is applied 
12 in. from the axis of the rod. Find the resultant shearing and tensile 
stress at the south surface of the rod at the vise and also at the north 
surface. Assume that the horizontal compressive stress from the jaws 
is distributed uniformly over a 1.5~in. length and 1-in. thickness. 

Ans, Max. si = 6,246 Ih./mJ; max. si = 7,300 Ib./in.^, north side. 

Max. si = 3,816 Ib./in.^; max. si = 8,871 Ib./in.^, south side. 

4 . A block is subjected to a horizontal tensile stress of 600 lb. per sq. in., 
and a vertical tensile stress of 200 lb. per sq. in., together with horizontal 
and vertical shearing stress of 300 lb. per sq. in. in the plane of the two 

’ tensile stresses. Find the maximum unit shearing stress. 

Ans, Max. = 360.6 Ib./in,^ 

6. Solve Problem 4 if the unit shearing stress be only 100 Ib./in.^ 

Ans, Max. si == 223.6 Ib./in.^ 

192. Theories of Failure. — In the preceding articles, maximum 
stresses have been calculated for various types of loading. It is a 
question, sometimes, what stress determines yield point or incipi- 
ent failure. It was shown in Chapter I that stress in one direction 
causes deformation in the opposite sense in all directions in any 



448 


STRENGTH OF MATERIALS 


[Aet. 192 


plane perpendicular to the direction of the applied force. If 
there is compressive force along the X axis producing unit 
compression 8, there will be unit elongation of ix8 along the Y and 
Z axes. If at the same time, tensile force is applied along the 
Y axis, the total deformation along that axis is the elongation 
caused by the tension, together with the elongation caused by the 
compression along the X axis. It is a question whether the failure 
which may occur at right angles to the Y axis is influenced in any 
way by the additional deformation which was caused by the 
compression at right angles to it. 

The maximnrrt’-stress theory^ called also Rankine^s theory, states 
that failure will begin when the resultant stress in any direction 
reaches the ultimate strength of the material in that direction, no 
matter what* other stresses at right angles to this maximum stress 
may act at the same point. If there is no applied shearing stress, 
Equation (11) of the preceding article shows that the maximum 
resultant stress is St (provided St is numerically greater than s^). 
The material will fail in tension when St reaches its tensile strength, 
no matter whether Sv is tension or compression, and no matter 
how large s^ may be, provided it is smaller than St- When St is 
tension and Sv is compression, or vice versa, the two combine to 
produce a large shearing stress at 45 degrees and the piece will 
fail by shear when this resultant shearing stress reaches the 
shearing strength of the material in that particular direction. 

Cast iron is relatively weak in tension. Figure 97 shows the 
failure of a cast-iron bar which was tested in torsion. The 
fracture is at right angles to the line of the maximum resultant 
tensile stress which was caused by horizontal and vertical shear. 
When cast-iron bars are subjected to combined bending and twist- 
ing, the fracture still takes place at right angles to the maximum 
resultant tensile stress. 

Figure 261 shows a reinforced concrete beam which was loaded 
at the third points. Failure began with a diagonal fracture at 
right angles to the maximum resultant tensile stress. Between 
the loads, the resultant tensile stress was horizontal, since the 
shear was practically zero, and the initial cracks were vertical. 

While these illustrations show that failure takes place by 
maximum stress, they prove nothing in regard to the effect of 
stresses at right angles to the maximum. 

The maximum^strain theory, sometimes called St. Venanfs 
theory, assumes that a solid reaches its elastic limit when the unit 
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deformation reaches a given limit and that there is an ultimate 
unit deformation which cannot be exceeded without rupture, no 
matter in what way the stresses are applied which cause the 
deformation. 



Fig. 261. — Failure of a reiaforced-concrete beam. 

Suppose a block (Fig. 262) is subjected to a direct tensile stress 
of St and to a compressive stress at right angles thereto of Sc, 
and suppose the material reaches its elastic limit in tension 'when 
the unit elongation is 0.001. According to the maximum-strain 
theory, if the unit elongation which is due to 
tension is 0.0008, and there is an additional 
unit elongation of 0.0002 in the same direction 
which is due to transverse compression, the 
combined unit elongation of 0.001 brings the 
material to the elastic limit. 

The tensile strength of some materials 
is much smaller than the compressive strength. 

If the ratio of the tensile strength to the 
compressive strength is less than Poisson^s ratio for the 
material, a compressive load should cause failure by transverse 
tension. This is what seems to happen with porcelain and 
concrete. A porcelain rod, 1 inch in diameter and 16 inches long, 
supported a compressive load of 20,000 pounds per square inch 
and failed by splitting lengthwise. When porcelain is tested in 
tension, the heads of the specimen must be much larger than the 
minimum section, or the specimen will fail at the grips. Figure 



Fia.. 262. — Tension 
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263 shows the form, of a series of bars of rectangular section. The 
pressure was transmitted to the heads from the grips through 
leather or lead sheets. Instead of failing at the minimum 
section, the bars failed along a curved surface AB at one of the 
heads. According to the maximum-strain 
theory, the unit deformation across this 
curved surface which was caused by tension 
and the unit deformation which was caused 
by compression were together greater than 
the unit deformation in the smaller sections which was caused 
by tension alone. 

The behavior of porcelain under stress strongly supports the 
maximum-strain theory for brittle materials. 

Figure 62 shows that concrete fails by splitting longitudinally. 
It is true that diagonal shear occurs at the ends, giving a pyranai- 
dal block, and the wedge action of this pyramid is given as an 
explanation of the splitting. However, when the compression 
heads of the testing machine are lubricated with a heavy grease, 
no pyramids are formed but the block spHts the entire length. 

The maximum-shear theory, frequently called the Guest* theory 
or the Ouest-Hancoch^ theory, states that a material reaches 
its elastic limit in tension when the maximum resultant shearing 
stress reaches the elastic limit of the material in shear, and failure 
occurs when the maximum resultant shearing stress reaches the 
shearing strength of the material in shear. 

It is evident that a bar in tension or compression will fail by 
shear provided it does not fail in some other way before the unit 
shearing stress (which, at 45 degrees, is one-half the unit tensile 
or compressive stress) reaches the ultimate shearing strength of 
the material. It is also evident that, when the unit shearing 
stress reaches the elastic Limit in shear, there will be large linear 
deformations which will appear as the elastic limit in tension or 
compression. The point upon which there is not agreement is 
whether a solid ever reaches its elastic limit in tension or com- 
pression before reaching the elastic limit in shear, and whether 
failure is always by shear. 

* See J. J. Guest, On the Strength of Ductile Materials under Com- 
bined Stress, Phil. Mag., July, 1900, pp. 69-132. 

t E. L. Hancock, The Effect of Combined Stress on the Elastic Proper- 
ties of Steel, Proc. A. S. T. M., 1905, pp. 179-186; 1906, pp. 295-307. 



Fig. 263. 
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The tests made by Guest and Hancock were upon ductile 
materials, and neither of them claimed that the maximum-shear 
theory applies to brittle solids. 

The maximum unit shearing stress which is caused by tension 
or compression is at an angle of 45 
degrees. Shear failure, however, 
frequently takes place at a much 
higher angle. The difference is due 
to friction. In Fig. 264, the com- 
ponent of the applied force parallel 
to J5 C is P sin B and the component 
perpendicular to B C is P cos B. If 
A is the area of the normal cross 
section, the area of the plane 
through B C normal to the plane 
of the paper is A sec B. If is the 
unit shearing strength, the shearing resistance is 5s A sec B, 
When a resolution is taken parallel to P C of Fig. 264, the 
equation is 

P sin 6 = P fx cos B -|- SsA sec 6^ (1) 

in which jx is the coefficient of friction. 



P _ sec B 
Ss A sin B — IX cos B^ 
s A. 

= sin 6 cos 6 — fj. cos® d; 

- = sin 2 9 — ^i(l + cos 2 6). 


( 2 ) 

(3) 

(4) 


The load P is a minimum when the second member of Equation 
(4) is a maximum. When this is differentiated with respect to 
6 and equated to zero, the result is 

cos 26 + jj, sin 26 = 0; (5) 

cot 20 — fi- 2 6 = 90° + arc tan n; 

e = 45° + - - | — - (6) 

The angle which has a tangent equal to the coefficient of friction 
is called the angle of friction and is generally designated by <i>. 

5 = 45° + |- 


(7) 
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Failure in compression takes place along a plane which makes 
an angle of 45 degrees plus the angle of friction with the plane 
normal to the compressive force. Failure in tension takes place 
at 45 degrees. Timber failure by compression parallel to the 
grain takes place by buckling the fibers instead of sMing; 
Equation (7), therefore, does not apply. 

The maximum-energy theory assumes that failure takes place 
when the energy per onit volume reaches some definite amount 
which is the energy per unit volume at which a bar of the material 
will fail in tension. The energy of tension or compression is 


U = 


s- 

2E’ 


0.25, Es 


the energy of shear is 17 = 
2E 


2F. 

and the energy of unit 


If Poisson’s ratio is 


volume in shear is 


U = 


AE 


Total U 


+ 


5 s? 


2E ' 4E 


( 8 ) 


for combined tension and shear. 


Example 

If 40,000 lb. per sq. in. is the elastic limit of steel, what is the maximum 
shearing stress which may be applied in the same plane as the tensile stress 
when the tensile stress is 30,000 lb. per sq. in. ? 

5 si 40,0002 30,0002 
4 2 2 ’ 

5 = 14 X 10*; s| = 280 X 10»; 

s, = 16,730 lb. per sq. in. 

Solved by maximum-stress theory, this example gives 

40.000 = 15,000 + Vsi + 15,0002 
Ss = 20,000 lb. per sq. in. 

Solved by the maximum-shear theory, if the tensile strength is 40,000, the 
shearing strength is 20,000 lb. per sq. in. 

20.000 = Vsl + 15,0002 

Ss = 13,229 lb. per sq. in. 

According to the maximum-strain theory, the ultimate load 
is reached when the unit elongation in any direction is equal to 
the unit elongation which would be caused by the ultimate 
tensile stress of 40,000 pounds per square inch. When tension 
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St is in one direction and compression Sc is at right angles to this 
direction, unit deformation in the direction of the tension is 


1 


( 9 ) 


in which St is the maximum resultant tensile stress and Sc is the 
maximum resultant compressive stress. When tx — 0.25, Equa- 
tion (9) for the example becomes 

40,000 _ 15,000 -H Vsl + 15,000^ Vsf •+ 15,000^ - 15,000 
E E ^ 4.E ’ 

115,000 = 5Vsf + 15,000"; 23,000" - 15,000" = sf; 
si = 304 X 10®; Si = 17,436 lb. per sq. in. 

193. Fatigue of Metals. — There is a considerable area between 
the ascending and descending curves of a “loop” in Fig. 65. 
Since one coordinate is force and the other is displacement, this 
area represents work which is expended in stretching the bar and 
is not returned when the load is released. 

Since energy is lost in a cycle of this kind, it is natural to expect 
that a great number of repetitions of stress would cause failure 
at a maximum stress lower than the ultimate strength of the 
material. The experiments of Wohler and many other investi- 
gators show that this is true. Steel which is subjected to a com- 
plete reversal of stress will fail under a great number of repeated 
applications of a stress which is considerably below the pro- 
portional elastic limit. For instance, steel of 0.49 of 1 per cent 
carbon which was tested by Moore and Jasper* had an ultimate 
tensile strength of 91,500 pounds per square inch and a propor- 
tional elastic limit of 44,700 pounds per square inch. When 
this steel was tested under complete reversal of stress, the 
endurance limit was found to be 33,000 pounds per square inch. 
If the unit stress was changed from 33,000 pounds per square 
inch tension to 33,000 pounds per square inch compression, 
the specimen would stand an indefinite number of repetitions 
without failure. Two specimens of this material were each 
subjected to over one hundred million repetitions of a stress 
which varied from 33,100 pounds per square inch tension to 
33,100 pounds per square inch compression. Neither of these 
failed. A third specimen was subjected to one billion repetitions 
* H. F. Moose and T. M. Jaspeb, Bvll. No. 136, Engineering Experiment 
Station of the University of Illinois, pp. 23 and 31. 
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of a stress which, varied from 33,000 pounds per square inch 
tension to the same compression without failure. The stress of 

33.000 pounds per square inch is, therefore given as the endurance 
limit of this steel for complete reversal of stress. When the stress 
in this material varied from 34,000 to — 34,000 pounds per square 
inch, each of the two specimens tested failed at about four million 
repetitions. At 37,000 pounds per square inch, the failure was 
at 1,225,000 repetitions; and at 50,000 pounds per square inch, 
the failure was at 42,000 repetitions. 

If the stress is not completely reversed, the endurance limit 
is higher. The smaller the range between the maximum and 
minimum stress, the greater is the maximum stress which the 
material will endure for an indefinite time. The carbon steel 
above mentioned* has an endurance limit of 33,000 pounds per 
square inch for complete reversal of stress. The same material 
stood an indefinite number of repetitions when the stress ranged 
from 36,000 pounds tension to 21,600 pounds compression, 
from 47,000 pounds tension to zero, from 60,000 pounds tension 
to 12,000 pounds tension, or from 69,000 pounds tension to 
34,500 pounds tension. These tests and many others show that 
the endmance is higher the smaller the range of stress. 

194. Design for Variable Stress. — A number of methods have 
been proposed for designing members which are subjected to 
variable loads. This may be done by reducing the allowable 
unit stress or by adding an increment to the applied load. 

Professor John Goodmanf suggested a rule for this purpose. 
Goodman’s “dynamic” rule is add to the maximum load the 
difference between the maximum and minimum loads and treat the 
sum as a static load. Under this rule, a load which varied from 

12.000 pounds tension to 12,000 pounds compression would 
be equivalent to 12,000 + 24,000 = 36,000 pounds tension 
or compression; a load which varied from 12,000 pounds ten- 
sion to 6,000 pounds compression would be equivalent to 

12,000 -h 18,000 = 30,000 pounds tension; 

and a load which varied from 12,000 pounds tension to 4,000 
pounds tension would be equivalent to 20,000 pounds tension. 

* BiiU. No. 136, Engineering Experiment Station of the University of 
Illinois, p. 77. 

t Goodman, “Mechanics Applied to Engineering,” p. 535. 
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Problems 

1. If the maximum allowable unit stress for a given material is 15,000 lb. 

per sq. in., what is the required area of cross section when the applied 
load varies from 20,000 lb. to 30,000 lb.? Ans. 2.67 sq. in. 

2. What is the cross section required to carry a load which varies from 

30,000 lb. compression to 60,000 lb. tension if the allowable static unit 
stress is 12,000 lb. per sq. in. Ans. 12.5 sq. in. 

Moore and Jasper have shown* that Goodman’s “dynamic” rule 
errs on the side of safety. They suggest the following formula, 
which is the equation of a straight line, 

in which r is the ratio of the minimum stress to the maximum 
stress, Sr is the endurance limit for the ratio r, S-i is the endur- 
ance limit for complete reversal. When the stress is reversed, r is 
negative. For instance, if the stress changes from 8,000 pounds 
per square inch compression to 20,000 pounds per square inch 
tension, r is —0.4, To use this formula, of course, the endur- 
ance limit for complete reversal must be determined experi- 
mentally. Moore and Jasper state further: 

This formula can be used only up to the limit at which the maximum 
unit stress set up reaches the proportional elastic limit of the material, 
and for most steels this eliminates ratios of minimum stress to maxi- 
mum stress greater than zero. Beyond the proportional elastic limit 
the static properties of the steel are the governing factors rather than 
the fatigue properties. 

Problems 

3. A load varies from 20,000 lb. compression to 40,000 lb. tension. If the 

endurance limit for complete reversal is 32,000 lb. per sq. in., what is it 
for this loading? Ans. Ss == 32,000 X 1-25 = 40,000 Ib./in.^. 

4. The endurance limit for complete reversal for 3.50 nickel steel tested 
at the University of Ilhnois was 60,000 lb. per sq. in. What should it 
be when the load changed from 100,000 lb. tension to 40,000 lb. 
compression. 

Ans. 78,000 lb. /in.® One set of tests gave 83,000 lb. /in.® and another 
gave 81,000 Ib./in.® 

195. Rapid Determination of Endurance Limit. — The deter- 
mination of the endurance limit by subjecting each specimen to a 

* BuU. No. 136, Engineering Experiment Station of the University of 
Illinois, pp. 82-89. 
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variable load for many million times is a long-drawn-out process. 
One short-time method recently developed consists in testing 
several specimens of the same material at different stresses in as 
many endurance machines through about 1,400,000 cycles, then 
removing the specimens and testing to failure in tension. When 
the ultimate tensile stresses are plotted as ordinates and the 
stresses in the endurance machines as abscissas, the endurance 
stress at which the tensile stress is a maximum is taken as the 
endurance limit, 

One set of tests was made on eight specimens of cold-drawn 
steel. The preliminary endurance runs for four of these pieces 
were made at stresses which ranged from 42,000 to 48,000 pounds 
per square inch. When these were tested in tension, the ultimate 
strengths were found to increase gradually in the same order. 
The preliminary endurance runs for the last three pieces were 
made at stresses which ranged from 52,000 to 56,000 pounds 
per square inch. When these were tested in tension, the ulti- 
mate strengths were found to decrease gradually in the same 
order. The ultimate tensile strengths of the two pieces for 
which the endurance runs had been made at 48,000 and 52,000 
pounds per square inch were nearly equal, while the tensile 
strength of the piece for which the endurance run had been 
made at 50,000 pounds per square inch was much greater than 
either of these. The maximum of 50,000 pounds was taken as 
the short-time value of the endurance limit. The long-time 
value for this material was 51,000 pounds per square inch. 

This short-time endurance test is based on two opposing 
factors. When an endurance test load is started a little below 
the endurance limit and then raised after a few million cycles, 
work hardening increases the strength of the material, and the 
final endurance limit is higher than it would have been if the 
larger load had been applied from the beginning. On the other 
hand, stresses above the endurance limit start infinitesimal 
fractures which would cause failure after a great number of 
repetitions. The farther the stress is below the endurance 
limit, the less it strengthens by work hardening; the higher it is 
above the endurance limit, the more it weakens by initial fractures. 
Therefore, the greatest tensile strength after this short-time 
endurance test is nearest to the endurance limit. 

* H. F. Moore and H. B. Wishart, Proc, A.S,T,M., 1933, vol. 33, Part 
II, p. 334. 
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Another short-time method depends upon the rise in tempera- 
ture when the specimen is subjected to repeated stresses. It has 
been found that there is a sudden increase in rate of generation of 
heat, and, consequently, in the rate of rise in temperature, when 
the endurance limit is reached. This principle, which has been 
applied successfully by Putnam and Harsch, makes it possible 
to find the endurance limit of a test specimen in a relatively short 
time.* 

196. Crystallization under Repeated Stress. — When steel fails 
under repeated applications of load, the fracture has a crystalline 
appearance. For this reason it was long thought that repeated 
stresses cause the formation of crystals in the steel. Microscopic f 
examination shows that all steel is crystalline and that crystals 
do not form at atmospheric temperatures. The crystalline 
appearance of the fracture is due to the fact that the fracture has 
taken place across the crystals of the steel. 

* W. J. Putnam and JT. W. Harsch, BulL No. 124, Engineering Experi- 
ment Station of the University of Illinois, pp. 119-127. 

t For a complete list of papers on the Fatigue of Metals see Bull. No. 124, 
Engineering Experiment Station of the University of Illinois, pp. 168-178. 



CHAPTER XVIII 

ELASTIC ENERGY OF BENDING AND SHEAR 

197. Energy of External Work. — The work done by a force is 
the product of the average force multiplied by the displacement 
of its point of application in the direction of the force. For elastic 
bodies, the average force is one-half the sum of the initial and final 




Fig. 265. — Work of deflection. 

forces. When a beam is deflected by a force P, the average force 
p 

is For a cantilever with a load on the free end (Fig. 265), 


1/ma.x 


External work = U 


PP 

ZET 

2 ^ ZEI 


PH^ 


QEI 

For a simply-supported beam which is loaded at the middle, 

PH^ 


x-^ 

2 ^ 4:8 El 


mE I 


( 1 ) 


( 2 ) 


When the elastic energy of a concentrated load is known, the 
deflection may be calculated from 


P y 
2 


= 17, y = 

468 


2 U 

P ■ 


( 3 ) 
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Example 

A simply-supported beam of length I carries a load P at a distance a from 
the left end and a distance h from the right end. Find the deflection under 
the load (see Fig. 265). 

The portion of length a is a cantilever which is pushed upward by the 
reaction the length h is another cantilever. From Eq. (1), 


U = 

u - 


P2&2 


X 


Z2 

6E II 


QEI'^ P ^ 6P J ~ 6P/Z2 


2 ^ 


y = 


Pa^b^ 

ZEIl 


positive downward. 


Problems 

1. How much work is done on a 3-in. by 4-in. cantilever, 6 ft. long, when a 
load of 100 lb. is placed on the free end if P = 1,200,000 lb. per sq. in.? 
How much additional work is done when a second load of 100 lb. is added? 

Ans. U =- 32.4 in,-lb.; U = 97.2 in.-lb. 

2. In Problem 1, what was the average force when the first 100 lb. was 
applied? What was the average force when the second 100 lb. was 
applied? 

3. A 6-in. by 8-in. beam, 16 ft. long, is supported at 6 ft. from the left end 
and held down at the right end. What is the total work when a load 
of 600 lb. is placed on the left end if P = 1,200,000 lb. per sq. in.? Cal- 
culate the work as two cantilevers. 

Ans. U ^ 72.9 4* 121.5 = 194.4 in.-lb.; y = 0.648 in. 


When there is a uniformly distributed load of w pounds per 
unit length, the increment of load on a length dx is w dx, and the 


w Pounds Pei' ZTnU Length 
iJiTTniD I D"m'i ill I iiTiTij n i [lumnini 1 1 iiiini 



I 




Fig. 266 . — External work- 


xo xj doc . /I * 

work done by this increment is — ^ — i in which y is the deflection 

of the particular part of the beam upon which the increment 
rests. In Fig. 266, II, one increment w dx is deflected a distance 
yi, a second increment is deflected a distance etc. 
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The different values of y are determined from the equation of 
the elastic line. The total work is the sum of these increments of 
work. 

ID i * 

Total work ~ 2 J ^ 

with the ends of the beam as the limits. 

The equation of the elastic line for a simply-supported uni- 
formly loaded beam (from Art. 110) is 


V = 


w 


24: E I 

if y is taken positive downward. 
w" 


(Px -2lx^ + x^), 


dU 

U 


48 El 
w^- 


(Px — 2lx^ + X*) dx; 


48 E I 


2 


I X 


X° 


wH^ 

240 E I 


Problem 

4. Find the total external work on a uniformly loaded cantilever. 

Ans. U 


(5) 

( 6 ) 

407‘ 


198. Internal Work in a Beam. — The unit stress at a distance v 


from the neutral axis of a beam is 


M V 


The internal work or 


g2 

resilience per unit volume is Figure 265, I, shows an ele- 

Ji JtL 

ment of volume of cross section dA and length dx at a distance v 
from the neutral surface. The volume of this element is dA dx 
and the internal energy is 


dU = ^dAdx=^, 


dA dx. 


Total work in beam 


=// 


2EP 


vMA dx. 


( 1 ) 

( 2 ) 


The integration of Equation (2) with respect to v as the 
variable gives the work done upon the volume of length dx 
between two vertical planes. Throughout this volume, x, 
M, and I are constant. The integral of vHA across the beam 
from the bottom to the top is I. 


Work = 


J 




2EI 


dx. 


( 3 ) 
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Equation (3) may be used to calculate the internal work in 
any beam. Unless M and I are constant, they must be expressed 
as functions of x before integrating. 

For a uniform beam under constant ■moment M, Equation (3) 
becomes 


U = 


2EI 


r 7 

~ 1 


X 

- J( 


MH 
2 El 


(4) 


For a beam supported at the ends with uniformly distributed 

, 7 wlx wx^ 

load, M = 


U = 


U = 


-2lx^ + x^)dx, 

r IV Ix^ X? ^ _ wH^ 
8^L”3 T 5 J 0 ~ 240 EJ 


(5) 

( 6 ) 


which agrees with Equation (6) of Art. 197. 

For a cantilever with a load on the free end, M = —Px. When 
the section is constant, 


U = 


p2 

2EI 


r 7 


jx-dx = ^EI 



PH^ 
6 El' 


(7) 


For a beam supported at the ends with a load P at a distance a 
from one end and at a distance b from the other (Fig. 165), the reac- 


tion at the end of the length is ^ and the moment in this length 
. Pb X 


IS 


The work in this part of the beam is 


^7 P^b^ r ,7 P^b^a^ 
^ ~ 2EIP}o - QEIP 

Similarly in the length b. 


( 8 ) 


Work = 


P^a^¥ 

&EIP 


For the entire length. 


Total work = 


P^a%\a -I- b) 
QEIl"^ 


P^a%^ 

QEIl 


(9) 


( 10 ) 



462 


STRENGTH OF MATERIALS 


[Art. 199 


When the load is at the middle^ a b = 


Total work == 


96^;/ 


Problem 

Find the total internal work in a uniformly loaded cantilever. 

Ans. U 


wH^ 
40 F/ 


199. Energy in Unit Volume. — Since the stress in any cross 
section of a beam increases from zero at the neutral axis to a 
maximum stress S in the outer fibers, the average energy per 
unit volume in any short portion is considerably smaller than 

For all beams, except beams of constant strength or beams 

2 Jtii 

under constant moment, the stress in the outer fiber varies along 
the length and has its maximum value only at the dangerous 
section. For these reasons, the efl&ciency of a beam as a method 
of storing elastic energy depends on the form of the section and 
the arrangement of the loads. The most efficient beam is one 
in which the greatest portion of the material is brought to a 
relatively high stress. 

For a beam of uniform section under constant moment, 


^ - 2EI 

Equation (1) gives the total work in terms of the bending moment. 
It is often desirable to find the work in terms of the unit stress 
in the extreme fibers. If the neutral axis is midway between 

the extreme top and bottom fibers, c =^i and M = - 

2i d 

When this value of the moment is substituted in Equation (1), the 
result is 

^ ^ 2S^Il _ 

2EId^ Ed^ 


For a rectangular section, 

„ _2 S% dH _S^bdl 
^ 12 Ed^ QE 


X volume. 
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The average energy per unit of volume is -which is one-third 

U Hj 

as great as that in a block subjected to a uniform stress 8, 

Problems 

1. Find the average energy per unit volume in a solid circular section 
subjected to a uniform bending moment. 

Ans, 

2. A steel bar 2 in. wide and H iu-' thick is 8 ft. long and rests on two sup- 

ports 6 ft. apart and carries two equal loads on the ends. If E is 30,000,- 
000 lb. per sq. in., what is the total elastic energy in the part between the 
supports when each load on the ends is 100 lb.? Ans, 82.9 in.-lb. 

For a cantilever with uniformly distributed load, 

wH^ 


U = 


40 / 4c0 El 


(4) 


For a section which is symmetrical with respect to the neutral 
axis 


2SI 

2 d ’ 

_ 4S^Il 
^ 10 E d^' 


For a rectangular section, for which 1 = 


Total work = 


S%dl _ 

30 E 30 E 


X volume. 


(5) 


( 6 ) 


The total energy in a cantilever of rectangular section -with 
uniformly distributed load is one-fifteenth as much as that in a 
block of the same volume with uniform compressive stress 
throughout. 

200. Internal Work in a Shaft. — The unit shearing stress s* 
produces a deformation of in planes at unit distance apart. 

Els 

The work of shear is the product of half the unit stress by the 
total deformation, 


Work per unit volume = ^ X 


E, 


A. 

2Es’ 


( 1 ) 
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In a solid circular shaft at a distance r from the axis, the unit 
shearing stress is A r and 

Energy per unit volume = 

The element of volume of length I is 2 tt r I dr and 


Total energy = I r^dr = — 
Ls Jo 


4Es ’ 


in which a is the radius of the shaft. The maximum unit shearing 
stress in the outer surface is Ss — k a and 


Total energy of shear == tt aH = X volume. (4) 

Since the modulus of elasticity in shear is about two-fifths 
as great as the modulus in tension or compression, the total 
energy of a rod in torsion, for equal values of the unit stress, 
is one-fourth greater than that of the same rod in tension. 
However, since the elastic Ihnit of steel and other similar materials 
in shear is somewhat smaller than in tension, the total energy 
which may be stored is approximately the same in both cases. 

201. Work of Shear in a Rectangular Beam. — In a beam of 
rectangular section of breadth h and depth d subjected to a verti- 
cal shear V, 


-if 

lij 


b V dv = 


72 

128 EsP 


8 dV -f 16 v'‘‘). 


When the second member of Equation (2) is multiplied by the 
element of volume, which is 6 dv dx, and the product is integrated 


with respect to v with the limits of 


and the result is 


V% d^ ( 
128 EsP\ 


1 — - 4- - 
3^5 


i)<ix - J 


5E,bd 


When V is constant, the last term of Equation (3) for a beam 

3 VH 

of constant section is U = gr - m 1 . y For a cantilever beam with 

5 Eab d 

a load on the free end, V = — P and 


For a cantilever beam with 
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U == 


3P-Z 
5 Esb d 


(4) 


To find the deflection which is caused by shear at the end of a 
cantilever with a load on the end, 


Py _ 3PH 
2 5 EJ) d’ 

_1.2Pl _ 1.2 VI _ 1.2 s'Z 
^ E,b d Esh d E, 


(5) 


in which s' is the average unit shearing stress. 

The same relation holds for a beam supported at the ends with 
a concentrated load at the middle. 


Problems 

1 . A 2-in. by 3-in. steel cantilever is 30 in. long and carries a load of 1,800 lb. 
on the free end. Find the deflection of bending and the deflection of 
shear ii B — 30,000,000 and Es == 12,000,000. 

Ans. yh = 0.12 in.; y., ~ 0.0009 in. 

2. Solve Problem 1 for a length of 15 in. and a load of 3,600 lb. 

Am. Vb = 0.030 in.; y^ - 0.0009 in. 

202. Work of Two Loads. — When the expression 


applies for two or more loads, the moments for the separate 
loads must be added together and then squared to give for 
integration. For a cantilever with a uniform load of w per unit 
length and a concentrated load P on the free end, the moment is 
w 

~r' 


-Px 


U = 2^/ +Pwx^ + dx = 

1 r P^x^ P w x^ . 

YWllT' 20 Jo’ 

_ PH^ PwP wH^ 

^ ~ QEI^ SEI ^0 El' 


( 1 ) 

( 2 ) 


The first term of Equation (2) after the equality sign is the 
internal work which is done by the load P alone, as shown by 
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Equation (1) of Art. 197. The last term is the work which is 
done by the distributed load alone, as shown by Problem 4 of 
Art. 197. The intermediate term, which includes both P and 
w, must be the two loads together. If the load P is placed first 

p 

on the beam, the average force during its own deflection is 
and the work is 


^ 2 ^ 3EI 


PH^ 

GEI 


When the distributed load wl{ = W) is placed on the beam, the 

additional deflection at the end is 

fun load P is on the end of the beam while this deflection takes 
place, the work done by P is 

j,.. wP PwP _PWP 
^ ~ ^ SEI 8EI 8EI‘ 

203. Maxwell’s Theorem of Reciprocal Deflections. — Figure 
267 represents a beam which rests at the ends on fixed supports 
or on horizontal planes so that no work is done by displacement 
at these supports. Figure 267, II, shows the elastic line of this 
beam when a load P is apphed at the point A. The deflection of 
A from its original position yp. If ya represents the deflection 
at A which would be caused by unit load at A, the deflection 
caused by the load P is P y a', hence 

yp = P ya. (1) 

The load P at A causes a deflection at another point B, which 
may be called ypb. If yab is the deflection at B which would 
result from a unit load at A, then the deflection caused by a load 
P at A would be P yab, and 

ypb = P yab. (2) 

Figure 267, III, shows the elastic line of this beam with a 
load Q at P and no load at A. The deflection at B is 

Vs — Q Vb, (3) 

in which yb is the deflection at B which would be caused by unit 
load at B. The deflection at A is 


( _WP\ 

\8ElJ' 


Since the 



fcoj ^ 
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y ga ~ Q. Vhaj (4) 

in which yta is the deflection at A which would be caused by unit 
load at jB. 

Figure 267, IV, shows the elastic line for the beam when both 
and Q are supported. If the load P is applied first, the average 

multiplied by yp gives the work at A. 


a-. (6) 

Since there is no force at B, the deflection yph = P yah represents 
no external work. 




When the load Q is applied at the additional deflection 
sA A is y^a = Q ybaj which is the same as it would be if there were 
no load at A. Since the load P at A moves the distance y^a, 
which equals Q y^a, the additional w^ork at A is 

U,a=PQ yha^ (6) 

At P, when the load Q is applied, the work is 

( 7 ) 

Total V = V„+V„ + V„-?^ +PQyta + (8) 

When the load Q is applied first, the first and last terms of the 
energy expression are the same as in Equation (8). When the 
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load P is applied, B moves a distance P yah and takes the load Q 
that distance. The additional work at B is then 


U^ = QP yah. (9) 

Total U = L\a + Uph + l\b = + QPyah + (10) 

Equation (8) gives the total energy when P is applied before 
Q] Equation (10) gives the total work when Q is applied before P. 
By the principle of superposition which is proved by experiment 
and theory, the deflection caused by several loads is the sum 
of the deflections caused by the loads acting separately (provided, 
of course, that the proportional limit is not exceeded); and the 
order of application of the loads is immaterial. Since Equations 
(8) and (10) represent the same total energy. 


Q P yah P C ybaj yba yah' (11) 

Equation (11) is Maxwell’s theorem of reciprocal deflection. The 
deflection at a point A caused by a load at B is equal to the deflec- 
tion at B caused by the same load at A. 

There is nothing in the derivation of the equations which 
limits Maxwell’s theorem to a simply-supported beam. It applies 
to any determinate or indeterminate frame. 

{This article may be omitted,) 

204. Castigliano^s Theorem. — If Equation (8) or Equation (10) is differ- 
entiated with respect to the load P, the result is 

If +Q2/6«, (1) 


of which the first term P ya is the deflection at A caused by the load P, and 
the second term Q yha is the deflection at A caused by the load Q, Casti- 
gliano^s theorem states that the derivative of the total elastic energy with 
respect to any concentrated load gives the total deflection at that load. To get 
the deflection at any point at which there is no concentrated load, a 
“dummy” load P is assumed at that point. The last term of Equation (1) 
then gives the total deflection. If R is the reaction at a support of an 


dXJ 

indeterminate beam, ^ is the deflection at that point. 


Since this deflection 


is zero at a fixed support, = 0. This is the so-called method of 'Teast 
work,” which is really no work. 
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Example 

Find the equation of the elastic line for a uniformly loaded cantilever. 

If a dummy load P is placed at any distance a from the free end, the 
moment equation is 


M = - P{x - a); (2) 

^ + P w{x^ - a + P^{x - a)\ (3) 


Since the first term of Equation (3) does not contain P, the derivative 


of the energy expression from this term with respect to P as the variable 
will be zero; hence this term need not be integrated. The last term 
P^{x — a) 2 gives the deflection caused by P alone. Since P is a dummy 
force and the deflection caused by the distributed load is required, this term 
is not integrated. (If P were an actual load and the total deflection were 
desired under this load, then this last term would be integrated.) 


U = 
U = 
y = 


Pw 
2E I J 

f (a:® 

— a x^)dx 

P wVx^ 
~ 2El\_4 

P w 1 


a P a^' 

\ Pw 

2pr 

^4 

3 12 

) 24 El 

II 

CO 

w 

24 B 

7 (3 P - 

4 aP + , 


The term which was integrated is the product of X P(x — a), of which 
extends from 0 to Z; P(rr — a) extends from a to 1. The integral of the 

At 

product has the limits a and Z. 


206. Elastic-energy Method. — If Mq represents the moment of 
any number of applied forces or couples and Mp represents the 
moment of a single concentrated force, 

= {Mp -h MqY = Ml +2 MpMq + M\-, (1) 

- JWt + ( 2 ) 

in which each term is equivalent to the corresponding term 
of Equation (8) or Equation (10) of Art. 203. In the “elastic- 
energy” method, the second term of Equation (2) is used exclu- 
sively. The force P is a dummy or auxiliary load. For a single 
concentrated load, which could be solved conveniently by the 
last term of Equation (2), it is customary to use the second term 
with the dummy force to avoid confusion. While the final 
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equations are practically the same as those obtained by Casti- 
gliano’s methods, the derivation of the method is simpler and 
graphic integration is more convenient.* 

(3) 

which is the work done by the force P when its point application 
at A is displaced a distance y^a by forces which produce the 
moments Mq. From Equation (3) the deflection at A is 

1 r MpMq dx . 

y = Vga = pj — Yi — w 

For uniform beams, 

r MpMqdx 

Ely = ^ — p (5) 

If the force P is unity, and the beam is uniform, 

Ely = j MpMqdx. (6) 


Example 


Derive the equation of the elastic line for a simply-supported, uniformly 
loaded beam. 

In Fig. 268, the auxiliary force is upward at A at a distance a from the 
left support and a distance h from the right support. The reaction down- 


ward at the left end is ^nd at the right end is — 

from each end to A gives less complicated expressions. 


Integration 


^ 1 Cfwlx w x^\ f Phx\j , 

p^y-pJ(-2 — + 


1 f/w I X 

pJ V“ 


rZa;3 a:n< 

w a 


xn 

1 6 8j( 

) 1 . 

_ 6 

sji 


Ely = Y ^ ) + "sT 

Ely ^ (^2 + 3 5 + 62). 


w x^\ ( P a x\ , 

— T-y^’ 

(8) 

(9) 

( 10 ) 


* This method is largely used in Continental Europe. For a full discus- 
sion, which includes trusses as well as beams, see J. A. Van den Bkoek, 
Elastic Energy Theory, John Wiley and Sons. 
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Problems 

1. Derive the equation of the elastic line for a uniformly loaded cantilever. 

2. Substitute a=x, b — I — x, in. Eq. (10) and compare with Eq. (7) of 
Art. 93. 

205. Graphic Integration. — The example of the preceding 
article shows that the method of elastic energy by algebraic 


j w per unit iengfh j „ E£. 



1 



^ 



? 2 
Fig. 268. — Auxiliary or dummy force. 


integration offers no advantage over previous methods for 
deriving the equation of the elastic line of straight beams. 
Graphic integration, however, may be made less complicated. 

If the Mp diagram is bounded by straight lines, and if the 
area of the diagram (of any form whatever) is then 

j MpM^ dx == Aqhp, (1) 

in which hp is the altitude of the Mp diagram under the center 
of gravity of the Mq diagram.* 

Since Mp is the moment of a concentrated load and reactions, 
its equation is of the first degree and may be represented by 
Mp = a b X. 


jMpMqdx = J (a + b x) Mqdx = a J*Mqdx + bj*x Mqdx = 

a Aq h X Aq; 

J^MpMq dx = (a + b x) A qj (2) 


in which x is the abscissa of the center of gravity of Ag, and 
a + b X is the ordinate of the Mp diagram which is under the 
center of gravity of the Mq diagram. 

Another improvement (possibly new) consists in reversing 
the Mp diagram, as shown in Fig. 269. Since the resultant 
moment from any set of forces is the same, no matter which way 
it is calculated, the result is the same whether the Mp and Mq 
diagrams go in the same or in opposite directions. If the dummy 
force is at a distance x from the left end, the dummy reaction 

* From “KrMteplan-Verfabrea^’ by J. D. Gebo, p. 5. 
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at the right end is ^ and the altitude of the negative dummy 

triangle is a simple function of x. Moreover, the areas 0 A B 
and 0 B C which accompany the positive dummy triangle are a 
triangle and a parabola, instead of a trapezoid and a truncated 
parabola. 

Example I 

Derive the equation of the elastic line for a simply-supported, uniformly 
loaded beam. 



Fig. 269. — Moment diagrams for load and for dummy force. 


Figure 269, I, shows the uniformly loaded beam, and Fig. 269, II, gives 
the Mq diagram. The dummy force P upward at a distance a; from the left 

P X 

support causes a downward reaction of at the right support. The 

Mp diagram, starting from the right end, consists of a negative triangle of 
base I and altitude — P x and a positive triangle of base x and altitude P x. 


C ^ f P X\ ^ P w / P x\ 

J = -^ X - -g- X 

, w I P X w a 

"IT” ^3 “6 

/ nr j PwPx , Pwlx^ P W X^ 

M^M,dx —+—^ 

= pj MpMgdx II a’ - 2 « + ®3). 



( 3 ) 

( 4 ) 

(5) 


Example 11 

Derive the equation of the elastic line for a simply-supported beam which 
carries a load Q at a distance h from the right support. By using Fig. 270 
with P == 1, 
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Ely 

Ely 


Qbl 




Qb I X Qb^ X Qb 

”1” 7 l" ■ 


6^ 


6Z 


Qb X 
‘~6T 


Qbx^ 

21 

(Z2 - 


X-- 
X g, 


52). 


( 6 ) 

(7) 


If the load Q is to the left of P, replace b in Eq. (7) by a and measure x 
from the right end. 


Problems 


1 . 


Construct Fig. 270 with P on the right of Q and derive the expression in 
terms of x and a which must be added to Eq. (7) to get the deflection. 
Compare Eq. (9) of Art. 101. 


Ans. — 


Q(x — a) 3 
6 


r % 

¥\t izl 



Fig. 270. — Concentrated load and dummy diagrams. 

2. A simply-supported beam carries a uniformly distributed load over 0.6 I 
adjacent to the right end. Derive the equation of the elastic line for 
portion which is not loaded. Derive the equation of the elastic line for 
the loaded portion. Ans. Ely— —0.0246 w Vx -f- 0.03 w I x^. 

207. Work of a Couple. — When a couple of moment Mj, in a 
plane perpendicular to the neutral surface, is apphed to any 
section of a beam, the work done by the couple is the moment 
multiplied by the angular rotation in radians. 

U = MtB. ( 1 ) 

When the moment varies with the displacement, the work from 
zero displacement to 0 is 


U - 


Mtd 

2 


( 2 ) 


When ikfj and Mt act on the same beam. Equation (8) of Art. 203 
becomes 
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CMfdx , CMtM^dx , CMldx 


(3) 


By using the second term of Equation (3) with Equation (1), 
since Mt is constant while the moment Jkfg is applied, 


Mt e 


El e 



MtMg dx; 


J 


MtMg dx 

'Wt ’ 


(4) 

(5) 


If the magnitude of Mi is unity, Equation (5) becomes 

El d = J MtMgdx. (6) 

Equations (4), (5), and (6) apply to beams of constant section 
only. 

Example I 

Find the slope at the end and at any section for a cantilever with a load 
on the free end (Fig. 271). 



Fig. 271 . — Beam with auxiliary moment at end. 

The couple Mt at the free end is transmitted as a constant couple to the 
fixed end. 


E I e = 


r^Mt Q X dx _ 

\MtQ xni 

Ja Mt 

[_ 2 Mt Ja 


Q{1^ - a^) 


By graphic integration, the slope at the end is 
WT., 

EIy=-—X^^=- 


QF 
' 2 


(7) 

( 8 ) 


For the slope at x, the trapezoid area is multiplied by 

Mt 
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Problem 

1. Find the slope of a uniformly loaded cantilever at the free end and at a 
distance x from the free end. Use Eq. (6) with algebraic and graphical 
integration. 


Example II 

Find the slope at any point on a uniformly loaded beam (Fig. 272). The 
dummy moment Mi at a distance x from the left end is transmitted to both 



ends and balanced by a downward force ^ at the right support and an 

equal upward force at the left support, which together form a couple. With 
Mt equal to unity, the combined Mt diagram is D C B A. It is best to make 
the negative triangle of altitude —1 at the left end and the positive rectangle 
of altitude unity. 


El 6 
El e 


rx(-|)-Tx(-i)+=^x‘ 

wP w I wx^ 


w x^ 
6 


X 1; 


(9) 

( 10 ) 


Problems 

2. Construct the dummy triangle to find the slope at the left support of 
Fig. 272. Calculate the slope and check with Eq. (10). 

3. Find the slope at the left end of a simply-supported beam which carries 
a load Q at a distance b from the right support. Use the Mq diagram of 
Fig. 270, and draw an Mt diagram. 
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4. Solve Problem 3 for the slope at any point to the left of the load. Use Mt 
diagram of Fig. 272. 

6. Solve Problem 3 to find the slope to the right of the load. 

6. A simply-supported beam carries a uniformly distributed load over a 
length of 0.6 I adjacent to the right end. Find the slope at the left end, 
at 0.4 I from the left end, and at the middle. 

Ans, E I e ^ -0.0246 w R; -0-0102 w R; -0.0019 w 

7. Find the deflection of the beam of Problem 6 for any value of x which is 
not greater than 0.4 1. From this derive an expression for the slope and 
check the first two answers of Problem 6. 

208. Overhanging Beams. — Figure 273 shows a beam, which 
has a span of length Z and overhangs the left support a distance 



Fig. 273. — Slope over support. 


a. When a load Q is placed on the left end, the upward reaction 
at the right support is reduced The beam may be regarded 


as made up of two cantilevers and the total work may be cal- 
culated by Equation (1) of Art. 197 without the use of a dummy 
force. Since all the external work is done by the load Q, 


Q _ QV Q^aH 

2 QE I & El’ 

_ Qa’^ , QaH 

2/max SEI'^ S El’ 


( 1 ) 

( 2 ) 


positive downward. The first term of the second member of 
Equation (2) is recognized as the deflection of a cantilever from 
the tangent at the fixed end. 

If di is the change of slope at the left support when the load Q 
is applied, the work of bending over the support is equal to the 
internal work in the span of length I, 
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Q a „ _ 

2 ^ QEV 


= 


Q al 

07 ' 


(3) 

(4) 


The change of slope at the left support multiphed by the length a 
should give the last term of Equation (2). 


Problems 

1. Find the deflection at the left end of the beam of Fig. 273 by the elastic- 
energy method, using the Alq and Mp diagrams. 



Fig. 274. — Diagrams for a single span. 


2. Find the slope over the support of the beam of Fig. 273, using the Mg and 

Mt diagrams. 

To find the deflection between the supports at a distance x 
from the left support, the Mp diagram is usuallymadefov a simply- 
supported beam. The Mq diagram is not changed but is drawn 
for the single span alone, since the product of MpMg has no 
value unless both terms are included. Figure 274 shows these 
diagrams for the beam of Fig. 273. The Mp diagram is exactly 
like that of Fig. 269. With the Mg diagram as shown in Fig. 273, 
it would be convenient to reverse the Mp diagram and take the 
distance from the right support as x. In Fig. 274, the Mg 
diagram is drawn for two terms as the sum of a positive rectangle 
and a negative triangle. From this diagram. 


E I y = Qal X 


i-i) 


E ly = 


Qal 

2 

X 

(-i) 

X 

+ Q a X X — 





Q a sy ^ . 
21 ^3’ 

(5) 

Qalx 

+ 

Q a 

Q a x^ 

(6) 

3 

2 

6Z 


Problems 

3. Knowing the slope at the left support from Eq. (4), derive Eq. (6) by 
area moments or successive integration. 
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4. Reverse the Mp diagram of Fig. 274 with x from the right support and 
find the equation of the elastic line for the span of Fig. 273. Check with 
Eq. (6). 

End. — ^Figure 275 illustrates the 
indeterminate problem of a beam 
which is fixed at the right end, 
supported at a distance a from 
the left end, and uniformly loaded. 
Either the moment at the fixed end 
or the reaction of the support may 
be taken as the unknown. The 
dummy force is applied at the left 
support with the beam regarded as 
a cantilever. This gives an Mp 
P is taken as unity. Since the 


209. Span Fixed at One 


I 

R 



PL=L 


Fig. 275- — Fixed-end span as 
cantilever for dummy force. 


triangle of altitude I when 
deflection at the support is zero, 


Ely = 


waH ^ I , Mil ,, 2 1 WP I 
4 ^3^ 2 ^3^ 12 ^2’ 


waH'^ 

12 

Mi 


4- 


MiL^ 

3 

_w P 


+ = 0 - 
^ 24 ’ 




w a- 


(1) 

( 2 ) 

(3) 


Instead of the dummy force P at the left support a dummy 
moment Mt might be taken at the fixed end. The Mt diagram 
is a triangle like the Mp diagram and the calculation is the same. 


Problems 

1. Using Eq. (3) find the reaction at the support, 

2. Write the moment diagram for the beam of Fig. 275 from the general 

moment equation Mq + VoX ^ Draw the Mq diagram to repre- 

sent each of these three terms and solve for the unknown shear. 

3. A beam of length I is fixed at the right end, supported at the left end, and 
subjected to a load Q at a distance h from the right end and a distance a 
from the left end. Find the moment at the fixed end. Calculate the 
reaction of the support. Compare with Art. 123. 

210. Two Spans, One End Fixed. — Figure 276 shows a uni- 
formly loaded beam, 22 feet long, with the right end fixed, which 
is supported 4 feet from the left end and 10 feet from the left 
end. The moment over the second support and the moment at 
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fixed end are unknown. Figure 276, III, shows the beam resting 
on the second support and at the right end. The dummy force P 

p 

at the location of the left support causes a force of at the right 




EJ Mp DIAGRAM 



MpDiAGRAM 

Fig. 276. — Dummy diagrams for two spans and for one span. 


end. The dummy moment over the second support is 6 P which 
equals 6 if P is unity. 

0 = — 24 'zt? X 2 "4" 3 X 4 “h 18 w yc, 3 4" 6il4^2 X 4 -4“ 

6 M3 X 2 + 144 tp X 3; (1) 

36 M2 + 12 M3 + 438 ^ = 0; (2) 

6 Ms + 2 Ms + 73 ^ = 0. (3) 

The 12“foot span is used alone for the second equation. For the 
dummy moment, the span is assumed to be fixed at the right end. 
The force P at the location of the second support (Fig. 276, V) 
makes the triangular diagram of Fig. 276, VI. The span might 
be regarded as simply-supported at the ends with a dummy 
moment Mi at the fixed end, where the moment does no work. 
The final result is the same in each case. 


0 — 6 M 2 X 4 “f" 6 Ms X 8 “h 144 'k? X 6j 
M2 + 2 Ms + 36 - 0. 

M 2 = —7Aw; Ms = “-14.3 ttJ. 


(4) 

(5) 
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To derive the equation of the elastic line for any span of an 
indeterminate beam, after the unknown moments and reactions 
have been calculated, the dummy diagram is drawn for a span 
of a simply-supported beam. If either end is fixed, the span 
may be treated as a simply-supported beam or a cantilever. 
The theory of Art. 203 was derived for a span which is fully 
supported, but not necessarily indeterminate, without the dummy 
force; and the applications of the principles of this article must 
conform to these restrictions. 

In Fig. 276, the diagrams are made of the end-moment 
diagram and the simple-support combined diagram. These are 
most convenient when dealing with end reactions and slope at 
a support. When working inside the span to find the elastic 
line or the slope at any point, it is desirable to draw the terms in 
such way that no trapezoids or truncated parabolas will come 
next to the origin of coordinates. For the first span of Fig. 276 
the general moment equation gives. 


—8 tc; + 6 Fo — 18 = —7.4 w] Fo = 3.1 w, 

M, - + ZAwx - 


( 6 ) 


Example I 

Find the slope of the tangent at the left support of Fig. 276- The Mt 
diagram is a triangle of altitude 1 if Afi is unity. Using the Mq, formula of 
Eq. (6) Fig. 277, 

E 1 Bx ^ —48 2P X ^ -h 56.8 w X ^ — 36 X (V 

E I $1 = 24 — 18.6 + 9 -u? == 14,4 iv. 


Problems 

1. Solve Example I using the Mq diagram of Fig. 276. 

2. Derive the equation of the elastic line for the 6-ft. span of Fig. 276, using 
the slope at the left support and the area-moment method with Fig. 277 
(or use the method of integration between limits). 

Am, Ely — 14.4 w x 4: w A * (8) 

6 24 

Example II 

Derive the equation of the elastic line for the 6-ft. span of Fig. 276 by 
elastic energy without using the slope at the end. 
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from the Mq and Mp diagrams of Fig. 277, 


Ely = -48 10 X + 55.8-10 X (^-fj - 36 to X 


Q .. X . S.l W ^ X W X^ X 

8ii,:rX2 + — 2— Xg Xj- (9) 


Example III 

Find the slope at the left end of the 12-ft. span of Fig. 277. Regard the 
dummy beam as a cantilever fixed at the right end which makes the M t a 



Fig. 277. — Diagrams for slope and for deflection. 

rectangle of uniform height —Mt — —1- Use the Mq diagram of Fig. 276 
and check with that of Fig. 278. Check also by means of the results of 
Example I and the area of the intervening moment diagram. 

El -(7.4w + 14.3'if;)6 X (-1) + 18 X 8 X (-1) = -13.8 w. 

Example IV 

Find the slope at the left end of the 12-ft. span of Fig. 276 by means of the 
Mt diagram of Fig. 277 for a simply-supported span. First derive the Mq 
equation from the data of preceding figures or problems. 

Example V 

Derive the equation of the elastic line for the 12-ft. span of Fig. 276 
using the dummy moment line of Fig. 278 for fixed end. 

On Fig. 278, the positive Mg trapezoid is taken as two triangles. The 
expression for the rectangle of length 12 — x is easily determined. The 
entire parabola of length 12 is taken and the value for the parabola of length 
X is subtracted. 
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1 2 — rc 12 

E ly = -7.4 w X {12 - x) X — s h 66.1 w X — 


-X ^ 2(12 - a) 

2 ^ 3 '^ 


21.7 w> a; 12 - a; ,, 12 - a; 

A X o ^ O 


E I y ^ 18 w (12 - xy + -^'^ 4 — (12 - - 288m)(9 - x) 


B 1 y ^ —13.8 w X — 3.7 'in + 


288«. X (9 - rr) - (-^') X (10) 

( 11 ) 


xa 


21,7 w XV 


24 


24 


( 12 ) 


Problems 

3. Check Eq. (12) by substituting x — 12 . 

4. Solve Example V by area moments (or integration between limits), using 
the slope from Example III and the areas of length x of Fig. 278. Exam- 



ple V is exactly the same as the deflection from the tangent at the right 
end by area moments. 

6 . Solve Example V, using the reversed Mp diagram for the span as a simply- 
supported beam, similar to that of Eig. 277. How does the difficulty of 
this method compare with that of Example V? 

211. Both Ends Fixed. — ^Figure 279 shows a beam which is 
fixed at both ends, with a load Q at a distance a from the left end 
and b from the right end- The Mq diagram at the bottom is 
drawn with the simple-support portions separate. An Mt 
diagram is drawn with the right end fixed and the dummy 
moment at the left end. This is a rectangle. An Mp diagram 
is drawn with the left end fixed. This is a positive triangle. An 
equivalent triangle of different altitude would have been obtained 
if the beam were assumed to be simply-supported with a dummy 
moment at the left end. From the rectangular ikfj = — *1, 
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Mil + M 2 I Q b I — Q — 0. (2) 


M(. DIAGRAM 


Mp DIAGRAM 


Mcf DM 6RA M " 2 ^ 

Fig. 279. — Diagrams for beam fixed at both ends. 

From the triangular 

+ (3) 

2MiZ + MsZ + - ^ = 0; (4) 


From Equations (2) and (4), 


UJ,=T^ - Q V; 

_S|! (r _ 3) = 


Q b^a 
P 


By symmetry, 


M2 = 


Q a^h 


Problems 

1. Calculate the shear at the left end of the beam of Fig. 279. 

Ans. Fi = +2o). (9) 

2. Find the maximum positive moment of the beam of Problem 1. Find 
the moment when the load is at the middle. 

M - M - 
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3 . What is the moment at each end when the load is at the middle? 

Ans. Ml = Ms = 

O 

4. Find the deflection under the load for the beam of Fig. 279. Use the 
reversed Mp diagram for a simply-supported span, as shown in Fig. 277. 
Calculate the deflection when a — h. 

Ans. y ZEIP’’^ l%2 E /' 


212. Three Moments. — Figure 280 shows a beam which is 
continuous over three fixed points A, B, and C. The points B 






m 



— l; ie >1 



Mp DIAGRAM 

Fig. 380. — Three moments. 


and C carry the beam as a simply-supported span. The dummy 
force P is applied to the overhanging end of length h at the point 
A, The moment of P about B is balanced by the additional 
P I 

reaction of at (7. The Mp diagram has a maximum altitude 
h 

of P li at B, Since the Mp Mq term is equated to zero, P h may 
conveniently be equated to unity. 


Mah 1 , Mhh ^^2 , P a(l — a) I + a , Mbh 

2Xg+2X3+ 2 ^3 "^2 

Mch . . 1 w cH2 . . 1 w 
2^3 4^3 "T“^ 

Mah + 2 Mdi + 2 Mt,h + Mah +Pab^ + ^ 


x| + 


il 

o 

(1) 

3 

- = 0. 

(2) 


213. Closed Ring. — Figure 281 shows a closed ring, the 
radius of which is relatively large compared with the radius of the 
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cross section. This ring is supported at the top and subjected 
to a load Q at the bottom so that the resultant applied force acts 
along a diameter. For beams that are curved in any way, the 
method of elastic energy has great advantages. 

In the treatment of deflection of curved beams, forces outward 
along a radius cause positive moment. The moment is positive 



when the outer fibers are in compression. Considering the right 
half of the ring as the free body, there is no horizontal tension 
at A or C. No horizontal external forces act on this free body; 
hence the sum of the tensions at A and C is zero. From sym- 
metry, the tension at A must have the same magnitude and sign 
as the tension at C. Since the sum is zero, each force must be 

zero. The vertical load on each half is 

M = Ma + ^ Bin e. (1) 

From symmetry it is evident that there is no change of slope at 
Ay B, or C. A portion from A to S may be regarded as a free 
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body fixed at B. A dummy moment Mt applied at A is trans- 
mitted as a constant Mt from A to B (or from A to C). The 
element of length is dl = r d6. 

r m/m. + ^ sin de 

K — ® 

Since Afj is a constant, it may be canceled. 

TT T[ 

0 = -f- ^ sin dO = r Mad — ^ cos 6 (3) 

= 0; Ma = = -0.3183 Qr. (4) 

Z A TT 

From Equation (1), 

Mt, = + ^ = (-0.3183 + 0.60)Q r = 0.1817 Q r. (5) 

TT Z 

To find the elongation of the vertical radius 0 A, the quadrant 
A S of Fig. 281,11, is taken as a free body, which is fixed at B 
and subjected to the dummy load P at A. Mp = P r sin 6. 


M„M 


-A — 2 = Q sin 6 


1 sin 


Ely = Qr 


, C / sin d 

t.> V 




sin d sin2(9> 

TT 2 




cos 2^'' 


Ely = _j_ ^ _ sin^> ^ 


|^(-0.3183 -f 0.3927) = 0.0744 


( 6 ) 

(7) 

( 8 ) 
(9) 


which is the elongation of the radius 0 A . The diameter C A 
is lengthened 0.1488 

The same result is obtained if the half circle A C is treated 
as a free body. The ikf^, expression is not changed but the limits 
become 0 and tt. The integral gives the elongation of the 
diameter. 

To find the elongation of any diameter, such as D Ey which 
makes an angle with the vertical, dummy forces of magnitude 
2 P are applied at the ends of this diameter. Each dummy force 
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is supposed to be broken into two equal forces of magnitude 
P. The portion D C of the ring is supposed to be fixed at C. 
Mp = P r sin(^ — ^) = p r(sin 0 cos <t> ~ cos 6 sin 4>) ; 




= Q rH 


MpMg 


= Qr‘ 


1 sin 


sin(0 — <j)) sin^O cos cj> 

+ 

sin 0 cos 0 sin <j>' 
2 

sin(0 — 4>) cos 4> cos 20 cos 4> 
^ I" “4 4 


MpM„rd0 


sin 20 sin ^ 
4 


cos(6 — <f>) 0 cos 4> sin 20 cos <l> 

+ + 


COS 2d sin 
8 


in 

, 


MpMard0 


= Q CQS 4> _ 1 (n - 4>)gos 4> 
y X X 4 

sin 2<l) cos <j) sin <f> cos 2</) sin <j)' 
8 ^ “8 8 
sin 2<^ cos <t> cos 24> sin <t> _ sin <1} 

8 8 ~ 8 “' 


MpMprd0 


1 cos 4> , (x — 4>) cos . 

1 r 

XX 4 


The portion of the right half of the ring from -4 to Z) is supposed 
to be fixed at A. The dummy moment is the moment of the 
second half of the force 2 P acting at D. 


fjMpMgr d0 


= Qr^ 


Mp = P sin {4> — 0). 

sin((^> — 0) , sin 20 sin 
j — + — j — 


cos (j) , cos 20 cos 4> \ QgN 
4 4 ) ^ 
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— Qr‘ 


cos {4> — 6) cos 2d sin <i> 


T 


= Q r 


Q r 


y X X 

+221 

I TT IT 


8 

d cos <l> , sin 2d cos 
__ + _ 

4> cos 2<p sin 4> . sin cp 
8 ^ 8 


]: 


(16) 


+ (17) 


<#) COS 4> , sin 2<l> cos (j> 
8 


(t> , sin 4> <f> cos <i> 


) 


(18) 


When Equations (14) and (18) are added to get the total 
energy in the left half of the ring, the result is 


E I y = QrH 


/ 2 , (it — 24 >) cos 4 > I sin 

+ 4 + -^7 


(19) 


Problems 

1 . Find the elongation of the diameter in the line of the load by means of 
Eq. (19). 

, 0.1488 QH 

Ans. Elongation = 

2. Find the elongation of a diameter at 90® with the line of the load. 

4 X. 0.1366 Qr3. 

Ans. Elongation g-j 

3. Find the elongation at 45® with the line of the load. 

. 0.0054 

Ans. Elongation — 

JtL 1 

4 . A ring of circular section, 2 in. in diameter, has a radius of 10 in. Find 
the maximum positive moment and the maximum negative moment 
when this ring is subjected to a pull of 1,200 lb. 

Ans. M — —3,820 in.-lb.; 2,180 in.-lb. 

214. Closed Ring with Two Symmetrical Loads. — Figure 282 
shows a closed ring, suspended at the top, which resists a force 
Q, normal to the circumference, at an angle /3 to the right of 
the vertical downward and an equal force at the same angle 
to the left of the vertical downward. Since the vertical diam- 
eter A C divides the ring and the loads symmetrically, the half 
ring of Fig. 282,11, may be taken as the free body. This half 
ring may be regarded as fixed at the top and fixed, in so far as 
rotation is concerned, at the bottom. There is an unknown 
bending moment Ma and an unknown tension H A. 
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0 TT TT 

Mq = Ma — H r(l — cos ^) + Q r sin (0 — 13). (1) 

Since the integrals required for finding the unknown quantities 
are equated to zero, any power of the constant radius which 
multiplies all terms may be dropped. 



Fig. 282 . — Closed ring -with two loads symmetrically placed. 

A dummy moment Aft at A is carried unchanged to the fixed 
end at C. 


CMtAfqdd / \ 

- — = I {^Ma — H r{l — cos 6)jd6 + 

Q r ^ sin(0 — p) dd\ (2) 

0 = r 0 +jH’ r sin — Q r|^cos(^— 18) (3) 

0 = Mate — H rir + Qr cos /3 + Q r. (4) 

The horizontal force H A causes no horizontal displacement. 
A dummy force P at A gives 

Afj, = P r(l — cos 6). 


MpMq 


= Ma — Ma COS 6 — H r(l — 2 cos 0 + cos®^) 

+ Q r sin(0 — ^) — Qr sin 6 cos 0 cos jS + 

Q r cos®0 sin /3; (5) 


J MpMqde 


cos 26 

~T~ 


= J ^Ma — Ma COS 
^ Q rj ^sin (0 


Ma COS 0 + H ri 


+ 2 cos 


(« _ « _ 

sin 6 . cos 26 sin /3\ , _ 

-2“ + — 2 — r 
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=[ 


Ma6 — Ma sin 6 + H r\ 
+ Qr 


/_3J 

V 2 


0 , 0 - _L 20 

+ 2 Sin 0 -I 


)]: 


, cos 20 cos ;S , 0 sin ^ 
cos(0 - iS) -I 2 1 K — 


+ 


sin 20 sin 0 


0 = MaTf — 


ZHr-n- 


{ 


(7) 


+ Q r[ cos /3 + 1 + 


cos /3 cos 2/3 cos /3 


, (x — jS) . ^ sin 2/3 sin 

+ — o— ^ sin j3 


2 ^ ^ 

When Equation (4) is subtracted from Equation (8), 


i^y 


( 8 ) 


H r IT ^ 

0 5 b Qr 


(t — 0) sin /3 / cos /3 cos 2/3 cos /3 

V 


4 4 

sin 2/3 sin /3 


o)]; 


(9) 


H sin (10) 

TT 

Equation (10) expresses the remarkably simple relation that 
the horizontal component of Q is divided in the inverse ratio to 
the arcs of the circle. 


Problems 

1. Find the horizontal tension at the bottom when the angle is 60®. Check 
by resolutions parallel to Q using an arc of 120° as the free body. 

Ans. H = 

\/3 

2. In Problem 1, find the horizontal tension at the top. 

Ans. T = -%=■ 
2\/ 3 

3- Find H and T when the forces Q make angles of 45° with the vertical. 

Ans, 0.5303 Q; 0.1768 Q. 

4. Solve Problem 2 by horizontal resolutions with the right half of Fig. 
282 as the free body and H known from Problem 1. 

From Equations (10) and (4), 

Ma = -Q r sin /3 — —(1 + cos 0). (11) 

TT TT 

5. Find Ma when /S = 60°. 

Ans. Ma = ^ = 0.0996 Q r. 

6. With Ma and Ha known, find Me at the top when = 60°. Check by 

finding Mf at the load Q. Ans. Me = M/ = —0.1888 Q r. 



CHAPTER XIX 


CURVED BEAMS AND HOOKS 

216. Stresses in Curved Beams. — Figure 283 represents a 
portion of a curved beam between two planes A B and C D, which 
are perpendicular to the plane of the paper and intersect at the 
center of curvature of the beam. The plane A B at the left 
end of the portion is regarded as fixed, while the plane C D at 
at the right end is rotated through an angle 6 to the position 
C D' when the beam is bent. The unit stresses in a beam of 



Fig. 283- — Curved beam of rectangular section. 


this kind do not vary directly as the distance from the neutral 
surface, because the length of the elementary filaments are not 
the same. If the neutral axis were midway between C and D, 
the total elongation D D' would equal the total compression 
C C but the unit elongation at the top would be smaller than 
the unit compression at the bottom because the original length 
B D is greater than the original length A C. 

Since the length of any filament, such as E F, is proportional 
to its distance from the center of curvature, the unit deformation 
and the unit stress vary as the quotient of the distance from 
the neutral axis divided by the distance from the center of 
curvature. 


491 
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In Fig. 283 j jBi is the inside radius, is the outside radius, 
jKo is the radius of the neutral surface, r is the radius of any fila- 
ment, and is the distance of the neutral axis from the center of 
gravity of the cross section. The angle at the center of curvature 
subtended by the portion of the beam is 0, so that the original 
length of any filament is r<p. The angle through which the plane 
C D is turned when the beam is bent is d. If the assumption 
that a cross section of a beam remains plane when the beam is 
bent be valid for curved as well as for straight beams ^ the defor- 
mation of a filament at a distance r — Rq from the neutral axis 
is (r — Eo)^ and 

Unit deformation = — (1) 

r <j) 

Unit stress = s = = A ~ 

in which k = is a constant for every part of the section at 
<#> 

any particular loading. 

At the innermost fibers 

- 1 ) ® 

At the extreme outer fibers 

& - - I). (4) 

The location of the neutral axis is found by means of the condi- 
tion that the total stress across any section is zero. ' 


Stress on element of area dA ~ A:^l — ; 

Total stress = k ^ (^1 — = 0. 


C^^dA 


Rq = 


t 


s, r 


(5) 

( 6 ) 
(7) 


The first step in the derivation of a formula for the stress in a 
curved beam of any section is the location of the neutral axis 
for that section by means of Equation (7), which does not depend 
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upon the constant k. With Rq now known, the second step is 
the derivation of an expression for the resisting moment to be 
used for the elimination of k. 

Since the resisting moment of a beam is a couple, the calcu- 
lation of the moment of this couple may be made with respect 
to any axis whatever. The mathematics is greatly simplified 
if the origin of moments is taken at the center of curvature of the 
beam. With the origin of coordinates at this center of curvature, 
the moment arm of every element is r. 


Moment = f sr dA = k { r(l — — = 

JRi JBi \ '" / 

k\ (r-So)dA; 

M == ki^j%dA - Eof^'dA^ = k(R - Ro)A, 


( 8 ) 

( 9 ) 


in which R is the radius to the center of gravity of the cross 
section. 

M = k voA, Formula XLII 


in which vq = R — Ro equals the distance of the center of gravity 
of the cross section from the neutral surface. 

216. Curved Beams of Rectangular Section. — For a rectangu- 
lar beam of breadth b and depth h, dA = b dr and A = b h. 


Ro = 


bh 


h 


r^'-dr 


, R^’ 


== i2i + 2 ““ 


( 1 ) 

( 2 ) 


Example I 

A curved beam of rectangular section is 3 in, wide and 4 in. high. The 
inner radius is 4 in. Locate the neutral axis and find the stress at the inner 
and outer surface. 


jK 2 = 8 in.; 
4 


'Ri 


2; 


Ro 

Vo 

Vo 


loge 2 0.69315 

6 - 5.7707 = 0.2293 in. 

= 0.06732. 


5.7707 in. 
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In a rectangular beam of depth equal to the radius of the inner surface, 
the neutral axis is shifted toward the center of curvature 0.05732 of the 
depth, or nearly 6 per cent. 

To find the stress at any fiber of a rectangular beam in terms of the 
bending moment, the constant k is eliminated from Formula XLII and Eq. 
(2) of Art. 215. 



k vob h; 


( 3 ) 


To find the unit stress in the outer fibers, 


S, 

Si 


3 X 4 X 0.2293 
,^/5.7707 A 
^(-4- - V 
2.7516 


0.10127 M; 

0.16089 M. 


If S is the unit stress in a straight beam of the same section 
S = ~ = 0.8102; ^ = 1.2871. 


It is convenient to express Ri and R 2 in terms of A as a unit 
and to take b as unity. For any particular problem, the values 
of Rq and vq may be multiplied by the height in inches, and the 
values of or S 2 may be divided by b Since is the differ- 
ence between relatively large numbers, it is necessary to use 
five-place tables to insure three-place accuracy. If good tables 
of natural logarithms are not available, common logarithms may 
be used. 

^ _ 1 __ 1 _ 0 . 43429448 _ 

Hq jy jy jy ' 

1 -m 2 1 Jn2 1 JX 2 

log« ^ lOgio ^ logio ^ 

mi til til 

0.43429448 

Example II 

If .A = 2 , find the stress in the outer fibers in terms of the moment 

Jtti 

regarding h and 6 as unity. 



P _ 0.43429448 
° 0.47712126 

1^0 = 0,08976074 h; 



0.91023926 h; 


3 ; 
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„ 0.820478 9.1406 M Si , 

— = ■ h h^ ’ ^ 

^ 0.393174 4.3803 ikf S 2 ^ ^qaa 

^ ^ 'Th^ ’ 

The logarithm of 3 in the expression for 7?o was taken from Macmillan^s 
^logarithmic and Trigonometric Tables/’ p. 133. 


Table XXIX. — Displacement of Neutral Surface and Helative 
Stresses in Extreme Fibers of Curved Beam of Rectangular 

Section 


Ratio of 
depth to 

Distance of neutral axis 

Ratio of unit stress in 
extreme fibers to stress in 
straight beam 

radius 

h 

Ri 

From center 
of curvature 

Rq 

h 

From center 
of gravity 

^0 

h 

I 

Si 

s 

& 

0.50 

2.466303 

0,033697 

1.1532 

0.8799 

1 .00 

1.442695 

0.057305 

1.2875 

0.8103 

1.50 

1.091357 

0.075310 

1.4098 

0.7639 

2.00 

0.910239 

0.089761 

1.5234 

0.7300 

3.00 

0.721347 

0.111986 

1 . 7324 

0.6814 

4.00 

0.621335 

0.128665 

1 . 9240 

0.6514 

5.00 

0.558111 

0.141889 

2.1020 

0.6282 


Table XXIX gives the ratio of the stress in the extreme fibers 
of a curved beam to the corresponding stress in a straight beam. 
These ratios are plotted as ordinates on Tig. 284. The curve 
for the unit stress at the concave surface does not differ greatly 
from the broken straight line for which the equation is 

Si = s(l + 0.25 Si = + 0-25 (4) 

Problems 

1. Verify Table XXIX for = 1.5. 

2 . A curved cast-steel beam is 5 in. wide, has an inner radius of 2 in. and an 
outer radius of 8 in. By means of the table, find the unit stress at the 
inner and outer fibers under a bending moment of 20,000 ft. -lb. Find 
the unit stress at 1 in. from the outer surface by means of Eq. (3) . 

Ans. 13,859 Ib./in.^; 5,451 Ib./in.^; 4,545 Ib./in.^ 

3. A cast-steel beam is 6 in. wide, has an inner radius of 2 in. and an outer 
radius of 7 in. Find the stress in the extreme fibers when M = 9,000 
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ft.-lb. Solve approximately by Eq. (4). Compare with the true curve 
of Fig. 284. 



0 0.6 1.0 1.5 2.0 2.6 3.0 3.5 4.0 

depthtInner radius 

Fig. 284. — Stress at outer fibers of curved beam of rectangular section. 

Example III 

Find the stress in the extreme fibers of the section of Fig. 286. Compare 
with the stress in a straight beam. 

A ~ 20 inA; R — 6.2 in. 

= 6[ log.r]® + 2[log.r]^" = 3.45444; Bo = = 6.78965 in.; 

Vo = 0.41035; ^ ^ = 0.054615 M; = "I 

Problems 

4, A hollow beam is 1 in, square outside and 0.8 in. square inside. The 
beam is curved to an inner radius of 0.5 in. Find the ratio of the stress 
in the outer fibers to the stress in a straight beam. 

Ans. ^ = 1.3468; ^ = 0.8131. 






Fig. 285. — Curved beam of T section. Fig. 286. — Curved 

beam of triangular 
section. 


217. Triangular Beam. — Figure 286 shows a triangular 
beam with its base at a distance Ri from the center of curvature. 



Roh — RoR^log^; 

Ki 


( 1 ) 

+ 

( 2 ) 
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Example 

Locate the neutral surface in a curved beam of triangular section for which 
= 5. Find the ratio of the stress in the outer fibers to the stress in a 
straight beam of the same section. 

Ri = 0.2 h; Ri = 1.2 h; = 6. 

1.2 X 1.79175947 - 1 = 1.150111364. 

Bo = 0.5fi -h 1.150111364 = 0.4347405 A 
B = 0.5333333 A 


S2 

§2 

S 

S, 

§1 

s 


X 0.0985928 A 


0.0985928 A 

12.9364 M 
bh^ ’ 


12.9364 Jkf,. 5A= 

-JW ^ 24M “ 
/0.4347405 
V 0.2 J 23.8089 M_ 

bh , bh^ ’ 


X 0.0985928 A 


23.8089 ilif .. bh^ -10°11 
6A= ^ i2M ~ 


Table XXX. — Displacement of Neutral Surface and Relative 
Stresses in Extreme Fibers of Curved Beam of Triangular 

Section 


Ratio of 
depth to 
inner 

Distance of neutral 
axis from 

Stress in extreme 
fibers in terms of 
M 
hh^ 

Ratio of stress 
to stress in 
straight beam 

radius 

h 

Ri 

Center of 
curvature 
Rq 

T 

Center of 
gravity 

Vo 

h 

Si 

S 2 

Si 

12 M 
b 

S 2 

24 M 
h h% 

0.5 

2.310586 

0.022747 

13.6540 

20.2053 

1.1378 

0.8419 

1.0 

1.294350 

0.038983 

15.1014 

18.1015 

1.2584 

0.7542 

1.5 

0.948495 

0.051505 

, 16.4156 

16.7325 

1.3680 

0.6972 

2.0 

0.771702 

0.061631 

17.6341 

15.7561 

1.4695 

0.6565 

3.0 

0.589350 

0.077317 

19.8675 

14.4337 

1.6556 

0.6014 

4.0 

0.494170 

0.089163 

21.9079 

13.5631 

1.8257 

0.5651 

5.0 

0.434740 

0.098593 

23.8089 

12.9364 

1.9841 

0.5390 
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Problems 

h 

1. Make the calculations of Table XXX for = 2, using five-place natural 

Ki 

logarithms to determine Ro. 

h 

2. Make the calculations of Table XXX for ^ = 4, using five-place common 

JtCi 

logarithms. 

3. A curved beam of triangular section is 4 in. high and 3 in. wide. The 
inner radius from the center of curvature to the base of the triangle is 
12 in. Find the unit stress in the extreme fibers for a bending moment 
of 1,500 ft.-lb. 

4. Plot curves for the ratios of Tables XXIX and XXX on the same sheet. 
What can you learn from these curves? 

218. Curved Beams of Converging Trapezoidal Section. — 
Figure 287 shows a curved beam of trapezoidal section with the 



Fig. 287. — Curved beam of trapezoidal section, sides converging. 

outer breadth smaller than the inner breadth. The height from 
the inner surface to the outer surface is h. The height from the 
inner surface to the intersection of the sides is H; and the radius 
from the center of curvature to this intersection is C. 


Total stress 
dA 


= ^(C - r)dr; 
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Table XXXL — Displacement of Neutral Surface and Relative 
Stresses in Extreme Fibers of Curved Beam of Trapezoidal 
Section with Outer Base One-half of Inner Base 

, 36 A _ 4 A ^ 13 6 A3 „ 13 6 A^ 

Area = ^ : h ^ = -gg™; 

^ 13 6 A2 

120 


Ratio 

of 

depth 

to 

inner 

radius 

A 

Ri \ 

Distance of 
neutral axis 
from 

Stress in extreme 
fibers in terms of 
M 
h A2 

Ratio of stress 
to stress in 
straight beam 

Center of 
curvature 

A 

Center of 
gravity 

Vo 

A 


s. 

^ 96 Af 

^ 120 M 

• 13 b 

■ 13 bh^ 

0.5 

2.412117 

0.032327 

8.4989 

8.0825 

1.1509 

0.8756 

1.0 

1 . 389607 

0.054837 

9.4731 

7.4207 

1 . 2828 

0.8039 

1.5 

1.039183 

0.071928 

10.3580 

6.9786 

1 . 4026 

0.7560 

2.0 

0.858845 

0.085599 

11.1791 

6.6580 

1.5138 

0.7213 

3.0 

0.671235 

0.106543 

12.6860 

6.2144 

1.7179 

0.6732 

4.0 

0.572249 

0.122195 

14.0649 

5.9162 

1 . 9047 

0.6409 

5.0 

0.509879 

0.134565 

15.3521 

5.6984 

2.0789 

0.6173 


Example 

A curved beam of trapezoidal section has an inner base of 2 in., an outer 
base of 1 in., a height of 3 in., and an inner radius of 1 in. Find the location 
of the neutral surface, the stress in the extreme fibers in terms of the bending 
moment, and the ratio of these stresses to the stresses in a straight beam of 
the same section. 

iSi = 1; Ri — 4t; (7 = 7; If = 6. Using common logarithms, 

_ 4.5 X 6 X 0.43429448 ^ 1.95432516 

2 X sm X 0.6020600 - 0.43429448) 0.97051219 

R = 2.333333 h = 

Ra = 2.013706 


Vo = 0.319628 = 1% 4- M = 3^0, 


S2 

S2 

S 


2.013705 


= 0.496574, 


0.496574 M 

4.5 X 0.319628 0-345244 M, 

20 M 


0.345244 M 


39 


= 0.6732. 
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2.013705 

1 


- 1 = 1.013705; Sx = = 0.704781 M. 

^ = 0.704781 M -h = 1.7179. 
o oy 


Problems 


1. A curved beam of trapezoidal section has an inner radius of 3 in., inner 
base of 2 in., outer radius of 6 in., and outer base of 1 in. Find the unit 
stress at the inner and outer surfaces for a moment of 2,000 ft. -lb. by 
means of Table XXXI without using the stress in a straight beam. 

Ans. Si = 12,630 Ib./in.^; ^2 = 9.890 Ib./in.^ 

2. The inner radius of a trapezoidal curved beam is equal to the height, and 
the inner base is four times the outer base. Find the expression for the 
stresses in the extreme fibers and the ratios of these stresses to the stresses 
in a straight beam. 


, ^ 11.1668 M ^ 10.37351 M Si , S 2 

Ans. 8 ^ = ; 8 , = ^ = 1.2795; 


0.7925. 


219. Curved Beam of Diverging Trapezoidal Section. — Figure 
288 shows a trapezoidal section which is wider at the convex than 
at the concave surface. The distance C from the center of 
curvature to the vertex of the triangle is less than Bi. dA = 

^(r - C)dr. 


Bo 


A H 


^ - 1 t) 


(1) 


Example I 

A curved beam of trapezoidal section has inner 
radius of 3 in., outer radius of 6 in., inner base of 
1 in., and outer base of 4 in. Solve for the stresses 
in the extreme fibers and the ratios of these to the 
stresses in a straight beam. 

Ri =3, = 6, E 



Eq == 

Vq = 


4.8, A == 7.5, 6=4, 

A = 3, JT = 4, C = 2. 

7.5 X 4 _ 2.5 

4 X 3(1 - Mlog,2) 0.53790188 
4,8 - 4.647679 = 0.152321; Si = 0.48079 M; 


Fig. 288. — Curved 
beam of trapezoidal 
section, sides diverg- 
ing. 


4.647679. 


^ = 0.48079 X ^ = 1.3222; 82 = 0.19730 ikf; 
~ = 0.19730 X y = 0.8139. 
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Example II 

Solve Example I if the breadth at the inner surface is changed to 2 in. 
and all other data are unchanged. The inclined surfaces intersect on the 
center of curvature. Since the width increases directly as r, the neutral 
surface is midway between the inner and outer surfaces. 


Eo 

Si 39 

S 3 ^ 10 M 


4.5 in.; 
1.3; S 2 


Vq 


gin.; 


M 
6 ' 


§3 

S 


Si = 


M 
3 ' 


= ^x 


39 


6 8M 


0.8126. 


Problems 


1 . Solve Example I if the breadth at the inner surface is 2.4 in. and all the 
other dimensions remain unchanged. 

Ans. Ri = 4.46576 in.; uo = 0.16925 in.; ^ = 1.2957. 

2. A beam of trapezoidal section has an outer radius of 6 in., an inner radius 

of 2 in., an outer breadth of 5 in., and 
an inner breadth of 3 in. Find the ratios 
of the stresses in the extreme fibers to 
the stresses in a straight beam of the 
same section. 

220. Curved Beams of Circular 
Section. — Figure 289 shows a circu- 
lar section of diameter D with its 
center at a distance c from the cen- 
ter of curvature. The expressions 
for finding Rq are 



dA = —2a sin 6 dr-, 
c -f a cos 9; dr 


■a sin 9 d9; 


Fig. 289. — Curved beam of cir- 
cular section. 


dA = 2 a sin^ 9 dd, in which a is the 
radius of the circle and 9 is the angle 
which the radius to the end of the element makes with the vertical 
upward. 


dA 

r 


dA _ 2 sin^ 9 dd 
r ~ c + a cos 9 
2(c^ 


^ — 2a cos 6 + 2c - 

J’~~ = 1^ — 2 a sin 6 + 2 c 6 2-\/ c® 


a^) 




c 4- a cos 9 

. ,a -j- c cos 6) 
c 4- a cos 9 


( 1 ) 

( 2 ) 


a^^sin” 


) 


0 

( 3 ) 
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= 2c7r + 2'\/c^ — — sin~^ 

\ c — a c + a/ 

== 2c7r — 2 TT's/c^ ~ a 


Rq 


Tva^ 


27r(c — \/c^ — a^). 
c + \/c® — 


2ir(c — \/c^ — 
Vq = c — Ro = 


a^) 2 

c — "s/c^ — a® 


(4) 

(5) 

( 6 ) 

(7) 


Example I 

A curved beam of circular section, is 4 in. in diameter and the radius of 
curvature at the inner surface is 2 in. Find the displacement of the neutral 
surface, the unit stress at the inner surface and at the outer surface, and the 
ratio of these stresses to the stress in the extreme fibers of a straight beam. 

= 2 + V3 = 3.73205; vo = 2 - \/3 = 0.26795. 

/ Ro 1 a/S B* 

s = yT ~ ^ ~T^ ^ a/3(2 + VS)M ^ 2(V3 +3)Af 

47r(2 - V3) 47r(2 - Vs) S’T 8x 

^ 0.80801 M 

TT 

For a straight beam of circular section 4 in. in diameter, 

I 

Problems 

S> 

1. Solve Example I for S 2 and 

o 

2. Solve Example I if the inner radius is 1 in. instead of 2 in. with all the 
other data given remaining unchanged. Compare with Table XXXII. 

3. Solve Example I if the inner radius is 4 in. and all the other data remain 
unchanged. Compare with Table XXXII. 


jRi 4" R 2 j R 2 — Ri 

Since c = 2 ^ 2 ^ 

i> _ "^1 2\/J2iJ 22 + i22 _ + '\/^)^ 

^0 - 4 - 4 ’ 

Ri - 2\/^B^2 + Ri {VRi - VRiY 
„„ = = 

s = Tiii ^ (-3 + 2VEMi + Ri)M _ 

X (x^ vq .jf — 2 \/ R1R2 -f" R^ 

S = (32^2 - 2VWRi - Rx)M 
" T a^Riifii - 2V^i + Ri) 


( 8 ) 

(9) 

( 10 ) 

( 11 ) 


( 12 ) 
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Since S = for a straight beam, 

TT 

51 ( — 3 Ri “H 2\/ R 1 R 2 *4" R 2 ) ^ ^ 

~~ 4 Rx (Ri - 2 VWR 2 + R^' 

52 (3R2 — 2 i\/ R1R2 — Ri) Cl 

S' 4 R 2 (-Ri — 2'%/ R 1 R 2 “h R 2 ) 


(13) 

(14) 


Equations (13) and (14) make it possible to solve for ratio of the 
stress in the extreme fibers to the stress in a straight beam by 
direct substitution. 


Example II 

Find the ratio of the unit stress in the extreme fibers to the maximum 
stress in a straight beam when the inner radius is two-thirds the diameter. 


Ri = 


2D 


lU = 


5D 


To simplify the calculations let — 2, R-i, 


D 

“ = T 

3 

5, and a = h* 
Z 


(-6+2VT0+5)| 

'S ~ 


3(-l +2 -n/10) 

4 X 2(2 - 2 VIO + 5) 16(7 - 2-^/iO) 


3(-l +2\/T0)(7 H-2V10) 
16(49 - 40) 


Si _ -7 + 12VT0 + 40 
S 48 

^2 __ 51 + 12\/l0 
S 120 


70.9473 


48 


= 1.47807. 


0.74123. 


Figure 290 is plotted from Table XXXII. The relative stress 
at the concave surface does not differ largely from that repre- 
sented by the straight line 

S,=g(l + 0.3|)-^(l+0.3|) (16) 

The calculations by Equations (11) and (12) are so easy that it is 
hardly worth while to use this approximate relation. 


Problems 

4. Find the unit stress in the extreme fibers of a curved beam which is 
2.5 in. in diameter and has an inner radius of 2 in. when the moment is 
15,708 in.-lb. ^ ^ Ans. Si - 14,400 Ib./in.^; & = 7,822 Ih./iii.^ 

6. A curved beam, 4 in. in diameter, has an inner radius of 1 in. Find the 
moment which will give unit stress of 1,200 lb. per sq. in, at the inner 
fibers. What will be the stress at the outer fibers? 
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Fig. 290. — Unit stress in outer fibers of curved beam of circular section. 


Table XXXII. — Relative Stresses in Extreme Fibers op Curved 
Beams of Circular Section 


Ratio of 
diameter to 
inner radius 
D 

Ri 

Distance of neutral 
axis from 

Ratio of stress to stress in a 
straight beam 

Center of 
curvature 

Ro 

Center of 

gravity 

Vo 

. 4M 

„ . 4itf 

0.5 

2.474745 

0.025355 

1 . 17487 

0.86658 

1.0 

1.457106 

0.042893 

1,33211 

0.79106 

1.5 

1.110380 

0.056287 

1.47807 

0.74123 

2.0 

0.933013 

0.066987 

1.61603 

0.70534 

3.0 

0.750000 

0.083333 

1.87500 

0.66625 

4.0 

0.654508 

0.095492 

2.11803 

0.62361 

5.0 

0.594950 

0.105060 

2.34974 

0.59996 
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221, Curved Beams of Semicircular Section. — Figure 291 
shows a semicircular section with the diameter which bounds 
it on the convex surface of the beam. The limits of d in Equation 


(3) of the preceding article are ^ and tt. 



sin' 


-1 O' + c COB d 

c + a cos 


sin“ 


c — a 




sm' 


X 


dA 


2 -|- C T 


2Vc 


a^(^ + sin-^^y 


Example I 


( 1 ) 


( 2 ) 


Fig. 291. — Semicircular curved 
beam, diameter on convex 
surface. 


Find the displacement of the neutral 
surface, the stress in the extreme fibers, 
and the ratio of these stresses to the stress 


in a straight beam for a curved beam of semicircular section with the radius 
of curvature of the inner surface equal to radius of the section. 


a = 1, c = 2, A — 0.5 TT a^, sm~^0.5 = -g- 


Ro = 


0.5 TT 


0.5 TT a 


^ ^ 4 TT (0.63662 4- 2 - 2.30940)7r' 

Z -f- z IT — -S/ o — 5 “ 


(3) 




R 


(2 - = 1.57659 a; Vo = 0.04757 a; Si 


7.0664 JVf 


At the convex surface of the section of a straight beam, 

I - 7.0664 X 0.19068 - 1.3475; 

3.1582 M 82 
^ 8 


8 
82 = 


3.1582 X 0.25861 = 0.8167. 


Compare these ratios with previous tables for the same 

Ki 

Problems 

1. Solve preceding example for a = 2 Ri. 

..-0.04725 a; 5 . - “5^"; §- 1.6023; & 


82 


8 


= 0.7372. 


2. Solve preceding example for a = 4 Rt. 
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Figure 292 shows a semicircular section with the diameter 
which bounds it on the concave surface of the curved beam. 
The limits of d in Equation (3) of the preceding article are 0 




a + c cos oy . , a 

— ^ P = sm-i - 

c + a cos djo c 

■ —2 a + CT — 2\/ — 



a + c_ 
c + a’ 



(4) 



Example II 

A curved beam of semicircular section has the diameter of each section on 
the concave surface of the beam at a distance 2 a from the center of curva- 
ture. Find the ratio of the stresses in the extreme fibers to the stresses 
in a straight beam. 


c == jRi = 2 a, A = 0.5 ir sm“"^ 0.5 — 

0.5 TT a ___ 0.5 TT a 

o . o /^2 7r " (-0.63662 + 2 ~ 1.15470)7r' 

Z -t- Z TT — V ^ 


” 0.20868 “ 

^ __ 0.198005 M 

0.5 IT X 0.02840 a ' 
_ 0.201663 ikr 
0.0446107 


Vo = 2.42441 a — jKo — 0.02840 a. 


4.4600 
4.5205 M 


^ = 1.1536; 
^ = 0.8610. 


Problems 

3. A curved beam similar to Fig. 292 has an inner radius of length a. Solve 
for the stresses in the extreme fibers. 

Xns. oo = 0.04844 a; = 1.2779; ^ = 0.7832. 
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5 a 

4. Solve Problem 3 if the inner radius is ^ • 

Ans, Rq ~ 1.63325 a] ~ 0.04116 a; Si — ^ 

^ 4.5205 M S 2 

’ S 


1.2264; 

0.8087. 


When a is greater than c (Fig. 292, II) the expression a/c^ 
in Equation (3) of Art. 220 becomes imaginary. For a greater 
than c, 


de 


c + a cos 6 




, log, 


a + c cos d sin d ^ 


c + a cos 6 


— —2 a sin ^ + 2 C 0 + 2-y/ 


log, 


a + c cos e + y / sin d 


c + a cos d 


(5) 

( 6 ) 


TT 

For the semicircle of Fig. 292, the limits are 0 and 


fi^ = _2a + cx + 2 Vo^ - X 
Jo r 


(loga - 


+ s/a^ — 


log, 


a + cV 

c + a/' 


pM = _2a + cx + 2Va2 
Jo r 


log, 


a + \/a^ — 


(7) 

( 8 ) 


Example III 

Find the stresses in the extreme fibers of the beam of Fig. 292 for c = 0.5 a. 

log. (2 + V3) = log. 3.73205 = 1.316944; 

Vs X 1.316944 = 2.280812; 2.280812 + 1.570796 - 2 = 1.851606; 
1.570796 
1.851606 a 

0.84835 a 


Ro = 0.84835 a; «o = 0.92441 a - 0.84835 a = 0.07606 a. 

0.69676 M 5.8318 M 


0.5 a 


1 = 0.69676; Si = 


0.119477 a® 


|i = 5.8318 X 0.25861 = 1.50816. 

O 


222. Hooks. — A. hook is equivalent to a curved beam .which is 
subjected to eccentric tension. As in a short block which is 
eccentrically loaded, the total pull P may be replaced by a pull 
P through the center of gravity of the section and a bending 

* Peiece, B. O., “Short Table of Integrals,” abridged ed., p. 22. 
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moment P e, in which e is the distance of the center of gravity 
of the section from the line of the load. The direct tensile 
p 

stress is 2 • If the hook is straight at the section under considera- 

JP & V 

tioiij the tensile stress which is due to bending is j - - - and the 

total stress at the innermost fibers is 



At the outermost fibers, if the hook is straight at the section 
under consideration, 



Since the eccentricity of the load on a hook is always so great 

Gr C 

that is greater than unity, S is a compressive stress. 

While Equations (1) and (2) afford an approximate method 
of finding the maximum stresses in a hook or curved bar which 
is subjected to tension or compression, there is an error on the 
side of danger, unless the curvature at the section under con- 
sideration is relatively small. For accurate results, it is necessary 
to regard the hook as a curved beam in calculating the bending 
stress. At the innermost fibers of a hook, 

= 3 + S„ (3) 

in which Si is the unit stress at the concave surface calculated 
for a curved beam with the moment P e. At the outermost 
fibers, 

J, (4) 

in which ^2 is the bending stress at the convex surface calculated 
for a curved beam with moment P e. 

223. Curved Bars of Rectangular Section. — While hooks are 
not made with rectangular sections, curved bars frequently 
have this form. 

Example 

A carved bar of rectangular section is 2 in. wide. At the section farthest 
from the applied load the inner radius is 3 in. and the outer radius is 6 in. 
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The load is 3,000 lb. tension and passes through the center of curvature. 
Find the maximum unit tensile and compressive stress at the most remote 
section. 

Ri -= 3 in.; R2 ^ ^ in.; h = Z in.; 1. 


P 3,000 


600 lb. per sq. in. tension. M — 3,000 X 4.5 — 13,500 in.-lb. 


^ ... 1 cy 13,500 

moment. For a straight beam, o = — g — ■ 


4,500 lb. per sq. in. Since 


h q Si 

75- = 1, the ratios and ~ may be taken from Table XXIX without 
Rl jO o 

interpolating. 

*Sii = 4,500 X 1.2876 = 5,7941b. per sq. in. tension. 


Total tension at concave surface = 5,794 + 500 — 6,294 lb. per sq. in. 
S 2 = 4,500 X 0.8104 = 3,647 lb. per sq. in. compression. 

Total compression at convex surface = 3,647 — 500 = 3,147 lb. per sq. in. 


Problems 

1. A curved beam 2 in. square has an inner radius of 3 in, and an outer 
radius of 5 in. It is subjected to a tension of 2,000 lb. which passes 
through the center of curvature. Find the tensile stress at the inner 
surface. Calculate Si from the equations of Art. 216, and make an 
approximate solution by interpolating Table XXIX. 

St = 7,698 Ib./in.s 

2. A curved bar of rectangular section is 3 in. wide. The inner radius is 
6 in. and the outer radius is 10 in. The load is 6,000 lb. and the line of the 
load is 3 in. from the concave surface of the bar. Find the maximum 
tensile stress. 

224. Hooks of Circular Section. — The problem of finding the 
unit tensile stress in a hook of circular section is solved 
by means of Equation (11) of Art. 220. If tension is regarded 
as positive, the complete expression for the unit stress at the 
concave surface is 


^ Pe(E2 + 2 VR 1 R 2 - 3fli) 

‘ IT a^Ri(Ri - 2VR^2 + R 2 ) ’T®"' 

S = P / e(R2 + 2 Vr;R, ~ 3R^) A 

‘ Tra\R^(R^ _ 2VR^2 + R 2 ) ) 

At the convex surface, from Equation (14) of Art. 220 

« = P - 2VmR2 - Rx) _ A 

“ Tro\R^(fi^ - 2VR^2 + Ri) ) 


( 1 ) 

( 2 ) 
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Example 

A hook of circular section is 2 in. in diameter. The inner radius of curva- 
ture is 3 in. and the outer radius is 6 in. The load is 2,000 lb. with the line 
of its resultant 1 in. inside the concave surface. Find the unit stress in the 
extreme fibers. 


= 3 in.; i ?2 = 5 in.; a = 1 in.; e = 2 in. 
= 636.6 lb. per sq. in. 


St = 636.6 


St - 636.6 


So - 636.6 


p(5 + 2x/l5 - 9) 

V3(3 ~ 2\/r5 +5) / 

( 3 ^ 0 254 + 1 ) “ X P®*' 

( i X' o ' 254 ^ ^ 


Problem 

A hook of circular section is 3 in. in diameter. The inner radius of 
curvature is 4 in. and the distance from the center of the section to the 
load line is 3 in. If the maximum allowable unit stress is 10,000 lb. per sq. 
in., what is the safe load? 



Fig. 293. — Hooks. 


226. Hooks of Trapezoidal Section. — Hooks are frequently 
made of trapezoidal section with the larger base toward the center 
of curvature. In the actual hooks the corners are rounded as in 
Fig. 293. Such a hook may be calculated as if it were the full 
trapezoidal section and the bending stress in the actual hook may 
then be computed by multiplying the stress obtained from the 
full trapezoid by the ratio of the moment of inertia of the full 
trapezoid to the moment of inertia of the actual section. 


Example 

A hook of trapezoidal section is 2 in. wide at the concave surface, 1 in. 
wide at the convex surface, and 4 in. deep between these surfaces at the 
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section most remote from the line of the load. The inner radius is 4 in. and 
the line of the load is 2 in, from the concave surface. Find the unit stress 
in the extreme fibers when the load is 8,000 lb. 

Since the inner breadth is twice the outer breadth, the ratios of Table 

XXXI apply for ^ = 1 . 

Ki 

3 

The calculated stress at the 2-in. base as a straight beam is S === M ~ 

16 

Since the center of gravity of the section is -g- in. from the base, the moment 
is 8,000 X -g-* The ratio from the table is 1.2828. 

-Si = 4 X 8,000 X ^ X 1.2828 = 8,947 lb. per sq. in. 

£fi + 2 = 8,947 + 1,333 = 10,280 lb. per sq. in. 
which is the unit stress at the inner surface. 

Problems 

1. Calculate the stress in the outer fibers for the hook of the preceding 
example. 

2. Solve the preceding example if the inner width is 3 in. and all other data 
are unchanged. 
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226. Center of Gravity of Some Areas. — The location of the 
center of gravity of an area is determined by the expressions 



( 1 ) 


The center of gravity of an area is frequently called tine centroid. 


Example 

Locate the center of gravity of the area which is bounded by the X axis, 
the ordinate x = x\, and the curve y = x^. 


Area 




xMx = 


Jo 


n + 1 


Moment of area 


liy = and yi = xl, 


J f*Xl 
0 


0 ?"+^ dx 


^ n + l 


- 

^ n -^1 


-f" 2 71 -4” 2 


r. = ^ ^ 2(w + 1) _ (n + Da? _ w + 1 


2Al 


2w + 1 


2(2« + 1) 2(2n + 1) 


( 2 ) 

(3) 

(4) 

Vi. (5) 


Table XXXIV gives the center of gravity of some areas which 
are largely used in the application of area moments. 

227. Moment of Inertia of Areas. — The moment of inertia 

of an area is defined mathematically by the expression J* r^dA, 

in which dA is an element of area and r is the distance of every 
part of this element from the axis of reference. 

Polar moment of inertia is taken with reference to an axis 
which is perpendicular to the plane of the area. In rectangular 
coordinates, r^ = and dA = dx dy. In polar coordi- 

nates, dA = rdB dr. 
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j. . Y T 

The polar moment of inertia of a circle of radius a is J ^ ; 

the square of the radius of gyration is k"- — For a hollow 
circle of outside radius a and inside radius h, 

(I) 

The moment of inertia of a plane area with respect to an axis 
in its plane is called the moment of inertia of the area without any 
descriptive term. The moment of inertia with respect to the 
X axis is 

/x = J* y‘^dA. 

The moment of inertia with respect to the Y axis is 

ly = f xHA. 

Moment of inertia of any area may be transferred from any 
axis through the center of gravity to a parallel axis by means of 
the equation 

7 = ^ ( 2 ) 

in which Ic is the moment of inertia with respect to the axis 
through the center of gravity and d is the distance from this 
axis to the parallel axis. 

Table XXXIII gives the moment of inertia of a few areas 
which are convenient in the calculation of the properties of 
sections which are used in structures. 


Problems 


1, Derive the expression for the moment of inertia of a rectangle with 
respect to an axis through the center of gravity parallel to the base (see 
any textbook of mechanics for the method). By transfer of axis find the 
moment of inertia with respect to the base. 

2. Find the moment of inertia of a 6-in. by 8-in. rectangle with respect to an 
axis which is outside the rectangle at a distance of 4 in. from one 6-in. 
edge. Solve by transfer formula. Solve also by assuming that the 
rectangle is extended to the axis of inertia. 
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3. By integration derive the expression for the moment of inertia of a 
triangle with respect to an axis through the vertex parallel to the base. 
Then transfer to the parallel line through the center of gravity. Finally 
transfer from the center of gravity to the base. 


Table XXXIII. — Moments op Inertia and Section Moduli 


i 

Lil 

!ifl_ 

-/ 

-e 

Rectangle: A = b d. 

Axis 1 - 1 : I = ~ k = -A = 0.288676 d. 

Vl 2 

Axis 2 - 2 : 7 = ^ k ^ = 0.577350 d. 

3 V3 

(Vj 

U- — ->l 

Any triangle: A = 

Axis 1 - 1 : I A = = 0.235702 h. 

Vl 8 

2h ^ bh^ 

Z^~ 

h ^ bh^ 

C2 “ 3 ; ^2 = 

Axis 2-2: I - — - 0.408248 h. 

12 ^ 

Axis 3-3: J = ^ h => = 0.707107 h. 

4 V 2 

i. /? >) 

T 1 

Isosceles triangle: A ~ 

Axis 1 - 1 : I = ^ ^ = 0.204124 6 . 

48 ^24: 

h « A62 



Circle: A = x 02 = 0.785398 <i» 

Axis 1-1: I = ^ ^ = 0.0490874 d* 

4 64 

, a d 

* = 2 ’ ° “ 2 ‘ 

! Z = ^ ^ = 0.0981748 d\ 


Semicircle: A = ^ - 1.570796 a^. 

Axis 1-1: = (1 - “ 0.109766 a*. 

7. 64 ^ Q ‘’61336 a 

‘L -.t-r 

0 TT 

c ^ a - ^ 0.5755868 o; Z ^ 0.190687 aS. 

3 TT 

« 4ja ^ 0.4244132 a; Z^ « 0.258609 a^. 

3 T 


The isosceles triangle consists of two triangles of base h and altitude 
From the expression for the moment of inertia with respect to the base 



48 


/ = 2 X 


12 


fcOlo- 
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4. By integration, find the moment of inertia of a circle with respect to a 
diameter. Find the moment of inertia of a semicircle with respect to 
any diameter. 


6 . 


xins. I of semicircle = 


By transfer find the moment of inertia of a semicircle with respect to a line 
which is parallel to the bounding diameter and passes through the center 
of gravity. 


Ans, Ic 


TT TT 16 (2^ __ /tt 8 \ 

8 2 ^ 9x2 “ Vs 


Example I 

A trapezoid has a lower base of 16 in., an upper base of 4 in., and a height 
of 12 in. Find the moment of inertia with respect to the lower base; then 
find the moment of inertia with respect to an axis which is parallel to the 
base and passes through the center of gravity. 



Fig. 294. — Subdivision of trapezoid for computation. 


Figure 294, I, shows the trapezoid divided into a parallelogram and a 
triangle. Figure 294, II, is made up of two triangles, y = 4.8 in. The 
moment of inertia with respect to the base is 


Parallelogram: iAi2J<122il2 

Triaugle: X 12 X 12 


= 2,304 
= 1,728 


in.'* 


I = 4,032 in." 

Jo = 4,032 - 120 X 4.82 = 4,032 - 2,764.8 = 1,267.2 in.** 


Problems 

6. Find the center of gravity and the moment of inertia with respect to the 
base for the trapezoid of Example I by means of the triangles of Fig 
294, II. 

7. Solve Example I by taking the moment of inertia with respect to the 
upper base and then transferring to the parallel line through the center of 
gravity. 
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8. Find the section modulus of the trapezoid of Fig. 294 with respect to 
upper and lower extreme fibers. Ans. Z = 176 in.^; = 264 in.^ 


Example II 

Find the moment of inertia and radius of gyration of 8-in. by 7-in. by 1-in. 
angle section with respect to an axis through the center of gravity parallel 
to the 7-in. leg (Fig. 295). 

Dividing the angle into an 8-in. by 1-in. rectangle 
and a 1-in. by 6-in rectangle and taking moments 
about the back of the 7-in. leg, 

8X4 =32 

6 XO. 5 = 3 


14 y = 35 ‘ 

y — 2.5 in. 

The moment of inertia with respect to the axis 
1-1 may be found by taking the moment of inertia of each rectangle with 
respect to a parallel axis through its center of gravity and then transferring 
to axis 1-1. 





Fio. 295. — Angle sec- 
tion. 


^ 1 X 83 , ^ 9 , 6 X 13 , ^ .o2 , .o , 1 . ... orl 

Ic = -^2“ + 8 X J + 6 X 22 = 42g + 18 + 2 + 24 = 85^- 


Another method is to find the moment of inertia about some axis which is a 
common base for both rectangles and then transfer to the center of gravity. 
Using axis 2-2 at the back of the 7-in. leg, 


I = 


X 83 6 X P 

o "t" o 


- 172 ?: 


172 ? 
3 


14 X 


25 



Problems 

9. Divide the angle section of Fig. 295 into two 7-m. rectangles; find the 
sum of the moments of inertia with respect to the right edge of the 7-in. 
leg; and transfer 1.5 in. to axis 1-1. 

10. Find the moment of inertia of the section of Fig. 295 with respect to 
the axis through the center of gravity parallel to the 8-in. leg. Solve 
by two methods. 

11. Compare the moments of inertia, area, and radii of gyration of the 
section of Fig. 295 with the values of a similar section which is given 
in the handbook. 

12. Find the location of the center of gravity for a 6-in. by 5-in. by 1-in. 
angle section. Compute the moment of inertia for axes through the 
center of gravity parallel to each leg. Calculate the radius of gyration 
for each of these and compare all the results with the corresponding 
values for a 3-in. by 2>^-m. by J-^-in. angle section which is given in the 
A.I.S.C. handbook. 

Figure 296 shows a standard channel section. The moment of 
inertia with respect to the axis 1-1 is the moment of inertia 
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of the rectangle of breadth h and height d minus the moment 
of inertia of the trapezoid which is included between the flanges. 
This trapezoid is a portion of an isosceles triangle which has a 
base c. Since the slope of the inner surfaces of the flanges in 
most standard channels and I-beams is 1:6, the altitude of this 





Fig. 296. — Standard channel section. 


triangle is 3 c. The altitude of that portion of the triangle 
from the right face of the web to the vertex is 3 e. 


a 

. = c - 3, 

in which a is the net width of the flange. 

j _ h 3 c X c® — 3 e X e® _ 6 d® — e* 

^ ~ 12 48 I 2 16 


( 3 ) 

(4) 


In a similar way the moment of inertia of a standard I-beam is 


_h d^ c* ~ 

~ I2 8 


( 5 ) 


Example III 

Find the moment of inertia of a 12-in. 20.7-lb. standard channel section 
with respect to the axis of symmetry. 


c = 12 - 2 X 0.28 = 11.44; m = 0.28 + — = 0.72 
e = 12 - 2 X O. 72 I = 10.65 
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The “Pocket Companion’ ' on page 34 gives ni = 0.723 which makes 
e = 10.554. If this value is used in Eq. (4), the moment of inertia is found 
to be 128.3 instead of 128.1, which is given in the handbook on page 36. 
Raising e to the fourth power multiplies the error of this term by 4. Since 
the final value is taken from the difference of two relatively large quantities, 
an error of 1 part of 15,000 becomes 1 part in 640 in final result. 


/ = 


2.94 X 12^ 
12 


11.444 


16 


I = 423.36 - 12,403.9 ^ 423 3 ^ _ 296.25; 

7 = 128.1 


The dimensions of the standard beams and channels which are 
shown on the drawings of the handbooks apply to the lightest 
section of that depth. The heavier sections are made by increas- 
ing the thickness of the web. The gross width of the flange is 
increased by the same amount, while the net dimensions of 
flange are unchanged. 


Problems 

13 . Look up in the tables of the handbook the additional thickness of the 
304b. 124n. channel. From the answer of Example III and the moment 
of inertia of the added rectangle, calculate the moment of inertia of this 
channel with respect to the axis of symmetry. 

14 . Solve Problem 13 for the 124n. 404b. channel. 

16 . Find the moment of inertia of a 204n. 81.44b. standard Lbeam with 
respect to the axis of symmetry which is perpendicular to the web. 

Ans. c 

I 
I 


= 20 - 1.30 = 18.7; e - 18.7 - 
14,000 122,283.1 - 96,680.6 


3 

1,466.3. 


8 


3 ^ ^ ^ 

3 3 ’ 

4,666.7 - 3,200.4; 


Example IV 

Find the moment of inertia of a 124n. 354b. standard channel with 
respect to the axis through the center of gravity which is parallel to the web 
(Fig. 296, II). 

The moment of inertia is calculated first with respect to the right edge of 
the web. This is a common base for the three rectangles and two triangles 
which make up the section. 

, 12 X 0.6323 0.56 X 2.663 , 0.887 X 2.663 , , 

j g 1 1 = 0.9120 inA 

10.252 X = 0.6294; x = 0.0693 in. 

Ic = 5.9126 ~ 10.26 X 0.0693^ = 5.88 in.^ 
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Problems 

16. Solve Example IV for a 12-in. 20.7-lb. standard channel. Make use of 
part of the work of the example. 

17- Find the moment of inertia of a 20-in. 95-lb. standard I-beanx with 
respect to the axis parallel to the web through its center of gravity. 
Find the moment of inertia of the one large rectangle and the two 
smaller rectangles about the required axis. Find the moment of inertia 
of one of the four equal triangles with respect to a parallel axis through 
its center of gravity and then transfer. 

18. Find the moment of inertia of the section of Fig. 297 with respect to the 

axis of symmetry and also with respect 
to the axis through the center of gravity 
parallel to the plate. Get as many of 
the data from the handbook as possible. 
This column is latticed at the top of the 
figure. The latticing is not considered 
in the calculations. 

The sum of the moments of inertia, 
of a plane area with respect to a pair 
of axes at right angles to each other 
fig. 297 .-Fabricated section, jg equal to the polar moment of inertia 

of area with respect to the axis which is perpendicular to this 
plane and passes through the intersection of the two axes which 
lie in the plane. 

If one of these axes in the plane is the X axis, 

/. = J yHA. (6) 

If the other axis at right angles is the Y axis, 

ly == dA. ( 7 ) 

For the polar moment of inertia, = x'^ + y^; 

/ = f(x^ + y‘^)d A = fx^dA -h f yHA. (8) 

For angle sections with unequal legs, the handbooks give the 
moments of inertia with respect to axes parallel to each leg 
and also give the minimum radius of gyration. The maximum 
moment of inertia may be found from the relation 

Ix I ly J IwxD. ~f~ I max* 



( 9 ) 
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Problems 

19. Find the maximum moment of inertia for a 4-in. by 3-in. by J^-in. angle 
section for an axis through the center of gravity. Get Ix and ly from 
the handbook. From the minimum radius of gyration, which is given, 
calculate the minimum moment of inertia, then solve for /max by Eq. (9). 

20. Solve Problem 19 for a 6-in. by Sl^-in. by %-in. Zee. 

228. Change of Direction of Axes for Moment of Inertia. — By 
means of Equation (2) of Art. 227, moment of inertia may be 
transferred from one axis to a parallel axis, provided one of these 
axes passes through the center of gravity. It is frequently 
necessary to find the moment of 
inertia with respect to an axis 
which is inclined to the principal 
lines of the figure in such a way 
that the solution by direct integra- 
tion is difficult. If the moment 
of inertia of an area is known 
for any two axes in the plane at 
right angles to each other, the Fig. 298. — Change of direction of 
nroment of inertia for any other 

axis at a known angle with those axes may be calculated. 

Figure 298 represents any area in the X Y plane. The moment 
of inertia of this area with respect to the X axis may be desig- 
nated by Ix and the moment of inertia with respect to the Y 
axis may be designated by ly. 

Ix=fy^dA; 

— J X^dA. 

The line 0 X' is a new axis which makes an angle 6 with the 
X axis and 0 Y' is an axis at right angles to OX'. The coordi- 
nates of an element of area dA with respect to these new axes are 

y')- 

The moment of inertia of the area with respect to 0 X' is 

/ = J y'^dA. (1) 

From the geometry of the figure 

y' = y cos 6 — X sin d. (2) 

I = J (y^ cos^ 9 — 2xy cos 0 sin 0 -f- sin® 6)dA, (3) 
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I ~ Ix cos^ 6 1 y sin^ 6 — 2 cos 6 sin 6 ^ xy dA, (4) 

I ~ Ix cos® 6 ly sin® 6 — sin 26 J xy dA, (5) 

/ = l ± +J y + I- -J« cos 26 - sin 29 jxy dA. (6) 


229. Product of Inertia. — The expression Jxy dA, which 
occurs in Equations (5) and (6) of the preceding article, is called 


Y 



Fig. 299. — Symmet- 
rical section. 


the product of inertia. The product of inertia 
has no physical meaning but it is a con- 
venient tool in finding the moment of inertia 
of a plane area with respect to any axis. 

If an area is . symmetrical with respect to 
either one of a pair of rectangular axes, its 
product of inertia with respect to that pair 
of axes is zero. Figure 299 represents an area 
which is symmetrical with respect to the Y axis. 
If this is integrated first with respect to x, 



xl)y dy. 


If the area is symmetrical with respect to the Y axis, the lower 
limit xi is numerically equal and opposite in sign to the upper 
limit X 2 , and the squares are the same in 
magnitude and sign; consequently the term j' J 
in the brackets vanishes and 

E = 0. 

When the product of inertia is known I 
with respect to a pair of rectangular axes q, 
through the center of gravity of an area, 
it may be calculated for a second pair of — Transfer of 

1 f , product of inertia. 

parallel axes in the plane of the area by 

formula which is similar to the transfer equation for moment of 

inertia. 

Let OX, OY (Fig. 300) be the original pair of axes through the 
center of gravity, and let (x, y) be the coordinates of an element 
dA with reference to these axes. Let O'X', O'Y' be a new pair of 
parallel axes. Let (a, b) be the coordinates of the center of 
gravity of the area with respect to the new axes. 
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If H is the product of inertia with respect to the new axes, 


H ^ j {a + x){h + y)dA, (1) 

H == a b JdA + b J*x dA + « J*y dA + V (2) 

ff = a + 0 + 0 + (3) 

where He is the product of inertia with respect to the axes through 
the center of gravity. 

If the center of gravity falls in the first or third quadrant with 
respect to the axes for which the product of inertia is desired, the 



product a 6 A is positive, and R will be positive unless He is nega- 
tive and numerically greater than ab A, If the center of gravity 
falls in the second quadrant, a & A is negative since a is negative; 
if it falls in the fourth quadrant, a 6 A is negative because b is 
negative. 


Problems 

1. By integration find the product of inertia of a rectangle of base h and 
altitude d with respect to the lower and left edges as axes. 

4 ‘ 

2. Solve Problem 1 with respect to the lower and right edges as axes. 

4 * 


Ans. H 


Arts. H 


Example 

Find the product of inertia of the semicircle of Fig. 301 with respect to 
the diameter and the tangent at the bottom. By rectangular coordinates 
with the origin at the center of the circle, 


ff - 


I" J* (a + y)x dxdy = ^ 


(4) 
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H = gj(a + V){a^ 

» - 1 (‘ + ‘ + s 



a 

3 

2a^ 
3 ‘ 


y^~\a ^ 

^\-a 


By polar coordinates with the origin at the tangent point, 

7*4 '12a cos Q 


H 


-If 


sin & cos 0 dr d$ 


=/ 


sin d cos 6 


L4J0 


dd; 



cos® 6 sin 6 dd 



2 a" 
3 * 


By transfer, 
a — 



=: a; A 
H = 


TT CL^ 

^ ”2"* 

4:a X a X TT 
^ 2 X 3 X TT 


2 a" 
3 ‘ 


4 . 


Problems 

By integration find the product of inertia for the right-angled triangle of 
Fig. 302 with respect to the base and the left edge as axes. Integrate 
first with respect to y, 

Ans. The first integration gives H = g-p I (b x)^x dx; E = 

By transfer find the product of inertia of the triangle of Fig. 302 with 

respect to the parallel axes through the 
center of gravity. 

Ans. He = - — . 

6. Find the product of inertia of a 6-in. by 
5-in. by 1-in. angle section with respect to 
axes through the center of gravity parallel 
to the legs. The section may be divided 
into two rectangles. The product of inertia 
of each of these with respect to the axes 
through their center of gravity is zero. 
Transferring to the axes 1-1, 2-2 and adding 

F. = 4 X (-1.5) X1.5+0-1-6X1X (-1) +0 



Fig. 302. — Product of inertia 
of right-angled triangle. 


-9 ~ 6 


-15 in. 


The problem may be solved more readily in another way. Since S-S is 
an axis of symmetry for the horizontal leg, the product of inertia of this 
rectangle for 3-3 and any other axis (as 4-4) is zero. Since axis 4-4 is a 
line of symmetry for the vertical leg, the product of inertia of this rec- 
tangle for axes 4-4 and 3-3 is zero. The product of inertia for the entire 
section for axes 3-3 and 4-4 is the sum of products of inertia of the 
separate rectangles, therefore, F = 0. When the product of inertia is 
transferred from 3-3, 4-4 to axes 1-1, 2-2, the equation is 

0 = Fc + 10 X 1.5 X 1; He = -15 in." 
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230. Calculation of Moment of Inertia. — For the calculation of 
moment of inertia, Equation (6) of Art. 228 becomes 

/ = + p- h cos 2d - H sin 2e. ■ (1) 

Equation (5) becomes 

I = /a;COS“^ + ly sin^«9 — 2 i? sin ^ cos 6. (2) 

Equation (1) is generally used. However, when sin 6 and cos B 
are fractions which may be conveniently squared, Equation (2) 
is preferable. 


4 



4 a 

Fig. 303. — Product of inertia of angle section. 


Problems 


1. Find the moment of inertia of a 4~in. by 3-iii. rectangle (Fig. 304) with 
respect to an axis through the lower left corner making an angle of 20° 
upward from the 4-m. edge. 


Jx == 36 in.^, 
36+64 
^ 2 


Jy = 64 in.4, U = 36 in.^ 

»l_ cos 40° — 36 sin 40°; 

li 


/ = 50 - 14 X 0.7660 - 36 X 0.6428 - 16.14 in.'^ 


2. Solve Problem 1 if the axis is 20° below the direction of the 4-in. edge. 

Ans. I = 62.42. in. ^ 

3. Solye Problems 1 and 2 if the axes are tan"^ and tan“i (— ^). Use 
Eq. (2) without trigonometric tables. Check one of these by means of 
the moment of inertia of the two equal triangles with respect to the 
diagonal as the common base. 

4. Find the moment of inertia of the 4-in. by 4-in, by H-in. angle section 
of Fig. 306 with respect to the axis 3-3 by means of Eq. (1). Take /* 
from the handbook. 
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6. Find the moment of inertia of the section of Fig. 305 with respect to the 
line which bisects the angle. Check by subtracting the moment of 
inertia of a 3-in. square with respect to its diagonal from the moment of 
inertia of a 4-in. square. 

6. Check the answers of Problems 4 and 5 by means of Eq. (9) of Art. 227 . 



Fig. 304. — Change of direction 
of axis. 


Fig. 305. — A principal 
axis of angle section 


231. Change of Direction of Axes for Product of Inertia. — 
To derive the expression for the product of inertia for the axes 
OX', OY' of Fig. 298 the fundamental integral is 

ir = J x'y'dA. (1) 

H' = cosd + y sin d){y cos B — x sin e)dA, (2) 

H' ~ (cos^ 6 — sin^ d)j’ x y dA + cos 6 sin B ^ {y'^ — x^)dA, (3) 

H' ^ H cos 2B + sin 26. (4) 

When the expression to the right of the equality sign in Equation 
(4) is made equal to zero, 

tan 2B = (5) 

I y lx 

Equation (5) gives the angle at which the product of inertia 
is zero. 


Problems 

1. In the 4-m. by 3-in. rectangle of Fig. 304 what will be the angle between 

0 X' and the 4-in. edge if the product of inertia with respect to 0 X' and 
the axis through O normal to it is zero? Am. d == 34^^ 32'. 

2 . Find the direction of the pair of axes through the center of gravity of 
the 6-in. by 6-in. by 1-in. angle section of Fig. 303 for which the product 
of inertia is zero. 
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232. Direction of Axis for Maximum Moment of Inertia. — 

From Equation (6) of Art. 228 the moment of inertia with 
respect to an axis at an angle 0 with the X axis is 

I = ^ - ~ cos 2d - H sin 26. (1) 

The direction of the axis for maximum or minimum moment 
of inertia is found by differentiating Equation (1) with respect to 
6 and equating the derivative to zero. 

riT 

^ = (/j, — 7*) sin 26 — 2 H cos 26, (2) 

from which the condition of maximum or minimum is 

tan 26 = (3) 

-Ly -t X 

A comparison of Equation (3) with Equation (5) of the preced- 
ing article shows that the condition for maximum and minimum 
moment of inertia is identical with the condition for zero product 
of inertia. There are two solutions for Equation (3), which give 
values of 26 differing by 180 degrees and values of 6 differing by 
90 degrees. One of these gives the direction of the axis for which 
the moment of inertia is a maximum and the other gives the direc- 
tion of the axis for which the moment of inertia is a mim'TmnTi . 

Since the product of inertia for an axis of symmetry is zero, 
the moment of inertia with respect to an axis of symmetry is 
greater or less than the moment of inertia for any other axis 
through any given point in its line. 

The line which bisects the angle between the legs of an angle 
section of equal legs is a line of symmetry and the moment of 
inertia for this axis is greater than for any other axis through 
the center of gravity, while the moment of inertia for the axis 
at right angles to this line of symmetry (the axis 3-3 of Fig. 305) 
is smaller than that for any other axis through the center of 
gravity. 

The maximum and minimum moments of inertia for axes 
through the center of gravity are called the 'principal ‘moments 
of inertia and the axes are the principal axes of the area. After 
the moment of inertia and the product of inertia have been 
found with respect to any convenient pair of axes which are 
perpendicular to each other in the plane of the area, the direction 
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of the principal axes is found by Equation (3) or from the condi- 
tion that an axis of symmetry is a principal axis. The angle 
thus found is then substituted in Equation (1) or in Equation (2) 
of Art. 230 to find the required principal moments of inertia. 

Example 

Find the principal moments of inertia for the 6-in. by 5-in. by 1-in. angle 
section for axes through the center of gravity. 

tan 2e = 2 oo~"l 25 = 

"6 r 

From the first angle, cos 2d — — and sin 26 — 

^ __325 75/ _5\ _ . . 

" 12 12 V 13/ ^ ^ 13 3 

After the calculation has been completed, the result is found to be the 
maximum, since it is larger than I^or 

Imin - 12 ^ 13 ^ ^ \ 13/ 12 12 6 ' 

When the sine of 9 and the cosine of 9 may be squared conveniently, 
Eq. (2) of Art. 230 may be used. From tan 29 = —2.4, tan 6 is found to be 
— for which ^ is —33° 41', or tan 6 = K, for which 9 = 56° 19'. 


Problems 


1. Solve the foregoing example for maximum I from tan 9 ~ Calculate 


B 



axes of a right-angled 
triangle. 


the sine and cosine without the use of tables. 

2. Solve the example for by means of the 
single angle. 

3. Find the moment of inertia for the angle section 
of the foregoing example at 45° and at 60°. 
Compare with /max* 

4. Find the maximum and minimum moments of 
inertia of a 4-in. by 3-in. rectangle with respect 
to axes through the lower left corner. 

Ans. Jmm = 11.374 in.^ at 34° 22'5; /tpax == 
88.626 in.4 


6. Find the principal moments of inertia of the right-angled triangle of 
Fig. 306. 

Ans. /max = 525.05 in.-^ with respect to an axis at 60° 08' with the 
horizontal toward the right; 

/mm = 337.500 - 47.616 - 139.932 - 149.96 in.^ 

6 . A cantilever, 10 ft. long, has a solid triangular section equivalent to 
Fig. 306 which is rotated 29° 52' to bring the principal axis of minimum 
moment of inertia into the horizontal. Find the stress at each corner 
when a load of 300 lb. is placed on the free end. 
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The perpendicular distance from the corner A to the principal axis is 

c = 3 cos 29° 52' + 4 sin 29° 52' = 3 X 0.86719 + 4 X 0.49798; 

, kook 36,000 X 4.5935 , ii. 

c = 4.5935; s = Qg = 1,103 lb. per sq. in. compression. 

„ 36,000 X 3.2112 , . 

At Is, s = = 771 lb. per sq. m. tension. 

. , „ 36,000 X 1.3823 ^ . 

At C, s = Qg = 332 lb. per sq. in. tension. 


233. Calculation by Means of the Tangent. — Equation (1) or 
Equation (2) of Art. 230 may be used to calculate the moment 
of inertia at any angle and to find the minimum moments of 
inertia after the angle has been determined by Equation (5) of 
Art. 231. Another form, which is applicable to transfer to or 
from maximum or minimum moments of inertia only, makes use 

of tangent of the single angle, <^> = k tan~’- y—~t" 

^ J-y J- X 

By using 4> and 24) instead of d and 26 in the previous equations 
in order to express the limitations of the equations which follow, 


tan 24 > = 


sin 24 > 


2H 


cos 20 ly — Ix 

ly sin 4> cos 4> — Ix sin 4> cos 4> — H (cos’^0 — sin^0) 

sin® 0 


ly sin® 0 — JajSin® 4> — H sin 4> cos 4> + H 


cos 0 


From Equation (2) of Art. 230, 
Im = Js,sin®0 + /»cos ®0 


2 H sin 0 cos 0. 


( 1 ) 

0 ; ( 2 ) 

0. (3) 

(4) 


Subtracting Equation (3) from Equation (4), 

Im = Ix- H sin 0 = Ix - H tan 0. (5) 

cos 0 

If the position of the second axis at 90° from the first is repre- 
sented by 0', 


tan 20' 


Since sin 0' = sin 


sin 20' _ 2 H _ 2 sin 0 cos 0 


cos 20' 

( 1 -) 


ly — Jx sin®0 — cos®0 
= cos 0, and cos 0' = — sin 0, 


•ly sin 0 cos 0 -f Ik sin 0 cos 0 — 71 sin® <j> H cos® 0 = 0. 


( 6 ) 
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Multiplying by — 

^ cos ^ 

Zs sin^c^ — ly sm^<i> — H + H sin </> cos ^ — 0. (7) 

COS (p 

= I. cos"0' + ly sinV' - 2 zr sin 4>' cos <t>'; (8) 

= I:, sm^4> + Iv cos^t#. -f 2 sin <^> cos <f>. (9) 

Subtracting Equation (7) from Equation (9), 

Im = (sin®^ + cos^<^) + H sin cj> cos <i> + H (10) 

1^=^ ly + H tan cj,. (11) 

Example 

Find the principal moments of inertia of the 6-in. by 5-in. by 1-in. angle 
section by Eqs. (5) and (11). 

tan M, H = -15, F tan <35> = 10, J^iu = - 10 = 

/max = +10 - 

/f tan = — 15M = /min = 

/max = =. 13^^. 

Given 4> or 4>', there are two values of the tangent, which are numerically the 
tangent and cotangent of either angle. The smaller product H tan 4> or 



H tan Ki/ is added to the larger or ly and subtracted from the smaller 
/a: or ly to get /max aud /min,' or the larger product is added to the smaller 
/as or ly and subtracted from the larger. No attention need be paid to the 
sign of H or of the tangents. 
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Problems 

1. Calculate the principal moments of inertia for the right-angled triangle 
of Fig. 306 by Eqs. (5) and (11) as described in foregoing statement. 

2. Find the maximum and minimum moments of inertia for the 4-in. by 
3-in. rectangle of Fig. 304 for axes through the lower left corner. 

234. Stress and Deflection with Principal Axes Inclined. — 
When the bending moment is not in the plane of a principal 
axis of inertia, it is resolved into 
components perpendicular to the 
])rincipal axes, and the effects of 
these components are added to get 
the total stress and deflection. 

This method was used in Arts. 84 
and 164 without proof. 

Figure 308 represents any section 
of a beam for which X X and Y Y 
are the principal axes of inertia. 

The line M M, at an angle a with 
Y Yy is in the plane of the bending 
moment, and the line £ C at an angle 6 with X X, is the neutral 
axis. The element dA, whose coordinates with respect to the 
principal axes are x and y, and whose distance from the neutral 
axis is V, is subjected to a stress which varies as v. 


M 

r 



f 





r M 


Fig. 308. — Moment at angle with 
principal axis. 


V = y COS 6 — X sin 6. 
k V = k(y COS 6 — x sin d) 


( 1 ) 

( 2 ) 


Since the external moment is in the plane M M, the resisting 
moment must lie in the same plane; therefore, the sum of the 
moments of all the stress on the entire area about the line M M 
must be zero. The perpendicular distance from dA to the line 
M Mis 


x' = y sin a + X cos a. 


(3) 

1 

II 

o 

II 


(4) 

cos d sin a dA + J'^ V cos 6 cos a. dA — 

sin 9 sin a dA ~ sin 9 cos a 

II 

o 

(5) 

lx cos 0 sin a — ly sin 9 cos a == 

0, 

(6) 


in which Z* is the moment of inertia with respect to the axis X X, 
and ly is the moment of inertia with respect to Y Y. The second 
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aad third terms of Equation (5) include the product of inertia 
with respect to the principal axes, which is zero. 


tan 6 = 


h 

h 


tan a. 


Example I 


A 6dn. by 8-in. beam is subjected to a load perpendicular to its length 
making an angle of 30*^ with the planes of the 8-in. faces. Find the angle 
between the neutral axis and the planes of the 6-in. faces. 

When the line through the center parallel to the 6-in. faces is taken as the 
X axis, 


6 X 8" 
12 


- 256, 


- 144 . 

tan X 0.5774 = 1.0264, 

144 

d = 45° 45'. 


The neutral axis makes an angle of 15° 45' with the line normal to the 
bending moment. 

From Fig. 308 the component of the bending moment perpen- 
dicular to the neutral axis is M cos {6 — a). The moment of 
inertia with respect to the neutral axis is cos^ 0 + ly sin^ 6, 
and V = y cos 8 — x sin 8. 


— iir cos (8 — a)v _ 

^ Ix cos^ 8 + ly sin^ 8’ 

— -^(cos ^ cos g -f- sin g sin a) (y cos 8 ~ x sin 8) _ 

® ~ Ix cos^ 8 + ly sin^ 8 ’ 

_ Afy(cos°flcosQ:+cos gain tfsina) —Mx(cos ^sin geos a+sin^ ^sin a) 
Ix cos® 6 1 y sin® 6 

My (cos* 8 cos a -f- cos 8 sin 9 sin a) = My cos a (cos* 8 -f- 

cos 9 sin 8 tan a) = My cos a ^cos* 8 sin* 0^; 

Myjcos^ 8 cos a -f cos 9 sin 8 sin a) _ My cos a 
Ix cos* 8 + ly sin* 6 ~Ix 


( 7 ) 

( 8 ) 
(9) 

( 10 ) 

( 11 ) 


In a similar way the second part of Equation (3) may be shown 
to be 

Mx sin a 
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s 


My cos a 

I. 


Mx sin a 


ly 


( 12 ) 


To find the fiber stress at any point in a beam when the bending 
moment is inclined to the principal axes of inertia^ resolve the 
bending moment (or the applied forces) perpendicular to the two axes 
and compute the stress for each component separately. The actual 
unit stress is the sum of the results of these two, taken with the proper 
sign. 


Example II 

The G-in. by 5-m. by l-in. angle section of Fig. 307 is used as a cantilever 
5 ft. long to carry a load of 500 lb. on the free end. The 6-in. leg is hori- 
isontal. Find the unit stress at corner A. 

Since Ix and ly represent the principal moments of inertia in Eq. (12), it is 
convenient to draw a sketch with the 6-in. leg at 33° 41', which makes the 
axis of mimimum moment of inertia lie in the usual horizontal X axis. 


1. 



130 

T” 


tan a = 


2 

3’ 


Mcosa 30,000 X0.83205 

~ 

2/ = 1.5 X 0.43205 = 1.24807 
2.0 X 0.55470 = 1.10940 


Sin a = — 7=? cos a. == — 

Vi3 vTs 

M sin _ 30,000 X 0.55470 
h " 

ic = 2.0 X 0.83205 = 1.66410 

1.5 X 0.55470 = -0.83205 


2.35747 


0.83205 


2,304 X 2.35747 = 5,431.6 lb. per sq. in. compression. 
384 X 0.83205 = 319.5 lb. per sq. in. tension. 

Sa == 5,112 lb. per sq. in. compression. 


Problems 

1. Solve the foregoing example for the stress at B. 

i.ns. y = = 3.60555 X 0.5 = 1.8028; 

Vl3 Vis Vl3 

a; = 1+ ® = 3.6056. Si = 4154 + 1384 = 5,538 lb./in.» tension. 
Vl3 

2. Solve Example II for the unit stress at C and £>. 


Example III 

A short post has the right-angled triangular section of Fig. 306. The 
compression of 10,800 lb. parallel to the length is applied along a line which 
is 2 in. from the 12-in, face and 2 in. from the 9-in. face. 

From the example of the preceding article, 

/min = Ix = 149.95 at 29® 52' with the 12-in. face; 

/max = /y = 525.05. 
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The moment arm of the load with respect to the axis of Ixis 1 X 0.86719 •+• 
2 X 0.49798 = 1.86315. Stress from this moment = ^ ^ - 


== 134.19 y. The moment arm of the load with respect to the axis of ly 
is 2 X 0.86719 — 1 X 0.49798 = 1.2364 in. Stress from this moment is 
10,800 X 1.2364 X 


525.05 


= 25.43 a;. 


For the corner A, 2/ = 4 X 0.49798 + 3 X 0.86719 = 4.5935. 

134.19 y ^ 616.4 lb. per sq. in. compression, 
a: = 4 X 0.86719 - 3 X 0.49798 - 1.9748. 

25.43 X = 50.2 lb. per sq. in. compression. 

Total stress at a == 200 + 616.4 + 50.2 = 867 lb. per sq. in. compression. 


Problems 

3. Find the unit stress at B of Fig. 306 for Example III. 

4. Find the unit stress at C of Fig. 306 for Example III. 

236. Moment of Inertia of Regular Polygons . — The moment of 
inertia of a regular polygon with respect to any axis through the 
center of gravity is a constant 

A regular polygon has as many axes of symmetry as it has sides. 
For every axis of symmetry there is a pair of axes for which the 
product of inertia is zero, When and ly are taken with 
respect to a pair of axes one of which is an axis of symmetry, 
Equation (1) of Art. 230 becomes 

/ = ~ ^ cos 2e. (1) 

Cosine of 20 decreases continuously from 1 to —1 as the angle 

increases from 0 to x and the angle Q increases from 0 to If 

lx — ly is positive, 1^ is the maximum and /i, is the minimum. 
If lx — ly is negative, 1^ is the minimum and ly is the maximum. 
Since the cosine decreases continuously, there can be no maximum 
or minimum between 1^ and ly. However, every regular polygon 
has one or more axes of symmetry in this quadrant for which 
the moment of inertia must be a maximum. Consequently, 
lx ly 0. And the moment of inertia is the same for all axes. 


Problems 

1. Find the moment of inertia of an equilateral triangle of side h with respect 
to an axis through the center of gravity parallel to one side. Also find 
the moment of inertia with respect to an axis of symmetry. 
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(^) 6^V3 

36 96 ’ 




12 


64V3 

96 


2. Find the moment of inertia of a square with respect to an axis through 
the center of gravity parallel to a side and also with respect to a diagonal. 


Since the moment of inertia of a regular polygon is the same 
for every axis through the center of gravity, it is equal to one-half 
the polar moment of inertia, 

I - i (2) 

To find the polar moment of inertia, the regular polygon of n 
sides is divided into n isosceles triangles, one of which is shown 



in Fig. 309. This triangle has equal sides of length R, which is 

TT 

the radius of the circumscribed circle, and a base of 2 E sin — 

/ /VJ 


The altitude is R cos The polar moment of inertia of the single 

triangle with respect to the vertex is 

TT 


r _ ^ 4_ ^ _ P4| 


COS^ 


n 


sm^ 


+ 


n \ , W TT 

sm “■ cos 


n 


n 


For the entire polygon of n triangles, 


n R^^ 


'( 


cos"^ - + 9 sin^ 


8 y n 
The minimum section modulus is 


1 
3 

I 

R’ 


x\ . 27r 

- 1 sin — 
nj n 


^min 


nR^ f 

8 V 


cos^ 


n 


+ ^ sin^ 


-0 


sm 


n 


(3) 


(4) 


(5) 
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The maximum section modulus is 

_ n E Y 9 IT , 1 . , ir\ . TT 

Zmax |-(^cos - + g sm ^ j sin ^ ( ) 

Problems 

3. Find the moment of inertia of a square by Eq, (4). 

71 = 4, cos — “ — sin R == 

’ ^ V2 ^ V2 

„ 4_^/l , ^ 

“ 8 U ‘^6/^ 3 12* 

4. Find the moment of inertia of a regular hexagon. 

tt -v/S .X 1 . 2x \/3 

R = 0 . cos “ = — sin - = sm — = 

^ 71 2 n 2^ n 2 

6. Find the moment of inertia of a regular pentagon. 

Ans. I = 0.4764 R^; Zmm = 0.4764 R’^^; = 0.5777 R\ 

6. Find the moment of inertia and the two principal section moduli for a 
regular octagon. Check by direct calculations without using Eq. (4). 

Table XXXIV. — Center of Gravity of Some Plane Areas 








APPENDIX 


Table A. — Tension Test of Steel, S.A.E. 1020 
Carbon, 0.20; manganese, 0.52; phosphorus, 0.018; sulfur^ 0.032 per cent; 
mean diamet^, 0.752 inch; area, 0.444 square inch; gage length, 

8 inches. Tested on 50,000-pound Olsen. Cross-head speed, 
inch per minute. August 24, 1931 


Total 
load, lb. 

Unit 
stress, 
lb. per 
sq. in. 

Elongation 

Total 

load, 

lb. 

Unit 
stress, 
lb. per 
sq. in. 

Elongation 


In 8-in., 
inches 

Unit, 
inches 
per inch 

Total, 

inches 

Unit, 
inches 
per inch 

0 

0 

0 

0 

20,750 

46,730 

0.35 

0.0437 


2,220 

5,000 

0.00118 

0.000147 

22,040 

49 , 640 

.40 

.050* 


4,440 

10,000 

242 

302 

23,100 

52,030 

,50 

.0625 


6,660 

15,000 

398 

497 

23,940 

53,920 

.60 

.0760 


8,880 

20,000 

520 

660 

24,700 

55,630 

.70 

.0875 


11,100 

26 , 000 

0.00660 

0.000825 

25,260 

56,890 

0.80 

0.100 


13,320 

30,000 

802 

0.001002 

25,620 

57,700 

.90 

.1125 


15,640 

35 , 000 

928 

1160 

26,030 

58,630 

1.00 

.125 


15,984 

36,000 

966 

1207 

26,210 

59,030 

1.10 

.1375 


16,428 

37,000 

996 

1245 

26,460 

59,590 

1.20 

.150 


16,680 

37,570 

0.01010 

0.001262 

26,540 

59,770 

1.30 

0.1625 


16,690 

37,590 

1102 

1377 

26,690 

60,110 

1.40 

.175 


16,660 

37 , 620 

1546 

1932 

26,750 

60,250 

1.60 

.1875 


16,580 

37,340 

1866 

2332 

26,770 

60,290 

1.60 

.200 


16,630 

37,450 

2286 

2857 

26,770 

60,290 

1.70 

.2125 


16,700 

37,610 

0.02740 

0.003425 

26,840 

60,450 

1.80 

0.225 


16,630 

37,450 

3534 

4417 

26,840 

60,450 

1.90 

.2375 

Diam. 

16,740 

37,700 

5182 

6477 

26,810 

60,380 

2.00 

.250 

neck 

16,820 

37,880 

6226 

7782 

26,740 

60,220 

2.10 

.2625 

0.667 

16,860 

37,970 

7362 

9202 

26,720 

60,100 

2.2 

.275 

.658 

16,750 

37,730 

0.08562 

0.010702 

26,650 

60,020 

2.3 

0.2876 


16,760 

37,760 

9302 

11627 

26,600 

59,910 

2.4 

.300 

.655 

16,910 

38,090 

0.10482 

13102 

26,500 

59,680 

2.5 

.3125 

.647 

16,790 

37,810 

11882 

14852 

26,410 

69,480 

2.6 

.326 

.637 

16,890 

38,040 

12902 

16127 

26,040 

58,650 

2.7 

.3375 

.616 

16,660 

37,600 

0.14872 

0.018590 

24,600 

56,400 

2.8 

0.350 

.670 

16,430 

37,000 

16042 

20062 

22,050 

49,660 

2.9 

.3625 

.502 

16,390 

36,910 

16602 

20762 

Ran entirely at one-.sixtieth 

inch per minute 

16,790 

37,810 

17096 

21370 

21 ,300 

' 47,070 

2.91 

.3637 

.483 

17,280 

38,920 

17642 

22062 

20,700 

■ 46.620 

2.92 

.3660 

.476 





19,370 

43,630 




17,480 

39,370* 

0.18'^12 

0 . 0225,5? 

" Broke 

2.92 

.3650 

.436 

17,660 

39,760 

IM,) ' 

■.>,5v'77 


1 




17,930 

40,380 


JM"7 

Machine ran at 1 in. per minute for 0.08 inch. 

18,370 

41,370 

■•I'l 1 ; • 

JO -.'{7 

Then at A in, per minute to balance. 

18,660 

42,030 

21950 

27437 






19,190 

43,220 

0.23990 

0.029987 






19,510 

43,940 

25486 

31867 






19,760 

44,480 

26698 

33372 







Interval 

Top 

2 

3 

4 

5 

6 

7 

8 

Length after rupture, inches. . . 

1.29 

1.33 

1.72 

(neck) 

1.36 

1.33 

1.33 

1.30 

1.26 


637 
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Table B. — Tension Test of Steel. S.A.E. 1045 
Carbon, 0.44; manganese, 0.70; phosphorus, 0.034; sulfur, 0.023 per cent; 
mean diameter, 0.749 inch, area 0.441 square inch; gage length, 

8 inches. Tested* on 50,000-pound Olsen. Cross-head 
speed, -gV inch per minute. August 31, 1931 


Total 

load, 

lb. 


0 

441 

882 

1,323 

1,764 

2,205 

4,410 

6,615 

8,820 

11,025 

13,230 

13,671 

14,112 

14,553 

14,994 

15,435 
15,876 
16,317 
16,758 
17 , 100 


Unit 
stress, 
lb. per 
sq. in. 


0 

1,000 

2,000 

3.000 

4.000 

5.000 
10,000 

15.000 

20.000 

25.000 

30.000 

31.000 

32 . 000 

33.000 

34.000 

35 . 000 

36.000 

37.000 

38.000 
38,780 


Elongation 


In S-in., 
inches 


0 

0.00020 

42 

64 

94 

0.00120 

258 

406 

538 

676 

0.00808 

836 

862 

886 

916 

0.00924 

974 j 

0,01000 

1034 

1056 


Unit, 
inches 
per inch 


0.000025 

52 

80 

0.000117 

0.000150 
322 
507 
672 
845 

0.001010 
1045 
1075 
1107 
1145 

0.001155 
1217 
1250 
1292 
1320 


Total 
load, lb- 


27,270 

27,680 

28,200 

28,640 

29,160 

29,700 

30,230 

30,780 

31,310 

32,180 

32,820 

33,330 

33,960 

34,430 

36,100 


Unit 
stress, 
lb. per sq. in. 


61,840 

62,770 

63.950 

64.950 

66,120 

67 . 350 
68,550 
69 , 800 
70 , 980 
72.970 

74,420 

75,580 

77,010 

78,070 

81,860 


Elongation 


In S-in,, 
inches 


0.10846 
.11214 
. 12186 
. 12924 
. 13610 

0.14570 
. 15522 
. 16522 
. 17504 
. 19066 

0.20320 
.21388 
.22906 
. 24030 
.28398 


Unit, 
inches 
per inch 


0.013557 

14017 

15232 

16155 

17012 

0.018212 

19402 

20662 

21880 

23832 

0.025400 

26735 

28632 

30037 

35497 


Elongation taken with dividers. 
0.28 inch. 


Total elongation 


17,640 

40,000 

0.01080 

0.001350 



1 Elrinj?n.tion 


17,840 

40,450 

1098 

1372 





Di- 

18,300 

41,500 

1126 

1407 

load* 




ameter, 

18,860 

42,770 

1160 

1450 


Txrtal 

Unit 

inches 

19,620 

44,490 

1204 

1505 





20 , 850 

47,280 

.1 ) .',^.1 

■ I •'•■7 

^ “ "m 1 

87 , 870 

0 4 

0.050 


21,790 

49,410 

1356 

1695 

4U , 42U 

91,660 

0.6 

0.0626 

0.724 

22,260 

50,480 

1382 

1727 

41,550 

94,220 

0.6 

0.075 


23,150 

52,500 

1442 

1802 

42 , 150 

97 , 680 

0.7 

0.0875 

0,715 

24,070 

54,680 

1500 

1875 

42 , 100 

95,470 

0.8 

0. 100 


24,390 

55,310 

0.01520 

0.001900 

42,650 

96,710 

0.9 

0.1125 

0.706 

24,710 

56,030 

1548 

1935 

42,800 

97,050 

1.0 

0. 126 


24,490 

55,540 

1630 

2037 

42 , 720t 

96,870 

1.1 

0.1375 

0.696 

24 . 620 

55,830 

1952 

2440 

42,930 

97,350 

1.21 

0.1512 


24,480 

55,510 

2394 

2992 

42,860 

97,190 

] .3 

0.1626 


Loo 

scj'ile at top 







24,510 

55 790 

0.03740 

0 . 004675 

42,600 

96 , 600 

1.41 

0.1762 

0.681 

24 , 600 

55,780 

4820 

6025 

42,280 

95,870 

1,51 

0.1887 

0.665 

24,460 

65 , 460 

5434 

6792 

41 , 150 

93,310 

1.6 

0.200 

0 . 637 

24,520 

55,600 

6280 

7850 

38,000 

86,170 



0.675 

24 , 400 

55,330 

7520 

9400 

37,200 

84,360 

Broke 







After failure 

1.68 

0,210 

0.668 

24,840 

56,330 

0.07774 

0.009717 


1 




Scale all over 







25 , 200 

57,140 

8094 

0,010117 






25 , 580 

58,000 

8446 

0.010667 






26 , 530 

60,160 

9774 

12217 






26,960 

61,120 

0.10362 

12952 







^ Cross-head speed 1 inch per minute for about 0.08 inch; then at ^ inch per minute till 
balanced. 

t Cross head ran too far at high speed. Stress increasing when reading was taken. 
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Table C.— Tension Test oe High-cabbon Steel. S.A.E. 1095 
Gage length, 8 inches; mean diameter, 0.7466 inch; area, 0.4378 square inch. 
Tested on 100,000-pound Olsen. Cross-head speed, 0.06 inch per 
minute. September 14, 1931 


Unit stress, 
lb. per sq. in. 


Unit elongation, 
inches per inch 


Unit stress, 
lb. per sq. in. 


Unit elongation, 
inches per inch 


Elongation with dividers 


85.000 

90.000 

95.000 
100,000 
102,790 

105,070 

107,350 

109,640 

111,920 

114,210 


116.490 
118,780 
121,060 

123.340 

124.490 

125,630 

126,770 

127,910 

129,050 

130,200 

131.340 
136,480 


000031 

134,080 

0.03625 

65 

136,910 

3875 

97 

136,480 

4125 

000127 

138,300 

425 


139,220 

4375 

000157 



317 

139,790 

0.04626 

502 

140,250 

475 

672 

141 , 160 

4875 

850 

142,070 

5125 


142,760 

525 

001022 



1195 

143,450 

0.05625 

1372 

144,020 

5937 

1402 

144,590 

6187 

1430 

145,040 

65 


145,390 

6875 

.001442 



1502 

145,730 

0.07187 

1535 

145,840 

7625 

1725 

145,500 

8215 

1877 

145,040 

85 


144,930 Broke 


0.002047 

2237 

2482 

3182 

4554 

0.006147 

7937 

9930 

0.012275 

13547 

0.014840 

16075 

17370 

18575 

20127 


0.021495 

23067 

24617 

26397 

27337 

0.028312 

29337 

30367 

31562 

32587 

0.033687 

0,034997 


Length 

Stress 

Upper four 

Lower four 

divisions, in. 

divisions, in. 

136,480 

4.14 

4.14 

145,600 

4.33 

4.32 

145,040 

4.34 

4.34 

After fracture. . 

4.26 ! 

4.32 


Diameter readings in two planes 


Division 

Stress 146,500 

After fracture 

Top 

1 0. 

.707 

0. 

710 

0, 

.711 

0. 

713 

2 

0. 

.717 

0. 

.717 

0, 

.729 

0, 

.724 

3 

0, 

.718 

0. 

719 

0. 

.726 

0. 

726 

4 

0. 

.717 

0. 

717 

0, 

.723 

0, 

,724 

5 

0, 

.715 

0, 

,715 

0 

.724 

0, 

,719 

6 

0, 

.704 

0. 

705 

0 

.704 

0, 

.700 

7 

0. 

.714 

0. 

716 

0 

.722 

0. 

.717 

8 

0, 

.715 

0. 

,717 

0 

.726 

0, 

.721 

Average. 

0.7152 

0.7192 
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Straight-line formulas, 407, 409 
Strain, 7 

theory of, 448 
Strength, constant, 336 
Stress, 2 
actual, 68 

allowable unit, 5, 118, 122, 145 
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